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Preface

The present edition differs from the first in several significant aspects. Typo-
graphical errors as well as several mathematical errors have been removed. In a number
of places the text has been revised to enhance clarity. Several additional algorithms have
been included as well as an entire new chapter on geometric image transformations. By
popular demand, and in order to provide a better understanding of image algebra, numerous
exercises have been added at the end of each chapter. Starred exercises at the end of a
chapter depend on knowledge of material from subsequent chapters.

As with the first edition, the principal aim of this book is to acquaint engineers,
scientists, and students with the basic concepts of image algebra and its use in the concise
representation of computer vision algorithms. In order to achieve this goal we provide a
brief survey of commonly used computer vision algorithms that we believe represents a
core of knowledge that all computer vision practitioners should have. This survey is not
meant to be an encyclopedic summary of computer vision techniques as it is impossible to
do justice to the scope and depth of the rapidly expanding field of computer vision.

The arrangement of the book is such that it can serve as a reference for computer
vision algorithm developers in general as well as for algorithm developers using the image
algebra C++ object libranyi, ac++.> The techniques and algorithms presented in a given
chapter follow a progression of increasing abstractness. Each technique is introduced
by way of a brief discussion of its purpose and methodology. Since the intent of this
text is to train the practitioner in formulating his algorithms and ideas in the succinct
mathematical language provided by image algebra, an effort has been made to provide the
precise mathematical formulation of each methodology. Thus, we suspect that practicing
engineers and scientists will find this presentation somewhat more practical and perhaps a
bit less esoteric than those found in research publications or various textbooks paraphrasing
these publications.

Chapter 1 provides a short introduction to the field of image algebra. Chapters
2-12 are devoted to particular techniques commonly used in computer vision algorithm
development, ranging from early processing techniques to such higher level topics as image
descriptors and artificial neural networks. Although the chapters on techniques are most
naturally studied in succession, they are not tightly interdependent and can be studied
according to the reader’s particular interest. In the Appendix we présant+ computer
programs of some of the techniques surveyed in this book. These programs reflect the
image algebra pseudocode presented in the chapters and serve as examples of how image
algebra pseudocode can be converted into efficient computer programs.

1 Thei ac++ library supports the use of image algebra in the C++ programming language and is available
via anonymous ftp fronft p: //ftp. ci se. ufl . edu/ pub/src/ial.
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Notation

The tables presented here provide a brief explantation of the notation used
throughout this document. The reader is referred to Ritter [1] for a comprehensive treatise
covering the mathematics of image algebra.

Sets Theoretic Notation and Operations

Symbol Explanation

X, Y, 7 Uppercase characters represent arbitrary sets.

z,Y, 2 Lowercase characters represent elements of an arbitrary set.
X, Y, Z Bold, uppercase characters are used to represent point sets.
X,y,% Bold, lowercase characters are used to represent points, i.e.,

elements of point sets.

N The setN = {0,1,2,3,...}.

7,7t 7~ The set of integers, positive integers, and negative integers,
respectively.

Z, The setZ,, = {0,1,...,n — 1}.

Zt The setZ} = {1,2,...,n}.

Lyp The setZy, = {-n+1,...,—1,0,1,...,n —1}.

R,R*,R—,R2° The set of real numbers, positive real numbers, negative real

numbers, and positive real numbers including 0, respectively.

C The set of complex numbers.

F An arbitrary set of values.

Feo The set unioned with{occ}.

F-ow The set unioned with{—oc}.

Fieo The setf unioned with{—o0, co}.

) The empty se(the set that has no elements).
9X The power sebf X (the set of all subsets of).
€ "is an element of."

"is not an element of."
- "is a subset of."
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Symbol Explanation

xXyy Union
XUY={z:ze€XorzeY}.
U X Let {Xx},ca be a family of sets indexed by an indexing set
AEA A, U X, ={z:z € X, for atleast one A € A}.
AEA
U X; X, =X;UXyU...UX,.
i=1 i=1
U X; UX;={z:ze€X,forsomeiecZt}.
i=1 i=1
XNY Intersection
XNY={z:zeXand z€ Y}.
N X Let {X},c be a family of sets indexed by an indexing set
AEA A N Xo={e:zeXyforallX € A}
AEA
N X X, =XiNXyN...NX,.
i=1 i=1
o0 o0
N X; NX;={z:zeX,foralli e ZT}.
i=1 i=1
XxY Cartesian product
XxY={(z,y):ze X,y Y}
I X: ITX: ={(z1,22,...,2,) : 2; € X;}.
i=1 i=1
IT X: [T Xi ={(z1, 22,23 ...): z; € X;}.
i=1 i=1
Fn n
The Cartesian product of copies ofF, i.e.,F* = ] F.
i=1
X\Y Set difference
Let X andY be subsets of some universal &t
X\Y={zeX:z¢gY}.
X’ Complement
X' = U\ X, whereU is the universal set that contaiiis.
card(X) The cardinality of the setX.
choice(X) A function that randomly selects an element from theJset

Point and Point Set Operations

Symbol Explanation
X+y If x,y e R?, thenx+y=(z14+uy1, -, Tn + Yn)-
X—-y If x,y e R”, thenx —y = (21— ¥1, ---, Tn — Yn)-
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Symbol Explanation

X'y If x,y e R?, thenx -y = (z1y1, .-, Znln).
x/y If x,y € R"”, thenx/y = (z1/y1, .-, n/yn)-
xVy If x,y e R”, thenxVy =(z1Vuy, ..., Zn Vyn).
XAy If x,y e R”, thenx Ay = (21 Ay1, ..., Zn AYn).
Xy In general, ifx,y € R*, andy : R x R — R, then
X7y = (Z1YY1, -+ s TnYYn)-
kyx If teR,xeR”, andy :R xR — R, then
kyx = (kyzy, ..., kyzy).
Xeoy If x,y € R?, thenxey = z1y1 + Z2ys + -+ + Znyn.
XXy If x,y € R?, then
X Xy = (Zay3 — T3y, T3Y1 — T1Y3, 1Yo — L2Y1).
Xy If x € R® andy € R™, then
Xy=(21, ..., Zn, Y1, -, Ym)-
—x If x eR"?, then—x= (-2, ..., —2,).
[x] If x € R", then[x]| = ([z1], ..., [Zn])-
[x] If x € R", then|x| = (|z41], ..., [Zn])-
[x] If x € R™, then[x] = ([z1], ..., [za])-
pi(x) If x = (z1,22,...,2,) € R?, thenp;(x) = ;.
¥x If xeR? then¥x=2; +22+ - +2,.
IIx If x e R?, thenllx = 2122 - - - x,.
VX If xeR"® thenvx =21 VayV -V z,.
AX If xeR" thenAx =2z, Azy A - A zy,.
Il If x € R, then||x||, = \/z7 + --- + 2.
Ixl, it x € R, then|[xl, = a1] + [za] + - + [z,
%] oo If x € R”?, then||x||, = |z1|V |z2|V -+ V |za].
dim(x) If x € R?, thendim(x) = n.
X+Y f X, YCR" thenX+Y ={x+y: xeXandyeY}.
X-Y If X,7YCR" thenX-Y={x-y:xeXandy e Y}
X+p If X CR"” andp € R*, thenX +p={x+p : x€X}.
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Symbol
X-p
XuY
X\Y

XAY

XxY

VX

in fK)

AX

choice(X)

cardX)

Morphology

Explanation
If X C R*andp € R, thenX —=p{xpx € X}.
If X, YCR” ,thenXUY ={z:zeXorzeY}.
f X, YCR® ,thenX\Y ={z: zecXandz ¢ Y}.

If X, YXCR” , then
XAY ={z:zeXUYandzgXNY}.

If X, YCR” ,thenX xY = {(x,y) : xeXandy € Y}.
If X CR", then—X={: x € X}.
If X CR?, thenX = {z : z€ R* and z ¢ X}.

If X C R”, thensup(X) = the supremum oX . If
X ={xy,%3,...,X,}, thensup(X) = x; Vxs V...V x,.

For a point seiX with total order<,
xo=VX & x<x0,Vxe X\ {xo}.

If X C R”, theninfX) = the infimum ofX . If
X ={x1,%x2,...,Xp} , theninfX) =x 1 Axa A... AXp.

For a point seiX with total order<,
xo = ANX&x9 =<2, VxeX)\ {x}.

If X C R"”, then
choice(X) € X (randomly chosen element).

If X C R”, thencardK) =1t he cardinalityXf . In
particular, ifX = {x;,--+,x,}, thencardk) =n .

In the following table,A, B, D, and E denote subsets dR".

Symbol
A*
AI
Ap

AxB

A/B

© 2001 by CRC PressLLC

Explanation
The reflection ofA across the origi® = (0,0,...,0) € R™.
The complement ofA; i.e., A’ = {x € R": x £ A}.
Ap={a+b:acA}.

Minkowski additionis defined as
AxB={a+b:ae A beB} (Section 7.2).

Minkowski subtractioris defined asA/B = (A’ x B*)’
(Section 7.2).



Symbol

AoB

AeB

A®C

Explanation

The opening ofA by B is denotedA o B and is defined by
A oB = (A/B) x B (Section 7.3).

The closing of A by B is denotedA e B and is defined by
A ¢B = (A x B)/B (Section 7.3).

Let C = (D,E) be an ordered pair of structuring elements.
The hit-and-miss transfornof the setA is given by
A®C={p:D, C Aand E, C A’} (Section 7.5).

Functions and Scalar Operations

Symbol
f: X—=Y
domain(f)

range(f)

f—l

YX

fla

fle

gof

f+g

£

© 2001 by CRC PressLLC

Explanation
f is afunctionfrom X into Y.
The domainof the functionf : X — Y is the setX.

The rangeof the functionf : X — Y is the set

{f(z):ze X}

The inverseof the functionf.

The set of all functions fronX into Y, i.e., if f € YX, then
f: X =Y.

Given a functionf : X — Y and a subseti C X, the
restriction of f to A, f|a : A — Y, is defined by
fla(a) = f(a) for a € A.

Givenf: A —Y andyg : B — Y, the extension off to g is

defined byf|¢(z) = {5((:;)) iiﬁ 2 g\A-

Given two functionsf : X — Y andg : Y — Z, the
compositiong o f : X — 7 is defined by
(go f)(z) = g(f(=)), for everyz € X.

Let f andg be real or complex-valued functions, then

(f +9)(z) = f(z) + g().

Let f andg be real or complex-valued functions, then

(f - g)(x) = f(=) g(x).

Let f be a real or complex-valued function, ahde a real
or complex number, thefi € F¥*, (k- f)(z) = k - (f(z)).

|f|(z) = |f(z)|, wheref is a real (or complex)-valued
function, and|f(z)| denotes the absolute value (or
magnitude) off(z).



Symbol

Ix
pj : H XZ' — X]'
i=1

card(X)

choice(X)

rVy

Ay

[]

x mod y

xs(z)

Explanation
The identity functionlx : X — X is given bylx(z) = z.

The projection functionp; onto thejth coordinateis defined
by pj(z1,...,2j,...,2n) = ;.

The cardinality of the setX.

A function which randomly selects an element from the set
X.

Forz,y € R, z vV y is the maximum ofc andy.
Forz,y € R, z A y is the minimun ofr andy.

For z € R the ceiling function[z]| returns the smallest
integer that is greater than or equalato

For z € R thefloor function|z] returns the largest integer
that is less than or equal ta

For 2z € R theround functionreturns the nearest integer to
If there are two such integers it yields the integer with
greater magnitude.

Forz,y € N, z mod y = r if there existsk, r € N with
r < y such thatr = yk + r.

The characteristic functiony s is defined by
vs(z) :{ 1 fzes
0

otherwise.

Images and Image Operations

Symbol

a,be

acFX

1eFX

0eF%

a|z

© 2001 by CRC PressLLC

Explanation

Bold, lowercase characters are used to represemyes
Image variables will usually be chosen from the beginning of
the alphabet.

The imagea is anF-valued imageon X. The sefF is called
the value setof a andX the spatial domainof a.

Let F be a set with unif. Thenl denotes an image, all of
whose pixel values aré.

Let F be a set with zerd. Then0 denotes an image, all of
whose pixel values are.

The domain restrictionof a € FX to a subse®Z of X is
defined byalz = an(Z x F). Thus,alz € FZ.



Symbol

al|s

a|(z,5)

b

(alb), (ai|as]---|an)

l'a

Explanation

The range restrictionof a € FX to the subset C F is
defined byal||s = anN (X x S). The double-bar notation is
used to focus attention on the fact that the restriction is
applied to the second coordinatef- X x F. Thus if

W = {x € X :a(x) € S}, thenal|s € SWV.

If ac FX, Z Cc X, andS C F, then therestriction ofa to Z
and S is defined an|z sy = an(Z x 5). Thus if
W ={zeZ:a(z)e S} a|zs €SW.

Let X andY be subsets of the same topological space. The
extension oh € FX tob € FY is defined by

by Jax) ifxeX
alP(x) = {b(x) ifxeY\X.
Row concatenation of imagesandb, respectively the row
concatenation of images,, as, ..., a,.

Column concatenation of imagasandb.

If acFX andf : F — G, then the image(a) € GX is
given by foa,ie.,

fa) = {(x,¢(x)) : e(x) = f(a(x)),x € X}.

If f:Y — X anda € FX, the induced imagao f ¢ FY is
defined byao f = {(y,a(f(y))) :y € Y}.

If v is a binary operation ofr, then an induced operation on
FX can be defined. Lei, b € F¥X; the induced operation is
given byayb = {(x,¢(x)) : ¢(z) = a(x) yb(x),x € X}.

Let k € F, a € FX, andy be a binary operation oR. An
induced scalar operation on images is defined by
kya={(x c(x)): c(x) = kya(x),x € X}.

Leta,b € RX; aP = {(x, c(x)) 1 e(x) = a(x)b(x), X € X}.

Leta,b € (RT)™;
logba = {(x, c(x)) : ¢(x) = logp(x)a(z),x € X}.

If a € FX andF has a conjugation operation *, then the
pointwise conjugate of image, a*(x) = (a(x))".

I'a denotes reduction by a generic reduce operation
I : FX — F (Section 1.4).

The following four items are specific examples of the global reduce operation. Each

assumea € R¥ andX = {x;,x», ..

© 2001 by CRC PressLLC
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Explanation

Dot productaeb = X(a-b) = > (a(x) - b(x)).
xeX

Complementation of a set-valued image

Complementation of a Boolean image

Transpose of imaga.

Templates and Template Operations

Symbol

s, t,u

» Y

te (FX)

Stoo (ty)

© 2001 by CRC PressLLC

Explanation

Bold, lowercase characters are used to represenplates
Usually characters from the middle of the alphabet are used
as template variables.

A template is an image whose pixel values are images. In
particular, anF-valued template fronY to X is a function
t:Y —FX. Thus,t € (FX)Y andt is anFX-valued

image onY.

Lett € ([FX)Y. For eachy € Y, ty, = t(y). The image
ty, € FX is given byt, = {(x,ty(x)) : x € X}.

If F e {R,C} andt € ([FX)Y, then thesupportof t is
denoted byS(t,) and is defined by

S(ty) = {x € X : ty(x) £ 0}.

If t € (RX)Y, thenS,, (ty) = {x € X : ty(x) # co}.

If t e (R)_COO)Y, thenS_(ty) = {x € X : ty(x) # —o0}.

If t € (RX,)Y, thenSie, (ty) = {x € X : ty(x) # o0},



Explanation

A parameterizedr-valued template fror’Y to X with
parameters inP is a function of the fornt : P — ([FX)Y.
Lett € (FX)¥. Thetransposet’ € (FY)™ is defined as
t(yFt y(x).

Image-Template Operations

In the table belowX is a finite subset oR".

Symbol
a@)t

tQa

t Pa

aMt

tMa

alt

© 2001 by CRC PressLLC

Explanation

Let (F,v, () be a semiring and € FX, t ¢ ([FX)Y, then
the generic right convolution product of with t is defined

asa@t :(,{ b(y)):y €Y, b(y)=I, a(x)O ty(x)}.

With the conditions above, except that nave (FY)™, the
generic left convolution product ef with t is defined as

t@a={ b)) :y €Y by)=Lax) O txly}-

LetY c R™, a € FX, andt € (FX)", whereF € {C,R}.

Theright linear convolution products defined as

a(—BtZ(% b(y):y €Y, b(y)= > a(x) ty(X)}-
xEXﬂS(ty)

With the conditions above, except thae ([FY)X, theleft
linear convolution products defined as
)

t Pa= {(y,b(y)) 'YEY,b(y)= > a(x) tx(Y)}~
x€XNS(t, )

Fora e R¥, andt e (Ri‘oo)Y, the right morphological
max convolution produds defined by

at:{(y, b(y)):y€Y,b(y)= V a(X)+ty(X)}-

XEXNS_oo(ty)

Fora € R¥_, andt e (RIOO)X, the left morphological max
convolution producis defined by

tMa:{(y,b(y)) yeY, b(y)=V a(X)+tx(y)}-

xexrws,m(t;)

Fora € RX,, andt € (RX.,)", theright morphological min
convolution producis defined by

a@t:{(y,b(y)) 'yeY,b(y)= A ax) +’ty(X)}-

x€XNSoo(ty)



Symbol Explanation

tla Fora € R¥_ andt ¢ (IRIOO)X, the left morphological min
convolution producis defined by

tMa=q (y,b(y)) :y€Y,b(y) = A ax)+'tx(y) o
X€XNSeo(t)
t Y
a© Fora e (R29)™ andt € ((RZ&)X> , the right
multiplicative max convolution produds$ defined by

a@tZ{(y,b(y)) 'yeY,b(y) =V ax) Xty(X)}~

xeXNS(ty)

tQa

X
Fora e (R2%)™ andt € ((R2%,Y) ", theleft multiplicative
max convolution produds defined by

t@a={ (v, b(y)) :y€Y,b(y) = V ax) xtx(y) o
x€XNS(t})
t Y
a0 Fora e (R29)™ andt e ((Rzggx) , theright
multiplicative min convolution produés defined by

a@®t=: (yv,b(y)) :y€Y,b(y) = A ax)x'ty(x)

X€XNS o (ty)

X
tQa Fora € (R22)™ andt e ((RZ(QY> , the left multiplicative
min convolution producis defined by

t@ﬁ—{(y, b(y)):y€Y,b(y)= A ax) X’tx(Y)}-

xexrwsw(t;,)

Neighborhoods and Neighborhood Operations

Symbol Explanation
M, N Italic uppercase characters are used to deneighborhoods
N e (QX)Y A neighborhood is an image whose pixel values are sets of

points. In particular, ameighborhood fronY to X is a
function N : Y — 2%,

N(p) A parameterized neighborhod®m Y to X with parameters
in P is a function of the formV : P — (QX)Y.

N’ Let N € (2X)Y, thetransposeN’ € (2¥)™ is defined as
N'(x)={y €Y :x€e N(y)}, that is,
x € N(y)iff y € N'(x).

N1 @Ns The dilation of Ny by N is defined by
Niy)= U M)+ -y)).
PEN2(y)
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Image-Neighborhood Operations

In the table belowX is a finite subset oR".

Symbol Explanation
FXlv If N € %)Y, thenF¥ y = {alyy):acFXy €Y},
a@®ON Givena € FX, N € (2%)Y, and reduce operation

I :F%¥ y — F, the generic right reduction oh with N is
defined as(a @N)(y) = I‘a|N(y) = FxEN(y) a(x). Thus,
a@®N = {(y,b(y)) : ¥y €Y, b(y) =Talnn)}

N ©@a With the conditions above, except that nawe (2X)*, the
generic left reduction ok with t is defined as

(N ©a) = (a©ON).

a(@ N Givena € RY, and theimage averagéunction
a : RY|y — R, the right reduction ok with N yields the
neighborhood averaging operation,

(2@ N)(y) = a(alny))-

a@N Givena € RY, and theimage mediarfunction
m : RY |y — R, the right reduction oh with N yields the
neighborhood median filtered image,

(a@N)(y) = m(alngy))-

Matrix and Vector Operations

In the table below,A and B represent matrices.

Symbol Explanation

A* The conjugateof matrix A.

A’ The transposeof matrix A.

Ax B, AB The matrixproductof matricesA and B.

A® B The tensor producof matricesA and B.

A®,B The p-productof matricesA and B.

A (—D;)B The dualp-productof matricesA and B, defined by

A@.B = (B'®,A").

References

[1] G. Ritter, “Image algebra.” Unpublished manuscript, available via anonymous ftp from
ftp://ftp.cise.ufl.edu/pub/src/ialdocunments, 1994.
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CHAPTER 1
IMAGE ALGEBRA

1.1. Intr oduction

Sincethe field of imagealgebrais a recentdevelopmentit will be instructiveto
providesomebackgroundnformation. In the broadsensejmagealgebrais a mathematical
theoryconcernedvith thetransformatiorandanalysisof images.Although muchemphasis
is focusedon the analysisand transformationof digital images, the main goal is the
establishmenbf a comprehensiveand unifying theory of image transformationsjmage
analysis,andimageunderstandingn the discreteaswell asthe continuousdomain[1].

The idea of establishinga unifying theory for the various conceptsand opera-
tions encounteredn imageandsignal processings not new. Over thirty yearsago,Unger
proposedthat many algorithmsfor image processingandimage analysiscould be imple-
mentedin parallelusingcellular array computerd2]. Thesecellulararraycomputersvere
inspiredby the work of von Neumannin the 1950s[3, 4]. Realizationof von Neumann’s
cellular array machineswvas madepossiblewith the adventof VLSI technology.NASA’s
massivelyparallelprocessoinr MPP andthe CLIP seriesof computersdevelopedoy Duff
andhis colleaguegepresenthe classicembodimenbf von Neumann’soriginal automaton
[5, 6, 7,8, 9]. A moregeneralclassof cellulararraycomputersare pyramidsand Thinking
MachinesCorporation’sConnectionMachines[10, 11, 12]. In an abstractsensethe vari-
ousversionsof ConnectionMachinesare universalcellular automatonavith an additional
mechanismaddedfor nonlocal communication.

Many operationgperformedby thesecellular array machinescan be expressedn
termsof simple elementaryoperations.Theseelementaryoperationsreatea mathematical
basisfor the theoreticalformalism capableof expressinga large number of algorithms
for imageprocessingand analysis. In fact, a commonthreadamongdesignersof parallel
image processingarchitecturess the belief that large classesof image transformations
can be describedby a small set of standardrules that induce thesearchitectures. This
belief led to the creationof mathematicaformalismsthat were usedto aid in the design
of special-purposeparallel architectures. Matheron and Serra’s Texture Analyzer [13],
ERIM'’s (EnvironmentaResearchnstituteof Michigan) Cytocomputef14, 15, 16], Martin
Marietta’s GAPP [17, 18, 19], and LockheedMartin’'s PAL processof20] are examples
of this approach.

The formalism associatedvith thesecellular architecturegs that of pixel neigh-
borhoodarithmeticand mathematicaimorphology. Mathematicaimorphologyis the part of
image processingconcernedwith imagefiltering and analysisby structuringelements. It
grew out of the earlywork of Minkowski andHadwiger[21, 22, 23], andenteredhe mod-
ern erathroughthe work of Matheronand Serraof the EcoledesMinesin Fontainebleau,
France[24, 25, 26, 27]. Matheronand Serranot only formulatedthe modernconcepts
of morphologicalimagetransformationsbut also designedand built the Texture Analyzer
System. Sincethoseearly days, morphologicaloperationshave beenapplied from low-
level, to intermediateto high-levelvision problems. Among somerecentresearctpapers
on morphologicalimageprocessingare CrimminsandBrown [28], Haralicket al. [29, 30],
Maragosand Schafer[31, 32, 33], Davidson[34, 35, 36], Dougherty[37, 38], Goutsias
[39, 40], Koskinenand Astola [41], and Sivakumarand Goutsias[42].
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Serraand Sternbeg were the first to unify morphologicalconceptsand methods
into a coherentalgebraictheory specifically designedfor image processingand image
analysis. Sternbeg was also the first to usethe term “image algebra”[43, 44]. In the
mid 1980s,Maragosintroduceda new theoryunifying a large classof linearandnonlinear
systemsunder the theory of mathematicalmorphology [45]. More recently, Davidson
completedthe mathematicalfoundation of mathematicalmorphology by formulating its
embeddinginto the lattice algebraknown as Mini-Max algebra [46, 47, 48]. However,
despitetheseprofound accomplishmentsmorphologicalmethodshave somewell-known
limitations. For example, such fairly commonimage processingtechniquesas feature
extraction basedon convolution, Fourier-like transformations,chain coding, histogram
equalizationtransformsjmagerotation,andimageregistrationandrectificationare— with
the exceptionof a few simplecases— eitherextremelydifficult or impossibleto expressn
termsof morphologicabperations.Thefailure of a morphologicallypasedmagealgebrato
expresaa fairly straightforwardJ.S. government-furnisheBLIR (forward-lookinginfrared)
algorithmwas demonstratedyy Miller of Perkin-Elmer[49].

The failure of an image algebrabasedsolely on morphologicaloperationsto
providea universalimageprocessingalgebrais dueto its set-theoretidormulation, which
restson the Minkowski addition and subtractionof sets[23]. Theseoperationsignore
thelineardomain,transformationdetweendifferentdomains(spaceof differentsizesand
dimensionality) andtransformationdetweerdifferentvaluesets(algebraicstructures)e.g.,
setsconsistingof real-, complex-,or vector-valuechumbers.The imagealgebradiscussed
in this text includestheseconceptsand extendsthe morphologicaloperationg1].

The developmentof image algebragrew out of a need,by the U.S. Air Force
SystemsCommand,for a commonimage-processindanguage. Defensecontractorsdo
not usea standardizedmathematicallyrigorous and efficient structurethat is specifically
designedfor image manipulation. Documentationby contractorsof algorithmsfor image
processingand rationale underlying algorithm design is often accomplishedvia word
descriptionor analogiesthat are extremelycumbersomeand often ambiguous.The result
of thesead hoc approache$iasbeena proliferationof nonstandarchotationandincreased
researchand developmentcost. In responseto this chaotic situation, the Air Force
ArmamentLaboratory (AFATL — now known as Wright LaboratoryMNGA) of the Air
Force SystemsCommand,in conjunctionwith the DefenseAdvanced ResearchProject
Agency (DARPA), supportedthe early developmenbf image algebrawith the intent that
the fully developedstructurewould subsequentlyform the basisof a commonimage-
processinganguage. The goal of AFATL was the developmentof a complete,unified
algebraicstructurethat providesa commonmathematicaénvironmenfor image-processing
algorithmdevelopmentpptimization,comparisongcoding,andperformancesvaluation.The
developmenbf this structureproved highly successfulcapableof fulfilling the tasksset
forth by the governmentandis now commonlyknown asimage algebra.

Becausef the goalssetby the governmentthe theory of imagealgebraprovides
for alanguagenhich, if properlyimplementedasa standardmageprocessingnvironment,
cangreatlyreduceresearclanddevelopmentosts. Sincethe foundationof this languagés
purely mathematicalhndindependenbf any future computerarchitectureor languagethe
longevityof animagealgebrastandards assured Furthermoresavingsdueto commonality
of languageand increasedproductivity could dwarf any reasonablénitial investmentfor
adaptingimagealgebraas a standardenvironmentfor image processing.

Although commonality of languageand cost savingsare two major reasons
for consideringimage algebraas a standardlanguagefor image processing there exists
a multitude of other reasonsfor desiring the broad acceptanceof image algebraas a
componentof all image processingdevelopmentsystems. Premieramongtheseis the
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predictableinfluenceof animagealgebrastandardon future imageprocessingechnology.
In this, it can be comparedto the influenceon scientific reasoningand the advancement
of sciencedueto the replacemenbf the myriad of differentnumbersystemge.g.,Roman,
Syrian, Hebrew, Egyptian, Chinese,etc.) by the now common Indo-Arabic notation.
Additional benefitsprovided by the use of imagealgebraare

* The elementalimage algebraoperationsare small in number,translucent,
simple, and provide a methodof transformingimagesthat is easily learnedand
used;

* Imagealgebraoperationsand operandgrovide the capability of expressing
all image-to-imagdransformations;

*  Theoremgyoverningimagealgebramakecomputemprogramsasednimage
algebranotationamenableo both machinedependenand machineindependent
optimization techniques;

»  Thealgebraicnotationprovidesa deepernderstandingf image manipula-
tion operationglueto concisenesandbrevity of codeandis capableof suggesting
new techniques;

*  Thenotationaladaptabilityto programmindanguagesllowsthe substitution
of extremelyshort and conciseimage algebraexpressiongor equivalentblocks
of code,and thereforeincreasegprogrammerproductivity;

* Imagealgebraprovidesa rich mathematicaktructurethat can be exploited
to relateimage processingproblemsto other mathematicabreas;

*  Without image algebra,a programmerwill never benefit from the bridge
thatexistsbetweenanimagealgebraprogrammindanguageandthe multitude of
mathematicastructurestheoremsandidentitiesthatarerelatedto imagealgebra;

»  Thereis no competingnotationthat adequatelyprovidesall thesebenefits.

The role of image algebrain computervision and image processingtasksand
theory should not be confusedwith the government’sAda programminglanguageeffort.
Thegoalof thedevelopmenof the Ada programmindanguagevasto provideasinglehigh-
orderlanguagein which to implementembeddedsystems.The specialarchitecturedeing
developednowadaysfor image processingapplicationsare not often capableof directly
executingAda languageprograms,often dueto supportof parallel processingnodelsnot
accommodatedy Ada’s taskingmechanism.Hence,most applicationsdesignedfor such
processorsre still written in specialassemblyor microcodelanguages.Image algebra,
on the other hand, providesa level of specificationdirectly derived from the underlying
mathematic®n which imageprocessings basedandthatis compatiblewith bothsequential
and parallel architectures.

Enthusiasmfor image algebramust be temperedby the knowledgethat image
algebra,like any other field of mathematicswill neverbe a finished productbut remain
a continuously evolving mathematicaltheory concernedwith the unification of image
processingand computervision tasks. Much of the mathematicsassociatedvith image
algebraandits implicationto computervision remainslargely uncharterederritory which
awaitsdiscovery. For example,very little work hasbeendonein relating image algebra
to computervision techniqueswvhich employ tools from suchdiverseareasas knowledge
representationgraphtheory, and surfacerepresentation.
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Severalimage algebra programminglanguageshave been developed. These
include image algebraFortran (IAF) [50], an image algebraAda (IAA) translator[51],
image algebraConnectionMachine *Lisp [52, 53], an image algebralanguage(lAL)
implementationon transputerg54, 55], and an imagealgebraC++ classlibrary (i ac++)
[56, 57]. Unfortunately,thereis often a tendencyamongengineergo confuseor equate
theselanguageswith image algebra. An image algebraprogramminglanguageis not
image algebra,which is a mathematicatheory. An image algebra-basegrogramming
languagdypically implementsa particularsubalgebraf thefull imagealgebra.ln addition,
simplisticimplementationganresultin poor computationaperformance Restrictionsand
limitationsin implementatiorareusuallydueto a combinationof factors,the mostpertinent
beingdevelopmentostsand hardwareand softwareenvironmentconstraints.They are not
limitations of imagealgebra,andthey shouldnot be confusedwith the capability of image
algebraas a mathematicatool for image manipulation.

Imagealgebrais a hetengeneousr many-valuealgebrain the senseof Birkhoff
andLipson [58, 1], with multiple setsof operandsand operators.Manipulationof images
for purposesf image enhancementanalysis,and understandingnvolves operationsnot
only on images,but also on differenttypesof valuesand quantitiesassociatedvith these
images.Thus,the basicoperand®f imagealgebraareimagesandthe valuesand quantities
associatedwvith theseimages. Roughly speaking,an image consistsof two things, a
collection of pointsand a setof valuesassociatedvith thesepoints. Imagesare therefore
endowedwith two typesof information, namelythe spatialrelationshipof the points,and
also sometype of numericor other descriptiveinformation associatedvith thesepoints.
Consequentlythe field of imagealgebrabridgestwo broadmathematicabreasthe theory
of point setsand the algebraof value sets,and investigategheir interrelationship.In the
sectionsthat follow we discusspoint and value setsas well as images,templates,and
neighborhoodghat characterizesomeof their interrelationships.

1.2. Point Sets

A point set is simply a topological space. Thus, a point set consistsof two
things,a collectionof objectscalled pointsanda topologywhich providesfor suchnotions
asnearnesf two points,the connectivityof a subsebf the point set,the neighbohood of
a point, boundarypoints and curvesand arcs Point setsaretypically denotedby capital
bold lettersfrom the end of the alphabet,.e., W, X, Y, andZ.

Points (elementsof point sets)are typically denotedby lower casebold letters
from the end of the alphabethamelyx, y, z € X. Note alsothatif x € R”, thenx is of
form x = (z1, 22, ..., z,), Wherefor eachi = 1, 2, ..., n, z; denotesa real number
called the ith coodinate of x.

The mostcommonpoint setsoccurringin imageprocessingrediscretesubsetof
n—dimensionaEuclideanspaceR” with n = 1, 2, or 3 togethemwith the discretetopology.
However, other topologiessuch as the von Neumanntopology and the odd-everproduct
topologyare also commonlyusedtopologiesin computervision [1].

There is no restriction on the shape of the discrete subsetsof R™ used
in applicationsof image algebrato solve vision problems. Point sets can assume
arbitrary shapes. In particular, shapescan be rectangular, circular, or snake-like.
Some of the more pertinent point sets are the set of integer points Z (here we view
Z c R!), the n-dimensionallattice Z* c R" (e, 7" = Z xZ x --- x I=
{xeR™: x=(21,...,2,), 2 €L fori=1,...,n}) withn = 2 orn = 3, and
rectangularsubsetsof Z2. Two of the most often encounteredectangularpoint setsare
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of form
X:meZn:{(xl,xz)EZ2 : nglgmfl,ogzmgnfl},

or
X:Z;’,’l><Z;'L':{(3v1,av2)EZ2 1<z <m, 1§x2§n}.

We follow standardpracticeandrepresentheserectangulapoint setsby listing the pointsin
matrix form. Figurel.2.1providesagraphicalrepresentationf the pointsetX = Z} x 7.

1 2 n
: > Yy
1__ . @  irr sus °
2__ . @  rrr sus °
m+ o o e .
\J
X

Figure 1.2.1. The rectangulamoint setX = 7} x Z;}.

Point Operations

As mentioned,someof the more pertinentpoint setsare discretesubsetof the
vector spaceR™. Thesepoint setsinherit the usual elementaryvector spaceoperations.
Thus, for examplejf X € Z” (or X C R*) andx = (21, ..., #,), y = (Y1, - -, Un) €
X, thenthe sum of the pointsx andy is definedas

x+y=(21+y, s Tn+Yn),
while the multiplicationandadditionof a scalark € Z (or £ € R) anda pointx is given by
k- x=(k-z1,...,k z,)
and
k+x=(k+z1,...,k+z,),

respectively. Point subtractionis also defined in the usualway.

In additionto thesestandardsectorspaceoperationsjmagealgebraalsoincorpo-
ratesthreebasictypesof point multiplication. Thesearethe Hadamad product the cross
product(or vectorproduc) for pointsin Z2 (or R®), andthe dot productwhich aredefinedby

X'y:(lfl'yl, ceey En yn),

XXy:(l’Z'ys—ZS'yz,$3'y1—$1'y3,231'92—132'91),

and
Xey =211 +Z2-Y2+ - +Zn - Yn,
respectively.
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Notethatthe sumof two points,the Hadamardoroduct,andthe crossproductare
binary operationghat take asinput two pointsandproduceanotherpoint. Therefore these
operationscan be viewed as mappingsX x X — X wheneverX is closedunderthese
operations.In contrastthebinaryoperationof dot productis a scalarandnot anothewector.
This providesan exampleof a mappingX x X — F, whereF denoteshe appropriatdield
of scalars. Another suchmapping,associatedvith metric spacesijs the distancefunction
X x X — R which assigngto eachpair of pointsx andy the distancefrom x to y. The
mostcommondistancefunctionsoccurringin imageprocessingrethe Euclideandistance,
the city block or diamonddistance andthe chessboat distancewhich are definedby

1

d(x,y) = [Z (2x — ykfl ,

k=1

n
pxy) = |or — wel
k=1

and
b(x,y) =maz{|lry —yg|: 1 <k <n},

respectively.

Distancescan be convenientlycomputedin termsof the norm of a point. The
threenormsof interesthere are derivedfrom the standardZ.”? norms

n 1/13’
%[, = (Z|$i|p) :

i=1

The L norm is given by
n
Ixllo = \/ il
i=1

n
where \/ |z;| = maz{|z1], ..., |zn|}. Specifically, the Euclideannorm is given by
i=1

||, = /2 4+ -+ +2%. Thus,d(x,y) = ||x — y||,. Similarly, the city block distance
can be computedusing the formulation p(x,y) = ||x — y||; andthe chessboardlistance
by using 6(x,y) = |Ix — ylle-

Note that the p-norm of a point x is a unary operation, namely a function
| l, : X — R. Anotherassemblagef functionsX — R which play a major role in
variousapplicationsarethe projectionfunctions. GivenX C R", thentheith projectionon
X, wherei € {1, ..., n}, is denotedby p; anddefinedby p;(x) = z;, wherez; denotes
the ith coordinateof x.

Characteristicfunctions and neighborhoodfunctions are two of the most fre-
guently occurring unary operationsin image processing. In orderto definetheseopera-
tions, we needto recall the notion of a power set of a set. The power setof a setSis
definedasthe setof all subsetsof S andis denotedoy 2°. Thus,if Z is a point set, then
22 = (X : X C Z}.

Given X € 2% (i.e., X C Z), then the characteristicfunction associatedwith
X is the function

XX:Z_}{O)I}
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defined by
1 difzeX
Xx(z)—{o ifz¢X.
Forapairof pointsetsX andZ, aneighbohoodsystenfor X in Z, or equivalently,
a neighbohood functionfrom X to Z, is a function
N:X — 2%,

It follows that for eachpointx € X, N(x) C Z. ThesetN(x) is called a neighbohood
for x.

Thereare two neighborhoodunctions on subsetsof Z? which are of particular
importancein imageprocessing.Thesearethe von Neumanmeighborhoodndthe Moore
neighborhood.The von NeumannneighborhoodV : X — 27 is definedby

Nx)={y : y=(z1£]j z2) ory = (21, 22 k), j, k€ {0, 1} },
wherex = (z1, z3) € X C 7?2, while the Moore neighborhoodV/ : X — 27" is defined by
Mx)={y :y=(z1%j 2z2%k), j k€{0 1} }.
Figure 1.2.2 providesa pictorial representatiorof thesetwo neighborhoodunctions;the
hashectenterarearepresentshe point x andthe adjacentellsrepresenthe adjacenpoints.
The von Neumannand Moore neighborhoodsre also called the four neighbohood and

eight neighbohood respectively. They are local neighbohoodssince they only include
the directly adjacentpoints of a given point.

N(x) = e ’ M(x) =

Figure 1.2.2. The von NeumannneighborhoodV (x)
and the Moore neighborhood} (x) of a point x.

There are many other point operationsthat are useful in expressingcomputer
vision algorithmsin succinctalgebraicform. For instancejn certaininterpolationschemes
it becomesnecessaryto switch from points with real-valuedcoordinates(floating point
coordinates}o correspondingnteger-valuedcoordinatepoints. One suchmethodusesthe
inducedfloor operation| | : R* — Z" definedby |x| = (|21], [z2], ..., [#r]), Where
x = (»1, 22, ..., zp) € R" and |z;| € Z denoteghe largestintegerlessthan or equalto
z; (i.e., |z;] < z; andif k € Z with k < z;, thenk < |z;]).

Summary of Point Operations

We summarizesomeof the more pertinentpoint operations.Someimagealgebra
implementationsuchasiac++ provide many additionalpoint operationg59].
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Binary operations. Let x = (z1, 22, ..., 25),y = (y1, Y2, --.,yn) € R?, and
z = (21, 22, ..., Zm) € R™.

addition x+y=(z14+y1, ..., %0+ Yn)

subtraction x—y=(@1—y1, ..., %n—Yn)

multiplication Xy = (Z1Y1, -+ TnlYn)

division x/y = (€1/y1, -, n/Yn)

supremum sup(x,y) = (1 VY1, -, Zn VYn)

infimum inf(x,y) = (x1Ay1, ..., n AYn)

dot product Xoy = Z1Y1 + Taya + - + ZpUyn
crossproduct (n = 3) x Xy = (Zays — T3Y2, T3Yy1 — T1Y3, T1Y2 — T2Y1)
concatenation Xz = (21, ..., Tn, 21, -+, Zm)

scalar operations kyx = (kyzq, ..., kyzy,),

wherey € {+, —, %, V, A}

Unary operations. In the following let x = (z1, #2, ..., z,) € R™.
negation —x = (-2, ..., —p)
ceiling [x] = (Jz1], ..., [za])
floor [x] = (lz1], ..., |za))
rounding x] = ([z1], -+ -, [zn])
projection pi(x) = z;
sum Yx =zx1+ 20+ - + xp,
product Ix = zy2y -+ 2,
maximum VX =z VeV -+ V z,
minimum AX =z ANx2 A+ N 2y
Euclidean norm Ixll, = V&i+ - + a2
L! norm Ixll, = |z1| + |z2] + - + |25
L% norm Xl = |21| V |22| V - - V |25]
dimension dim(x) = n
neighborhood N(x) C R?
characteristicfunction Xx(Z) = { (1) z; z ;§

It is importantto note that severalof the above unary operationsare special
instancef spatialtransformationsX — Y. Spatialtransformsplay a vital role in many
image processingand computervision tasks.

In the above summarywe only consideredpoints with real- or integer-valued
coordinates. Points of other spaceshave their own induced operations. For example,
typical operationson points of X = (Z;)" (i.e., Boolean-valuedpoints) are the usual
logical operationsof AND, OR, XOR, and complementation.

Point Set Operations

Point arithmeticleadsin a naturalway to the notion of setarithmetic. Given a
vectorspaceZ, thenfor X, Y € 2% (i.e., X, Y C Z) andan arbitrary pointp € Z we
define the following arithmetic operations:

addition X+Y={x+y:xeXandy €Y}
subtraction X-Y={x-y:xeXandyecY}
point addition X+p={x+p: xeX}
point subtraction X-p={x-p: xeX}
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Anothersetof operationon 2Z arethe usualsetoperationsf union, intersection
set difference (or relative complement symmetricdifference and Cartesian product as
defined below.

union XUY={z:zeXorzeY}
intersection XNY={z:zeXandze Y}
setdifference X\Y={z:zcXandz¢ Y}
symmetricdifference XAY ={z:zeXUYandz¢gXNY}
Cartesianproduct XxY={(x,y) : xeXandy €Y}

Note that with the exceptionof the Cartesianproduct, the set obtainedfor eachof the
aboveoperationsis againan elementof 2%.

Another commonset theoreticoperationis setcomplementation.For X € 2%,
the complemenbf X is denotedby X, and definedas X = {z : z € Z and z ¢ X}.
In contrastto the binary set operationsdefined above, set complementatioris a unary
operation. However,complementatiorcan be computedin terms of the binary operation
of setdifferenceby observingthat X = Z\X.

In additionto complementationherearevariousothercommonunaryoperations
which play a majorrole in algorithmdevelopmentisingimagealgebra.Amongtheseis the
cardinality of a setwhich, whenappliedto a finite point set,yields the numberof elements
in the set,andthe choicefunction which, whenappliedto a set, selectsa randomlychosen
point from the set. The cardinality of a setX will be denotedby card(X). Note that

card : 2% =N (for all finite elements of QZ),
while
choice : 2% — 7.

Thatis, card(X) € N andchoice(X) = x, wherex is somerandomlychoserelemenof X.

As was the casefor operationson points, algebraicoperationson point setsare
too numerousto discussat lengthin a short treatiseas this. Therefore,we again only
summarizesomeof the more frequently occurringunary operations.

Summary of Unary Point Set Operations
In the following X C R".

negation X ={=x:x€eX}

complementation X ={z:z€cR"andz ¢ X}

supremum sup(X) (for finite point set X)

infimum inf(X) (for finite point set X)

choice function choice(X) € X (randomly chosen element)

cardinality card(X) = the cardinality of X

The interpretationof sup(X) is as follows. SupposeX is finite, say X =
{x1, X3, ..., X3 }. Then sup(X) = sup(... sup(sup(sup(xi,X2),X3),Xq), ... ,Xz),
where sup(x;,x;) denotesthe binary operationof the supremumof two points de-
fined earlier. For example,if x; = (z;,y;) for ¢ = 1,... k, then sup(X) =

(ta Va2V - Vazr, y1 Vya V -+ Vyi). More generally,sup(X) is definedto be the
leastupperboundof X (if it exists). The infimum of X is interpretedin a similar fashion.

If X is finite andhasa total order,thenwe alsodefinethe maximumandminimum
of X, denotedby \/ X and A X, respectivelyasfollows. Suppos&X = {x1, X2, ..., X}
andx; < x» < -+ < X3, wherethe symbol < denotesthe particulartotal orderon X.
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Then\/ X = x; and A X = x;. The mostcommonlyusedorderfor a subsetX of 7>
is the row scanningorder. Note also that in contrastto the supremumor infimum, the
maximumand minimum of a (finite totally ordered)setis alwaysa memberof the set.

1.3. Value Sets

A hetengeneousalgebrais a collection of nhonemptysetsof possibly different
types of elementstogetherwith a set of finitary operationswhich provide the rules of
combiningvariouselementsn orderto form a new element.For a precisedefinition of a
heterogeneoualgebrawe refer the readerto Ritter [1]. Note that the collection of point
sets,points,andscalarstogethemwith the operationglescribedn the previoussectionform
a heterogeneouslgebra.

A homogeneouslgebrais a heterogeneoualgebrawith only onesetof operands.
In otherwords, a homogeneouslgebrais simply a settogetherwith a finite numberof
operations. Homogeneouslgebraswill be referredto as value setsand will be denoted
by capital blackboardfont letters, e.g.,E, F, and G. There are severalvalue setsthat
occurmoreoftenthanothersin digital imageprocessing Thesearethe setof integers real
numbergfloating point numbers)the complexnumbersbinary numbersof fixed lengthk,
the extendedeal numberg(which includethe symbols+co and/or—oc), andthe extended
non—negativeeal numbers.We denotethesesetsby Z, R, C, Z,x , Ry, = RU {+0},
Roso = RU{-00}, Rioo = RU {400, —o0}, andRZ? = R+ U {0, +o0}, respectively,
wherethe symbolR* denotesthe set of positive real numbers.

Operations on Value Sets

The operationson and betweenelementsof a given value setF are the usual
elementaryoperationsassociatedwith F. Thus, if F € {Z, R, Z,x}, then the binary
operationsare the usual arithmetic and logic operationsof addition, multiplication, and
maximum, and the complementaryoperationsof subtraction,division, and minimum. If
F = C, thenthe binary operationsare addition, subtraction,multiplication, and division.
Similarly, we allow the usualelementaryunary operationsassociatedvith thesesetssuch
as the absolutevalue, conjugation,as well as trigonometric,logarithmic and exponential
functionsastheseare availablein all higher-levelscientific programminglanguages.

For the setR.. ., we needto extendthe arithmeticand logic operationsof R as
follows:

a+(—00)=(-0)+a=-0 a€eR_
a+o00o=004+a=o0 a € Ry
(—00) + 00 = 00 + (—0) = —x

aV(-o0)=(-o0)Va=a a € Rino

Notethattheelement—oco actsasanull elemenin thesystem R+, V, +) if we
view the operationt+ asmultiplicationandthe operationv asaddition. The samecannotbe
saidabouttheelementx in thesystemR.. .., A, +) since(—oo)+o00 = co+(-—o0) = —oo.
In orderto remedythis situationwe definethedual structurg Ry oo, A, +') of (R1oo, V, +)
as follows:

a+'b=a+b a,beER
a+ (—00)=(-o0)+ a= - a€R_w
a4+ o0o=0c0+"a=00 a € Ry

(—00) +' 00 = 0o +' (—0) =

aNoo=0c0Aa=a a € Rino
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Now theelementtoo actsasanull elemenin thesystem(R. ., A, +’). Observehowever,
that the dual additions+ and +' introduce an asymmetrybetween—oco and +oco. The
resultantstructure(R+ .., V, A, 4+, +') is known as a boundedattice ordered group [1].

Dual structuresprovide for the notion of dual elements.For eachr € Ry, we
defineits dual or conjugater* by r* = —r, where—(—o0) = co. The following duality
laws are a direct consequencef this definition:

(1) () =
(2) (rAt)" =r*vie-and(rvi) =r* At-
Closelyrelatedto the additive boundediattice orderedgroup describedaboveis

the multiplicative boundediattice orderedgroup (R2?, v, A, x, x’). Herethe dual x’ of
ordinary multiplication is definedas

ax'b=axbVabeR2=RtuU{0}
with both multiplicative operationsextendedas follows:

aXo00=00Xa=00 a € RE,
ax'oo=00x"a=00 a € RY
Oxoo=00x0=0

Ox'co=00x'0=00

Hence,the element0 actsas a null elementin the system(R2°, v, ><) andthe element
400 actsasa null elementin the system(Rgoo, A, x’). The conjugater* of an element
r € RZP of this value setis definedby

f —

=950 if r=4o00.

{r‘l if r € RT
+oo ifr=0

Anotheralgebraicstructurewith duality whichis of interestin imagealgebrais the
valueset (Z3, v, A, +, -T-’), whereZ} = (Z5),,, = Z> U {00, —o0} = {0, 1, —o0, oo}.
Thelogical operationsy andA arethe usualbinary operationsof max (or) andmin (and),
respectivelywhile the dual additive operations+ and + are definedby the tablesshown
in Figure 1.3.1.

+ 0 1 |-o0]| i 0 1 | —oo|

0 1 0 0o | —oo 0 1 0 [ oo |-
1 0 1 oo | —oo 1 0 1 oo | —o0
ool o0 | o | oo | oo —ool oo | oo | o | —c0
oo | -0 | —| o | — 0o | =0 | —o | —oo|

Figure 1.3.1. The dual additive operationst and +'.

Note that the addition + (as well as +') restrictedto Z, = {0, 1} is the
complemenbf the exclusive-oroperation xor, and computeghe valuesfor the truth table
of the biconditionalstatemenip < ¢ (i.e., p if andonly if q).
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TheoperationonthevaluesetZ:, canbeeasilygeneralizedo its k-fold Cartesian

productZ}, = 73 x Z3 x --- x Z;. Specifically, if m = (my, ..., my) € Z,
andn = (ny, ..., ng) € Z3,, wherem;, n; € Z fori = 1,... k, thenm+n =
(ml—T—nl, ey mk—T—nk)

The addition + shouldnot be confusedwith the usualaddition mod2* on Z.x.
In fact, for m, n € Zyx m+n = ((my +n1)’, ..., (my + ng)'), where

) v J O if (mi 4 ni)mod2 =1
(mi + ni) _{1 if (mi+n;)mod2 =10.

Many point setsare also value sets. For example,the point setX = R” is a
metric spaceaswell asa vector spacewith the usualoperationof vector addition. Thus,
(R™, +), wherethe symbol“+" denotesrectoraddition,will atvarioustimesbe usedboth
asa point setandasa value set. Confusionasto usagewill not ariseasusageshouldbe
clear from the discussion.

Summary of Pertinent Numeric Value Sets

In orderto focus attentionon the value setsmost often usedin this treatisewe
provide a listing of their algebraicstructures:

@ (R, V,A, +,-)

(b) (C +, )

© (Z,V,A +,)

d) (Zox, V, A, +, )
€) (Riso, V, A, +, +)

M (R, V, A, x, x')

@ (z.v, A+ )

In contrastto structurec, the additionandmultiplicationin structured is addition
and multiplication mod2*.

Theselisted structuresrepresenthe pertinentglobal structures. In various ap-
plicationsonly certainsubalgebra®f thesealgebrasare used. For example,the subalge-
bras(R_, V, +) and (Ry«, A, +') of (R, V, A, +, +') play specialrolesin mor-
phological processing.Similarly, the subalgebraN, v, A, +) of (Z, v, A, +, -), where
N=1{0 1,2, ... n,...},is theonly pertinentapplicablealgebrain certaincases.

The complementarybinary operations wheneverthey exist, are assumedo be
partof the structures.Thus,for example,subtractionand division which canbe definedin
termsof additionandmultiplication,respectivelyareassumedo bepartof (R, v, A, +, ).

Value Set Operators

As for point sets,given a value setF, the operationson 2 are againthe usual
operationsof union, intersection,set difference,etc. If, in addition, F is a lattice, then
the operationsof infimum and supremumare alsoincluded. A brief summaryof value set
operatorsis given below.
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For the following operationsassumethat A, B € 2F for somevalue setF.

union AUB={c:ceAorce B}
intersection ANB={c: ceAandce B}
setdifference AB={c: cecAandc ¢ B}
symmetricdifference AAB={c: ce AUBandc¢ AN B}
Cartesianproduct Ax B ={(a,b): ac Aandb € B}
choicefunction choice(A) € A

cardinality card(A) = cardinality of A
supremum sup(A) = supremum of A

infimum inf(A) = infimum of A

1.4. Images

Theprimaryoperandsn imagealgebraareimagestemplatesandneighborhoods.
Of thesethreeclassef operandsjmagesare the most fundamentakincetemplatesand
neighborhoodsanbeviewedasspecialcase®f thegenerakoncepiof animage. In orderto
providea mathematicallyrigorousdefinition of animagethat coversthe plethoraof objects
called an “image” in signal processingand image understandingwe definean image in
generakerms,with a minimum of specification.In the following we usethe notationA? to
denotethe setof all functionsB — A (i.e., A® = {f : fis a function from B to A}).

Definition: LetF bea valuesetand X a point set. An F-valuedimage
on X is any elementof FX. Given an F-valuedimagea ¢ FX (i.e.,
a: X — F), thenF is calledthe setof possiblerange valuesof a and
X the spatial domain of a.

It is often conveniento let the graphof animagea € FX represent. Thegraph
of animageis alsoreferredto asthe data structue representationof the image. Given
the data structurerepresentatiom = {(x, a(x)) : x € X}, thenan element(x, a(x)) of
the datastructureis called a picture elementor pixel. The first coordinatex of a pixel is
calledthe pixel location or imagepoint, andthe secondcoordinatea(x) is calledthe pixel
value of a at location x.

The abovedefinition of animagecoversall mathematicalmageson topological
spaceswith rangein an algebraicsystem.RequiringX to be a topological spaceprovides
uswith the notion of nearnessf pixels. SinceX is not directly specifiedwe may substitute
anyspacerequiredfor the analysisof animageor imposedby a particularsensormandscene.
For example,X could be a subsetof 73 or R® with x € X of form x = (z,y,t), where
the first coordinate z, y) denotespatiallocationandt a time variable.

Similarly, replacingtheunspecifiedraluesetF with Zox orF = (Zyx , Zom , Zon)
providesus with digital integer-valuedand digital vector-valuedmages,respectively.An
implication of theseobservationds that our image definition also characterizegny type
of discreteor continuousphysicalimage

Induced Operations on Images

Operationson and betweenlF-valuedimagesare the naturalinducedoperations
of the algebraicsystemF. For example,if v is a binary operationon F, then~ inducesa
binary operation— againdenotedby v — on F* definedas follows:
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Let a,b € FX. Then
ayb = {(x,¢(x)) : ¢(x) = a(x)yb(x), x € X}.

For example,supposea, b € R¥ and our value setis the algebraicstructureof the real
numbers(R, +, -, V, A). Replacingy by the binary operationst+, -, v, and A we obtain
the basic binary operations

a+b={(x,¢x)) : c(x) =a(x)+ b(x), x € X},
a-b={(x,¢(x)) : e¢(x) =a(x)b(x), x € X},
aVb={(x,c(x)) : c¢(x) = a(x)Vb(x), x € X},

and
aAb={(x,¢c(x)) : ¢(x)=a(x)Ab(x), x e X}
on real-valuedimages.Obviously,all four operationsare commutativeand associative.

In additionto the binary operationbetweenimages the binary operationy on F
also inducesthe following scalaroperationson images:

Fork € F and a € FX,
Fya = {(x,c(x)) : o(x) = kya(x), x € X}

and
ark = {(x,¢(x)) : ¢(x) = a(x)7k, x € X}.
Thus,for k£ € R, we obtainthe following scalarmultiplication and addition of real-valued
images:
k-a={(x,c(x)): c(x)=Fk- a(x), xe X}
and
k+a={(x,¢c(x)) : c(x)=k+a(x), x X}

It follows from the commutativity of real numbersthat,
k-a=a-kand k+a=a+k.

Althoughmuchof imageprocessinds accomplishedisingreal-,integer-,binary-,
or complex-valuedmages,many higher-levelvision tasksrequire manipulationof vector-
andset-valuedmages. A set-valuedmageis of form a : X — 2F. Herethe underlying
valuesetis (2F, U, N, 7 ), wherethe tilde symbol denotescomplementation Hence,the
operationon set-valuedma%(esarethoseinducedby the Booleanalgebraof the value set.
For example,if a,b € (2F)™, then

aUb = {(x,¢c(x)) : c(x) = a(x)Ub(x), x € X},
anb = {(x,¢(x)) : e(x)=a(x)Nb(x), xe X},

d
o é:{(x,c(x)) : c(x):aﬂ(;), xEX},

wherea(x) = F\a(x).
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The operationof complementatioris, of course a unaryoperation.A particularly
useful unary operationon imageswhich is inducedby a binary operationon a value set
is known as the global reduceoperation More precisely, if vy is an associativeand
commutativebinary operationon F and X is finite, sayX = {x1,x2, ... ,x,}, theny
inducesa unary operation

r:F*—=F
calledthe global reduceoperationinducedby v, which is definedas

Fa=T a(x) :ki‘la(xk) = a(xy )ya(xz)y - va(x,).

xEX

Thus, for example,if F = R and~y is the operationof addition(y = +), thenI' = ¥ and

Za: Z a(x) = a(x;) + a(x2)+ - + a(xy,).

xeX

In all, thevalueset(R, +, -, V, A) providesfor four basicglobalreduceoperationsnamely

>-a, [[a, Va, and A a.

Induced Unary Operations and Functional Composition

In the previoussectionwe discussedinaryoperationson elementsof FX induced
by a binary operationy on F. Typically, however,unary image operationsare induced
directly by unary operationson F. Given a unaryoperationf : F — F, thenthe induced
unary operationF* — FX is againdenotedby f andis definedby

fla) = {(x,¢(x)) : ¢(x) = f(a(x)), x € X}.

Note that in this definition we view the compositionf o a as a unary operationon FX
with operanda. This subtledistinction hasthe importantconsequencéhatf is viewedas
a unary operation— namely a function from FX to FX — and a as an argumentof f.
For example,substitutingR for F andthe sinefunction sin : R — R for f, we obtainthe
inducedoperationsin : R* — RX, where

sin(a) = {(x,¢(x)) : c(x) = sin(a(x)), x € X}.
As anotherexample,considerthe characteristidunction

ey (L ik
2k 0 otherwise.

Thenfor anya € R¥, y >« () is the Boolean (two-valued)imageon X with value 1 at
locationx if a(x) > k andvalueO if a(x) < k. An obviousapplicationof this operation
is the thresholdingof animage. Given a floating point imagea andusingthe characteristic

function )
(r) = 1 af j<r<k
X" = ¢ otherwise,

thenthe imageb in the image algebraexpression

b:=a- x,, (a)
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is given by
b = {(x,b(x)) : b(x) = a(x) if j < a(x) < k, otherwise b(x) = 0}.

The unaryoperationson animagea € FX discussedhusfar haveresultedeither
in a scalar(an elementof F) by useof the global reductionoperation,or anotherf--valued
imageby useof thecompositionfoa = f(a). More generally givenafunctionf : F — G,
thenthe compositionf o a providesfor a unaryoperationwhich changesanF-valuedimage
into a G-valuedimage f(a). Taking the sameviewpoint, but usinga function f between
spatialdomainsinstead,providesa schemefor realizing naturally inducedoperationsfor
spatial manipulationof image data. In particular,if f : Y — X anda € FX, thenwe
definethe inducedimagea o f € FY by

aof={(y alf(y):yeY}.

Thus, the operationdefinedby the aboveequationtransformsan F-valuedimage defined
over the spaceX into an F-valuedimagedefinedover the spaceY .

Examplesof spatialbasedmagetransformationsareaffine andperspectivdrans-
forms. For instance,supposea € RX, where X C 72 is a rectangularm x n array. If
1<k < Fandf: X — X is definedas

_ @y if k<w
f(‘x’y)_{@kx,y) if o<k’

thenao f is aonesidedreflectionof a acrosgheline z = k. Furtherexamplesareprovided
by severalof the algorithmspresentedn this text.

Simpleshiftsof animagecanbe achievedy usingeithera spatialtransformation
or point addition In particular,givena € FX, X c 7?, andy € 7?, we definea shift
of a by y as

aty={(zb) b#)=a@E y), s yeX}

Notethata + y is animageon X 4+ y sincez —y € X < z € X 4y, which provides
for the equivalentformulation

a+y={(zb(z) : bz)=a(z—y),zeX+y}

Of course,one could just as well define a spatial transformationf : X +y — X by
f(z) = z — y in orderto obtainthe identical shiftedimagea +y = ao f.

Another simple unary image operationthat can be definedin termsof a spatial
mapis imagetransposition Givenanimagea € FZ»*Z» thenthe transposeof a, denoted
by a’, is definedasa’ = ao f, wheref : Z,, x Z,, — Z,, xZ, is givenby f(z,y) = (y, ).

Binary Operations Induced by Unary Operations

Various unary operationsimage operationsinduced by functions f : F — F
can be generalizedto binary operationson FX. As a simple illustration, considerthe
exponentiatiorfunction f : R2° — R defined by f(r) = r*, wherek denotessomenon-
negativereal number. Thenf inducesthe exponentiatioroperation

af = {(x,b(x)) : b(x) = [a(x)]k, X € X},
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wherea is anon-negativeeal-valuedmageon X. We may extendthis operationto a binary
image operationas follows: if a, b € (R2°)* then

aP = {(x, c(x)) : c(x) = a(x)b(x), X € X}.

The notion of exponentiatiorcanbe extendedo negativevaluedimagesaslong
as we follow the rules of arithmetic and restrict this binary operationto those pairs of
real-valuedimagesfor which a(x)b(x) € R vx € X. This avoids creationof complex,
undefined,and indeterminatepixel valuessuch as (—l)é, 2, and 0% respectively.
However, there is one exceptionto theserules of standardarithmetic. The algebraof
imagesprovidesfor the existenceof pseudainverses For a € RX, the pseudanverseof
a, which for reasonof simplicity is denotedby a~! is definedas

a~l = {(x,b(x)) : b(x) = % if a(x) # 0 otherwise b(x) = 0}.

Note thatif somepixel valuesof a arezero,thena -a~! # 1, wherel denotesunit image
all of whosepixel valuesare1. However,the equalitya-a~! - a = a alwaysholds. Hence
the name*“pseudoinverse.”
The inverseof exponentiatioris defined in the usualway by taking logarithms.
Specfically,
logba = {(x, c(x)) : c(x) = logpx)a(x), x € X}.

As for real numbers/ogpa is definedonly for positiveimages;i.e.,a, b € (R"‘)X .

Anothersetof examplesf binary operationdnducedby unaryoperationsarethe
characteristidunctionsfor comparingtwo images.For a, b € R¥ we define

X o (@) = {(x,¢(x)) : e(x) = 1if a(x) < b(x), otherwise ¢(x) = 0}
X (@) = {(x,¢(x)) : e(x) = Lif a(x) < b(x), otherwise ¢(x) = 0}
X - (a) = {(x,¢(x)) : ¢(x) = 1if a(x) = b(x), otherwise ¢(x) = 0}
X s (@) = {(x,¢(x)) : e(x) = 1if a(x) > b(x), otherwise ¢(x) = 0}
X s (a) = {(x,¢(x)) : c(x) = Lif a(x) > b(x), otherwise ¢(x) = 0}
X g (@) = {(x,¢(x)) : c(x) = 1if a(x) # b(x), otherwise c(x) = 0}.

Functional Specification of Image Operations

The basicconceptf elementaryfunction theory providethe underlyingfounda-
tion of a functional specificationof image processingechniques.This is a direct conse-
guenceof viewing imagesas functions. The mostelementaryconceptsof function theory
arethe notionsof domain,range,restriction,and extensionof a function.

Image restrictionsand extensionsare usedto restrictimagesto regionsof par-
ticular interestandto embedimagesinto largerimages, respectively.Employing standard
mathematicahotation, the restriction of a € FX to a subsetZ of X is denotedby alz,
and defined by

alz =an(Z xF)={(x,a(x)) : xe€Z}.

Thus,a|z € FZ. In practice,the usermay specify Z explicitly by providing boundsfor
the coordinatesof the points of Z.
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Thereis nothing magicalaboutrestrictinga to a subsetZ of its domainX. We
canjust aswell definerestrictionsof imagesto subset®of the rangevalues. Specifically,if
S c F anda € FX, thenthe restrictionof a to Sis denotedby a||s anddefinedas

alls =an (X xS).

In termsof the pixel representatiornf a||s we haveal|s = {(x,a(x)) : a(x) € S}. The
double-bamotationis usedto focus attentionon the fact that the restrictionis appliedto
the secondcoordinateof a C X x F.

Imagerestrictionsin termsof subsetof the value setF is an extremelyuseful
conceptin computervision asmanyimageprocessingasksarerestrictedto imagedomains
over which the image values satisfy certain properties. Of course, one can always
write this type of restrictionin terms of a first coordinaterestriction by settingZ =
{xeX : a(x) € S} sothata||s = a|z. However,writing a programstatementsuch
asb := alz is of little value since Z is implicitly specfied in termsof S i.e., Z
must be determinedin terms of the property “a(x) € S.” Thus, Z would have to be
precomputedaddingto the computationabverheadaswell asincreasedcode. In contrast,
directrestrictionof the secondcoordinatevaluesto anexplicitly specifiedsetS avoidsthese
problemsand providesfor easierimplementation.

As mentioned,restrictionsto the rangeset provide a useful tool for expressing
variousalgorithmic proceduresFor instancejf a € RX andSis theinterval (k, ) C R,
wherek denotessomegiven thresholdvalue, then all(k,oo) denotesthe imagea restricted
to all thosepoints of X wherea(x) exceedshe valuek. In orderto reducenotation,we
defineal|sr = al(x,00). Similarly,

all>r = all[k 00), all<k = all(—oo k), allx = alliry, and all<k = af|_co -

As in the caseof characteristidunctions,a moregenerafform of rangerestriction
is given when S correspondgo a set-valuedmage S € (QF)X; ie, S(x) CF vx € X.
In this casewe define

alls = {(x,a(x)) : a(x) € S(x)}.
For example,for a, b € RX we define
all<p = {(x,a(x)) : a(x) <b(x)}, all<n = {(x,a(x)) : a(x) <b(x)},
all>p = {(x,a(x)) : a(x) > b(x)}, allsp = {(x,a(x)) : a(x) >b(x)},
allp = {(x,a(x)) : a(x) =b(x)}, allzp ={(x,a(x)) : a(x) # b(x)}.

Combining the conceptsof first and second coordinate (domain and range)
restrictionsprovidesthe generaldefinition of animagerestriction.If a € F¥, Z C X, and
S C F, thenthe restrictionof a to Z and S is defined as

a|(z)5) =al (Z X S)

It follows that a|z sy = {(x,a(x)) : x €Z and a(x) € S}, aix,s) = alls, and
alizF) = alz.

The extensionof a € FX to b € FY on Y, whereX andY are subsetsof the
sametopological space,is denotedby a® and definedby

Jax) ifxeX
ol (x) = {b(x) if x € Y\X.

In actualpractice,the userwill haveto specify the function b.
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Two of the mostimportantconceptsassociatedvith a function are its domain
andrange. In the field of imageunderstandingit is convenientto view theseconceptsas
functionsthat map imagesto setsassociatedvith certainimage properties. Specifically,
we view the conceptof rangeas a function

range : FX — 2F

definedby range(a) = {r € F : r = a(x) for some x € X}.
Similarly, the conceptof domainis viewed as the function

domain : ":X|(2XX2F) — 2%

where
FX|(2XX2F) = {b : b:a|(zyg-), ac Fx, Z e 2X, S e QF}

and domainis defined by
domain(b) = {x € X : al(z 5)(x) = b(x) = r for some r € [F}.

Thesemappingscan be usedto extractpoint setsandvalue setsfrom regionsof
imagesof particularinterest. For example,the statement

s := domain(al|sr)

yields the set of all points (pixel locations) where a(x) exceedsk, namely s =
{x e X : a(x) > k}. The statement

s :=range(al|>r)

on the other hand, resultsin a subsetof R insteadof X.

Closelyrelatedto spatialtransformationgndfunctionalcompositionis the notion
of image concatenation Concatenatiorservesas a tool for simplifying algorithm code,
addingtranslucencyto code,andto providea link to the usualblock notion usedin matrix
algebra.Givena € FZ=»*Zx andb € FZ=*Z~ thenthe row-omder concatenatiorof a with
b is denotedby (a | b) andis definedas

(a|b) = alPt0k)

Note that (a | b) € FZm*Zatx,

Assumingthe correctdimensionalityin the first coordinate concatenatiomf any
numberof imagesis definedinductively usingthe formula(a | b |¢) = ((a | b)| ¢) so
that in generalwe have

(ar]as| - |a) = ((ar]az| - - Ja—1)[ar) .

Column-oder concatenatiorcanbe definedin a similar manneror by simpletransposition;
ie.,
a;

= (aifaz| - |ar)".
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Multi-V alued Image Operations

Although generalimage operationsdescribedin the previoussectionsapply to
both single and multi-valuedimagesas long as thereis no specificvalue type associated
with the genericvalue setF, thereexist a large numberof multi-valuedimage operations
thatare quite distinct from single-valuedmageoperations.As the generaltheoryof multi-
valuedimageoperationds beyondthe scopeof this treatise,we shall restrictour attention
to somespecificoperationson vector-valuedimageswhile referring the readerinterested
in moreintricate detailsto Ritter [1]. However,it is importantto realizethat vector-valued
imagesare a specialcaseof multi-valuedimages.

If F = R” anda € FX, thena(x) is avectorof forma(x) = (a;(x), ..., a,(x))
where for eachi = 1,...,n, a;(x) € R. Thus, animagea € (R")* is of form
a=(ay, ..., a,) andwith eachvectorvaluea(x) thereareassociatea realvaluesa; (x).

Real-valuedmageoperationgyeneralizeo the usualvectoroperationon (R”)X.
In particular,if a,b € (R*)*, then

a+b=(a;+by,...,a,+by,)
a-b=(a; by, ...,a, by,)

aVb=(a;Vby, ... ,a,Vby,)
aAb=(a; Aby, ... a, Aby,).
If v = (ry,...,r,) € R*, thenwe also have

r+a=(ri+ay,...,r+ay,),

r-a=(ry-ay,...,r, ag),

etc. In the specialcasewherer = (r,r, ..., r), we simply usethe scalarr € R anddefine
r+a=r+a, r-a=r-a, andsoon.

As before, binary operationson multi-valuedimagesare inducedby the corre-
spondingbinary operatiory : R* x R® — R on the valuesetR™. It turnsoutto be useful
to generalizethis conceptby replacingthe binary operationy by a sequenceof binary
operationsy; : R® x R* — R, wherej = 1, ..., n, anddefining

ayb = (ay;b,ayb, ... jay,b).

For example,if v; : R® x R® — R is definedby

(1, . 20)yi(y1, oo yyn) =maz{z; Vy; : 1 <1<}
thenfor a,b € ([R")X andc = ayb, the component®f ¢(x) = (ci(x), ..., cn(x)) have
values

¢;(x) = a(x)y;b(x) = max{a;(x) Va;(x) : 1 <i<j}
forj =1,..., n.

As anotherexample,supposey; and~y, aretwo binary operationd®®? x R? — R
defined by

(1, 22)71(y1, ¥2) = Z1y1 — T2y2

and
(z1,22)72(Y1, y2) = Z1Yy2 + Z2u1,
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respectively.Now if a,b € ([R2)X representwo complex-valuedmages.thenthe product
¢ = ayb representgpointwise complexmultiplication, namely

c(x) = (a1(x)by(x) — az(x)bz(x), a1(x)bz(x) + az(x)b1(x)) .
Basic operationson single and multi-valued imagescan be combinedto form
imageprocessingperationf arbitrarycomplexity. Two suchoperationghathaveproven
to be extremelyusefulin processingeal vector-valuedmagesarethe winner takeall jth-

coordinatemaximumand minimum of two images.Specfically, if a,b € (IR”)X, thenthe
jth-coordinate maximumof a and b is defined as

aV b= {(x,¢(x)) : c(x) = a(x) if a;(x) > b;j(x), otherwise ¢(x) = b(x)},
while the jth-coordinate minimumis definedas
aAjb={(x,¢c(x)) : e¢(x)=a(x) if aj(x) < bj(x), otherwise ¢(x) = b(x)}.
Unaryoperationon vector-valuedmagesaredefinedin a similar componentwise

fashion. Given a function f : R — R, thenf inducesa function R* — R”, againdenoted
by f, which is definedby

ey, 2o, ..oy zn) = (f(z1), f(m2), .., f(zr)).

Thesefunctions provide for one type of unary operationson vector-valuedimages. In
particular,if a = (ai, as, ..., a,) € (R*)¥, then

f(a) = foa=(f(ar), flaz), ..., f(an)).
Thus,if f = sin : R — R, then
sin(a) = (sin(ay), ... , sin(ap)).
Similarly, if f = x,, then

X>k(a) = (sz(al)l SR XZk(an))'

Any function f : R* — R" givesrise to a sequencef functionsf; = pj o f :
R® — R, wherej =1, ..., n. Converselygiven a sequencef functions f; : R* — R,
wherej = 1, ..., n, thenwe candefinea function f : R — R” by

f(x) = (fi(x), fo(x), ..., falx)),

wherex = (z1, ..., z,) € R*. Suchfunctionsprovidefor a more complextype of unary
image operationssince by definition

f(a) = (fi(a), ..., fm(a)) = {(x,b(x)) : b(x) = (fi(a(x)), ..., fm(a(x)))},
which meansthat the constructionof eachnew coordinatedependson all the original

coordinates.To provide a specificexample,define f; : R? — R by fi(z,y) = sin(z) +
cosh(y) and fo : R? — R by fa(z,y) = cos(z) + sinh(y). Then the inducedfunction
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f: (R2)X — (IRQ)X givenby f = (f1, f2). Applying f to animagea € (R2)X results
in the image

f(a) = {(x,b(x)) : b(x) = (sin(ai(x)) + cosh(az(x)), cos(a;(x))
+ sinh(as(x))), x € X }.

Thus, if we representcomplexnumbersas pointsin R? and a denotesa complex-valued
image,then f(a) is a pointwiseapplicationof the complexsine function.

Global reduce operationsare also applied componentwise. For example, if
a € (R)®, andk = card(X), then

Ya=(Xay, ..., Xa,)

k k
= (Zal(xj), ,Zan(xj)) eR".

n n
In contrast,the summationy_ a; = 3 p;(a) € R¥ sinceeacha; € R¥. Note thatthe
=1 i=1

1=
projectionfunction p; is a unary operation(lR”)X — RX.
Similarly,
Va=(vay, ..., Vay),

ANa = (Aag, ..., Aay),

and
a = (Ilay, ..., Ia,).

Summary of Image Operations

The lists below summarizesomeof the more significantimage operations.

Binary image operations.

It is assumedhat only appropriatelyvalued imagesare employedfor the op-
erationslisted below. Thus, the operationsof maximumand minimum apply to real- or
integer-valuedmagesbut not complex-valuedmages. Similarly, union and intersection
apply only to set-valuedimages.

generic ayb = {(x,c(x)) : ¢(x) = a(x)yb(x), x € X}
addition a+b={(x,¢cx)) : c(x)=a(x)+b(x), x € X}
multiplication a b= {(x,c(x)) : e(x)=a(x) b(x), x e X}
maximum aVb={(x,¢x)): e(x) =a(x)Vb(x), x € X}
minimum aAb={(x,¢(x)) : e(x) =a(x) Ab(x), x € X}
scalar addition k+a={(x,¢c(x)) : c(x)=k+a(x), x e X}
scalar multiplication koa={(x,e(x)): c(x)=Fk a(x), xeX}
point addition a+y={(zb(z): bz =az—-y),zecX+y}
union aUb = {(x,¢c(x)) : e¢(x) = a(x) Ub(x), x € X}
intersection anb = {(x,c(x)) : e(x) =a(x)Nb(x), x € X}
exponentiation ab = {(x,¢(x)) : e(x) = a(x)b(x), xeX
logarithm logha = {(x, ¢(x)) : ¢(x) = logpxya(x), x € X}
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concatenation

concatenation

characteristics

(a|b — a|b+(0,k)’ ac ":melk’ b c ":mezn

)

) = (alb

b
{(x,¢(x)) : ¢(x) = 1if a(x) < b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : c(x) = Lif a(x) < b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : e(x) = 1if a(x) = b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : ¢(x) = 1if a(x) > b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : ¢(x) = 1if a(x) > b(x), otherwise ¢(x) = 0}
{(x,¢(x)) : e(x) = lif a(x) # b(x), otherwise ¢(x) =0}

Wheneverb is a constantmage,sayb = k (i.e., b(x) = k Vx € X), thenwe
simply write a* for a® andlogr.a for logna. Similarly, we havek+a, x , (a), x ., (a), etc.

Unary image operations.

As in the caseof binary operations,we again assumethat only appropriately
valuedimagesare employedfor the operationdisted below.

value transform
spatial transform
domain restriction
range restriction

extension

domain

range
genericreduction
image sum

image product
image maximum
image minimum
image complement

pseudoinverse

imagetranspose

1.5. Templates

foa= f(a) ={(x,c(x)) : c(x) = f(a(x)), x € X}
aof={(ya(f(y)): yeY}

alz = {(x,a(x)) : x € Z}

alls = {(x,a(x)) : a(x) € 5}

_ ‘ _Ja(x) ifxeX
o= {0 = (3 13 ENx]
domain(a) = {x e X : Ir e Fst.a(x)=r}
range(a) = {reF : 3x e Xst. r = a(x)}
Fa = a(x1)ya(x2)y -+ ya(xn)

Sa= 3 alx) = ax) +alx) + - +alx)

[a= I a(x) = atxi) alxe) -+ ax)

Va= V\ a(x)=a(x;)Va(x:) V -+ Va(xy,)
xeX

Na= a(x) = a(xi) Aa(x2) A -+ Aa(xy)
xeX

a= {(x,c(x)) c(x) = a(x), x € X}

a'(z,y) = a(y, ), (y,z) € X}

o = {((z.v),2(x.1)) :

Templatesareimageswhosevaluesareimages. The notion of a template asused
in imagealgebra,unifiesand generalizeshe usualconceptf templatesmasks windows,
and neighborhoodunctionsinto one generalmathematicakentity. In addition, templates
generalizehe notion of structuringelementsasusedin mathematicamorphology[27, 60].
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Definition. A templateis an image whose pixel values are images
(functions). In particular,anF-valuedtemplatefrom Y to X is a function
t:Y — FX. Thus,t € (FX)Y andt is an FX-valuedimageon Y.

For notationalconvenienceve define ty = t(y) Vy € Y. Theimagety
has representation

ty = {(x,ty(x)) : x € X},
The pixel valuesty (x) of thisimagearecalledthe weightsof thetemplate
at point y.

If t is a real- or complex-valuedemplatefrom Y to X, thenthe supportof t,

is denotedby S(t,) andis definedas

S(ty)={xeX : ty(x)#0}.
More generally,if t € ([FX)Y andF is an algebraicstructurewith a zero element0, then
the supportof t, will be definedas S(ty) = {x € X : t,(x) # 0}.

For extendedreal-valuedtemplateswe also define the following supportsat
infinity:

Seo(ty) = {x € X : ty(x) # oo}
and
S_wo(ty) ={x€X : ty(x) # —o0}.

If X is a spacewith an operation+ suchthat (X, +) is a group,thena template
te (FX)X is saidto be translationinvariant (with respecto the operation+) if andonly
if for eachtriple x,y, z € X we havethatty(x) = ty4+.(x + z). Templatesthat are not
translationinvariant are called translation variant or, simply, variant templates. A large
classof translationinvarianttemplateswith finite supporthavethe nice propertythat they
canbe definedpictorially. For example let X = Z? andy = (x,y) be an arbitrary point of
X.Setx; = (z,y— 1), xe = (z+ 1,y), and x5 = (z + 1,y — 1). Definet € (IRX)X by
definingthe weightsty (y) = 1, ty(x1) = 3, ty(x2) = 2, ty(x3) =4, and ty(x) =0
wheneverx is not an elementof {y,x; ,x2,x3}. Note thatit follows from the definition
of t that S(t,) = {y,x1,x>,x3}. Thus,atany arbitrarypointy, the configurationof the
supportand weightsof t, is as shownin Figure 1.5.1. The shadedcell in the pictorial
representatiorf t, indicatesthe location of the point y.

y._l y > Y
X 3 1
\/
X

Figure 1.5.1. Pictorial representatiomf a translationinvarianttemplate.
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Thereare certaincollectionsof templatesthat can be definedexplicitly in terms
of parametersTheseparameterizedemplatesare of greatpracticalimportance.

Definition. A parameterized--valuedtemplatefromY to X with param-
etersin P is a functionof formt : P — ([FX)Y . The setP is calledthe
setof parametersandeachp € P is called a parameterof t.

Thus, a parameterizedr-valuedtemplatefrom Y to X givesrise to a family of
regularF-valuedtemplatesrom Y to X, namely{t(p) € ([FX)Y CpEe P}.

Image-Template Products

The definition of an image-templateproduct providesthe rules for combining
imageswith templatesandtemplateswith templates.The definition of this productincludes
the usual correlationand convolution productsusedin digital image processing.Suppose
F is a value setwith two binary operannsQ andy, where( distributesover v, and~y
is associativeand commutative. If t E , thenfor eachy € Y, ty, € FX. Thus, if
a € FX, whereX is finite, thena O t, € [FX andT (aQty) € F. It follows that the
binary operationsC) and~y inducea binary operation

@ FX x (FX)Y S FY

where
b=a®teFY
is defined by
b(y) =T'(a O ty) =L (a(x) O ty(x)).
Therefore,if X = {x, x5, ..., x,}, then

b(y) = (a(x1) O ty(x1))7(alx2) O ty(x2))7 - v(a(xs) O ty(xn)) .

Theexpressiora )t is calledtheright convolutionproductof a with t. Note that
while a is animageon X, the producta @t is animageon Y. Thus,templatesallow for the
transformatiorof animagefrom onetype of domainto an entirely differentdomaintype.

Replacing(F, v, O) by (R, +, -) changeh = a®t into

b =a®t,

the linear image-templatg@roduct or simply the convolutionof a with t, where

a € RX, andt € (RX)"

Every templates € (IFY)X has a transposes’ € (IFX)Y which is defined
sy (x) = sx(y). Obviously, (s')’ = s ands’ reverseshe mappingorderfrom X — FY
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to Y — FX. By definition, s}, O a € F¥ andT (s, Oa) € F, whenevera € F* and
s € ([FY)X. Hencethe binary operations) and~ induceanotherproductoperation

@ (FY)* xFX - FY,

where
b=s@®acFY

is defined by
b(y) =T (sy Oa) =L, (sy(x) Oa(x)).

The expressiors Q)a is called the left convolutionproductof a with s.
When computings @a, it is not necessaryo usethe transpose’ since

L (sy(x) Oax)) =T (sx(y) Oa(x)) .

This allows us to redefinethe transformationb = s ®a as

b(y) = L (sx(y) O a(x)) .

For the remainderof this section,we assumethat (F,~) is a monoid andlet 0
denotethe zero of F underthe operationy. Supposea € FX andt ¢ ([FZ)Y, where
X and Z are subsetsof the samespace. SinceF is a monoid, the operator &) can be
extendedto a mapping

@ FXx (FZ)Y - FY,
whereb = a®)t is definedby

_ (L (a(x) Oty(x)) if XNZ#£D
b(y) {xf) ifXNZ=0.

Theleft convolutionproducts §a is definedin a similar fashion. Subsequergxampleswill
demonstratehat the ability of replacingX with Z greatly simplifiesthe issueof template
implementationand the use of templatesin algorithm development.

Significantreductionin the numberof computationsnvolving theimage-template
productcanbe achievedf (F,y, ) is acommutativesemiring. Recallthatif t € ([FZ)Y,
then the supportof t at a pointy € Y with respectto the operation~ is definedas
S(ty) = {x€Z : ty(x)#0}. Sincety(x) = 0 wheneverx ¢ S(ty), we have that
a(x) O ty(x) = 0 wheneverx ¢ S(ty) and,therefore,

L @@ Ot x) =L (a(x) O ty(x).
It follows that the computationof the new pixel valueb(y) doesnot dependon the size of
X, but on the size of S(ty). Therefore|if & = card(X N S(ty)), thenthe computationof
b(y) requiresa total of 2k — 1 operationsof type~y and Q.

As pointedout earlier, substitutionof differentvalue setsand specificbinary op-
erationsfor v and() resultsin awide variety of differentimagetransforms.Our prime ex-
amplesarethering (R, +, ) andthevaluesets(R1, V, A, +, 4+') and (RZ?, V, A, x, x’).
The structure(R1 ., V, A, +, +') providesfor two lattice products:

b=aMt,
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where

by)= V&) +(x)],

x€XNS_oo(ty)

and
b=aRlAt,

where

by)= A [ax)+ ty(x)].

XEXNSoo(ty)

In orderto distinguishbetweerthesetwo typesof latticetransformswe call the operatori
the morphologicalmaxconvolutionoperatorand A the morphologicalmin convolution
operator. It follows from our earlierdiscussiorthatif X N S_(ty) = &, thenthe value
of b(y) is —oo, the zeo of R+, underthe operationof V. Similarly, if X NS, (ty) = &,
thenb(y) = oo.

The left morphologicalmax and min operationsare definedby

tmz{(y,b(y»:b(y): V [tx(yHa(x)]’yEY}

XEXNS_ oo (ty)
and
tNa= {(y,b(.V)) by)= N\ () +ax)], ye Y} :
XEXNS(ty)

respectively. The relationshipbetweenthe morphologicalmax and min is givenin terms
of lattice duality by

ath:(t*Ma*)*,

where the image a* is definedby a*(x) = [a(x)]", and the conjugate (or dual) of
t € (RX,)Y is the templatet* € (RY..)™ definedby ti(y) = [ty(x)]". It follows
that t;(y) = —t’y(x).

The value set (R2’, v, A, x, x’) also providesfor two lattice products. Specif-
ically, we have

b=a®t,
where
by)= \  [ax) x ty(x)],
xeXnNS(ty)
and
b=a@®t,
where
by)= A [a(x) x" ty(x)].
xEXr‘lSm(ty)
Here 0O is the zero of RZ? under the operationof Vv, so that b(y) = 0 whenever

X N S(ty) = 3. Similarly, b(y) = oo wheneverX N S (ty) = &.
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The lattice products @ and @® are called the multiplicative maximumand
multiplicative minimum respectively. The left multiplicative max and left multiplicative
min are defined as

t@a=<(v.b(y): bly)= \/ [x(y)xax)],yeY
xEXnSw(t;)
and
tPa={(y.b(y) : by)= A [tx(y)x'ax)], yeY,
xEXnSoo(t'y)

respectively.The duality relation betweenthe multiplicative max and min is given by
a®t = (t"@a")",

wherea*(x) = (a(x))" andt%(y) = [ty(x)]". Herer* denoteshe conjugateof r in RZ".

Summary of Image-Template Products
In the following list of pertinentimage-templateproductsa € FX andt ¢
([FX)Y. Again, for eachoperationwe assumethe appropriatevalue setF.

right genericconvolution product

aQt = {(y,b(y)) :b(y) = (a(x) O ty(x)), y € Y}

right linear convolution product

a@t = {(y, b(y)) : by) =Y _(a(x) - ty(x)), y € Y}
xeX
right morphological max convolution product

adt = {(y,b(y)) :b(y) =\ [a(x) +ty(x)], y €Y
xeX
right morphologicalmin convolution product

alt= {(y,b(y)) :b(y) = /\ [ax) +'ty(x)], y € Y}
xeX
right multiplicative max convolution product

a@Qt = {(y,b(Y)) :b(y) =\ [ax) x ty(x)], y €Y
xeX
right multiplicative min convolution product

a®t = {(y,b(y)) s b(y) = N\ [a(x) x"ty(x)], ¥ eY}
xeX
right xor max convolution product

aflt = {(y,b(y)) by) = \/ [ax)Ft,(x)], yeY
xeX
right xor min convolution product

aflt = {(y,b(y)> :b(y)= /\ [a(x)+'ty(x)], y€Y
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In the next set of operationst € (IFY)X

left genericconvolution product

x

t@a = {(y,b(y)) : b(y) =L (tx(y) Oa(x)), y € Y}

left linear convolution product

t Pa = {(y,b(y)) t by) = Z(tx(}') -a(x)), y € Y}

xeX

left morphologicalmax convolution product

ta— {(y,b(y)) tb(y) = \/ [tx(y) +a(x)], ¥ eY}

xeX

left morphologicalmin convolution product

ta:{(yb /\[t x)], er}

xeX

left multiplicative max convolution product

t@a:{(y,b \/[t yEY}

xeX

left multiplicative min convolution product

t®a = {(y,b(y)) :b(y) = N [tx(y) x"a(x)], ¥ eY}

left xor max convolution product
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Binary and Unary Template Operations

Since templatesare images, all unary and binary image operationsdiscussed
earlierapply to templatesaswell. Any binary operatiorny on F inducesa binary operation
(again denotedby v) on ([FX)Y as follows: for eachpair s, t € ([FX)Y the induced
operations+t is definedin termsof the inducedbinary image operationon FX, namely
(syt), = sy7t, ¥y € Y. Thus,if F = R, s,t € (RX)", andy = +, then
(s +t), = sy +ty, wheresy + ty denoteghe pointwisesumof the two imagessy, € R*
andt, € R*.

The unarytemplateoperationsof prime importanceare the global reduceopera-

tions. SupposeY is a finite point set,sayY = {yi, y2, ..., yn}, andt € ([FX)Y. Any
binary semigroupoperationy on F inducesa global reduceoperation

r:(FX)Y - FX

which is definedby

n

It :ygy ty = Lty =ty 1ty - 1ty

k=1 Yk

Thus, for example,if F = R and« is the operationof addition(y = +), thenI' = ¥ and

DoE= D by =ty by, oty

YEY

Therefore,  t is animage,namelythe sumof a finite numberof images.

In all, the valueset(R, +, -, v, A) providesfor four basicglobal reduceoper-
ations,namely> ¢, J]t, \/t, and A t.

If thevaluesetF hastwo binaryoperationgy and() sothat(F, v, O) isaring (or
semiring),thenunderthe inducedoperations((Fx)Y, v, is alsoaring (or semiring).
Analogousto theimage-templat@roduct,the binary operationg)) and~ induceatemplate
convolution product

©: (F5)™ x (F%)" — (F%)"

definedasfollows. Supposes € (FZ)™, ¢t € (FX)¥, andX a finite point set. Thenthe
templateproductr = s @t, wherer € (FZ)*, is definedas

ry(z) =L (5x(2) Oty(x)) Vy €Y and VaeZ.
Thus,if s € (RZ)™ andt € (RX)", thenr = s @t is given by the formula
ry(z) = ) sx(2)  ty(x).

xeX

The lattice productr = s M t is defined in a similar manner.For s € (Rioo)x

andt € (R’i(oo)Y, the producttemplater is given by

ry(z) = \/ [sx(2) + ty(x)].

xeX

The following exampleprovidesa specfic instanceof the aboveproductformu-
lation.
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2y 72 . .. .
Example: Supposes,t € (IRZ ) are the following translationinvariant
templates:

If s,t € (IIRLZ,EQCO)Z2 are defined as above with values —oo outside the
support,thenthe templateproductr = s t is the templatedefinedby

The templatet is not an RZ-valuedtemplate.To provide an exampleof
the templateproducts ()t, we redefinet as
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Thenr = st is given by

The utility of templateproductsstemsfrom the factthatin semiringsthe equation

aQ(sQt) = (aQs) Ot
holds [1]. This equationcan be utilized in order to reducethe computationalburden

2 ZZ
associatedvith typical convolutionproblems. For example,if r € (RZ ) is definedby
Yy € 72, then

a@r=a@(sDt) = (aDs) Dt

where

-2

The constructionof the new imageb := a @r requiresnine multiplicationsand
eightadditionsper pixel (if we ignoreboundarypixels). In contrastthe computationof the
imageb := (a @Ps) Pt requiresonly six multiplicationsand four additionsper pixel. For
large images(e.g.,size 1024 x 1024) this amountsto significantsavingsin computation.

Summary of Unary and Binary Template Operations

In the following s, t € (IFX)Y andF denoteshe appropriatevalue set.

genericbinary operation syt (s7t), = syvty
templatesum s+t:  (s+t), =sytity
max of two templates sVE:  (sVt), =sy Viy
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min of two templates
genericreduceoperation

sumreduce
productreduce
max reduce

min reduce

In the nextlist, s € ([FZ)X, te
the appropriatevalue set.

generictemplateproduct

linear templateproduct
additive max product
additive min product
multiplicative max product

multiplicative min product

1.6. Recursive Templates

sAt (sAt), =sy Aty

't Eygvty :k£1tYk _tY17ty27 "Ytyn

thzty:ty1+ty2+' +tYn
YEY

HtE H ty:ty1 ty; .tyn
yeY

Vt= V ty =ty Vity, V- Viy,
yeY

A= A bty =ty Aty Ao Ay,

YEY

([FX)Y, X is afinite point set,andF denotes

r=sOt:
r=s®t:
r=sMt:
r=sAt:
r=sWt:
r=s®t:

ry(z) =L (sx(2) O ty(x))
ry(z) = ), sx(2) - ty(x)

xeX

In this sectionwe introduce the notions of recursivetemplatesand recursive
template operations,which are direct extensionsof the notions of templatesand the
correspondingemplateoperationsdiscussedn the precedingsection.

A recursivetemplateis definedin termsof a regulartemplatefrom somepoint
setX to anotherpoint setY with somepartial orderimposedon Y.

Definition. A partially ordered set(P, <) (or pose} is a setP together
with abinaryrelation<, satisfyingthefollowing threeaxiomsfor arbitrary

x,y,z € P:
(i)
(ii)

z < z (reflexive)

r<yand y <2 = 2=y (antisymmetric)

(i) z < yand y < 2 = 2 < z (transitive)

Now supposethat X is a point set,Y is a partially orderedpoint setwith partial
order <, andF a monoid. An F-valuedrecursivetemplatet fromY to X is a function
t=(tg t5): Y — (FX FY), wherets : Y — F¥ andt< : Y — FY, suchthat

Ly ¢ S(t<(y

)) and

2. foreachz € S(t<(y)), z<y.
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Thus,for eachy € Y, t4(y) is anF-valuedimageon X andt(y) is anF-valuedimage
onYy.

In most applications,the relation X C Y or X = Y usually holds. Also,
for consistencyof notationand for notationalconveniencewe definety, = tx(y) and
tiy = t4(y) sothatty, = (tyy, t<y). The supportof t at a point y is definedas
S(ty) = (S(t4y), S(t<y)). Thesetof all F-valuedrecursivetemplatesrom Y to X will
be denotedby (FX, F¥)¥'*),

In analogyto our previousdefinition of translationinvariant templates,if X is
closed under the operation+, then a recursivetemplatet € (FX, [FX)(X’ﬂ is called
translationinvariant if for eachtriple x, y, z € X, we havety(x) = ty4,(x + z), or
equivalently,t ¢y (x) = t4y4+z(x +2) andt<y(x) = tiy4.(x +2z). An exampleof an
invariant recursivetemplateis shownin Figure 1.6.1.

t%: 1 t,<:

Figure1.6.1. An exampleof aninteger-valuednvariantrecursivetemplatefrom 72 to 72.

If t is aninvariantrecursivetemplateandhasonly one pixel definedon the target
point of its nonrecursivesupportS(t4y ), thent is called a simplified recursivetemplate.
Pictorially, a simplified recursivetemplatecan be drawn the sameway as a nonrecursive
templatesincethe recursivepart and the nonrecursivepart do not overlap. In particular,
the recursivetemplateshownin Figure 1.6.1 canbe redrawnasillustratedin Figure 1.6.2

-1 1

1 1

/

Figure 1.6.2. An exampleof an integer-valuedsimplified recursivetemplate.

The notionsof transposeanddual of a recursivetemplateare definedin termsof
thosefor nonrecursiveemplates.In particular,the transposea’ of a recursivetemplatet is

definedast’ = (t/, t.,). Similarly, if ¢ € (RX,,, R¥,,)™, thenthe additivedual of

t is definedby t* = (t’%, t:). The multiplicativedual for recursiveRZ°-valuedtemplates
is definedin a likewise fashion.

Operations betweenIimagesand Recursive Templates

In orderto facilitate the discussionon recursivetemplatesoperationswe begin
by extendingthe notionsof the linear convolutionproduct @, the morphologicalmax & ,
andthe multiplicative max §) to the correspondingecursiveoperations®_, M <, and
@<, respectively.
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Let X andY befinite subsetf R” with Y partially orderecby <. If a € R¥ and
t € (RX, RY)™¥" ¥ thenthe recursivelinear convolutionproducta @t is definedby

aPit = {(y,b(Y)) 'y €Y, by)= 2 (a(x) tgy(x))+

X€E S(t./(y)

2. (b(z) t-(y(z))}'

z€S(t<y)

The recursivetemplateoperation @ _, computesa new pixel value b(y) based
on both the pixel valuesa(x) of the sourceimage and some previously calculatednew
pixel valuesb(z) which are determinedby the partial order < and the region of support
of the participatingtemplate. By definition of a recursivetemplate,z < y for every
z € S(t<xy) andy & S(t<y). Thereforeb(y) is alwaysrecursivelycomputable.Some
partial ordersthat arecommonlyusedin two-dimensionalecursivetransformsare forward
and backwardrasterscanningand serpentinescanning.

It follows from the definitionof @ _ thatthecomputatiorof anewpixel b(y) can
bedoneonly afterall its predecessor®rderedby <) havebeencomputed.Thus,in contrast
to nonrecursivetemplateoperations recursivetemplateoperationsare not computedin a
globally parallel fashion.

Note that if the recursivetemplatet is definedsuchthat S(t<,) = & for all
y € Y, thenone obtainsthe usualnonrecursiveemplateoperation

a@® t=1<(y,bly) : bly)= > (a(x) tgy(x)), yeY

xES(t*y)

Hence,recursivetemplateoperationsare natural extensionsof nonrecursiveemplateop-
erations.

Recursivemorphologicalmax and multiplicative max are definedin a similar
fashion. Speciically, if a € RX., andt € (R, RX_)™, then

b=aM <t
is defined by
bly)= \/ [a(x)+tg(x)]V \/  [b(z) +ty(2)].

xES,w(t{y) ZES_oo(tgy)

Fora € (R2")™ andt € ((R3")™, (R
b=a@.t
is defined by
biy)= \/ [ax) xtgn]I Vv \/  [b(z)x tey(s)].

XES(t,ey) z€S5(t<y)

The operationsof the recursivemorphologicalmin andmultiplicative min (A < and @)
are definedin the samestraightforwardfashion.
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Recursivemorphologicalmax and min as well as recursivemultiplicative max
and min are nonlinear operations. However, the recursivelinear convolution remainsa
linear operation.

Thebasicrecursivetemplateoperationglescribechbovecanbe easilygeneralized
to the genericrecursiveimage-templateonvolution productby simple substitutionof the
specificoperationssuchasmultiplication andaddition, by the genericoperationg) and-~.
More precisely,given a semiring(F, v, () with identity, thenone candefinethe generic
recursive product

< FX x (FX, FY)Y ™ LY
by definingb = a@®_t by
b(y) =T [a(x) O t4y(x)]7 L

zES(I*y) z€5(tgy)

[b(2) O t<y(2)].

Again, in additionto thebasicrecursivetemplateoperationgliscussecarlier,awide variety
of recursivetemplateoperationscan be derived from the generalizedrecursiverule by
substitutingdifferentbinary operationsfor O andy. Additionally, parameterizedecursive
templatesaredefinedin the samemannerasparameterizedionrecursivaemplatesnamely
as functions

6: P — (FX Y)Y

)

whereP denoteshe setof parametersand t(p) = (t(p)%, t(p)<) with ¢(p) , € ([FX)Y
andt(p), € (FY)(Y’<).

Summary of Recursive Template Operations

In the following list of pertinentrecursiveimage-templatgroductsa € FX and
t € (FX, [FY)(Y"(). As before,for eachoperationwe assumehe appropriatevaluesetF.

recursivegeneric convolution product

(y,b(y)) : bly)=yeY, T ) [a(x) O txy (%)l

a®<t = ,ZES('-ﬁy
Lo, (@) Oty ()
recursivelinear convolution product
. _ 2. (alx) -ty (x))+
a@ t={ VPO B =y eY, )
S(Z )(b(Z)-tq(Z))
zZE€S (tgy
recursivemorphologicalmax convolution product
: _ Voo [ax) + gy (x)]V
Al ot = (y,b(y)) : b(y) =y €Y, x€5_ a(tsy)
. \/(t )[b(Z)+t<y(Z)]
ZES ooty
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recursivemorphologicalmin convolution product

v.bw) by =yey, S RO I

A [b(z) + tiy(2)]

2E€S(tgy)

am<t:

recursivemultiplicative max convolution product

(y,b(y)) : b(y)=y €Y, xES\(/t_ky) [a(x) X t%y(x)] V

V' [b(z) X tiy(2)]

z€S(t<y)

a@,t =

right multiplicative min convolution product

b)) by =yey, A R I

[b(z) x" t<y(2)]

ZESoo(tgy)

a@®,t =

The definition of the left recursiveconvolution productt @) a is also straight-
forward. However,for sakeof brevity andsincethe differentleft productsarenot required
for the remainderof this text, we dispensewith their formulation. Additional facts about
recursiveconvolutionproductstheir propertiesandapplicationscanbefoundin [1, 61, 62].

1.7. Neighborhoods

Thereare severaltypesof templateoperationghat are more easilyimplemented
in termsof neighborhoodperations.Typically, neighborhoodperationsreplacetemplate
operationsvhenevethevaluesin the supportof atemplateconsistonly of the unit elements
of the value set associatedwith the template. A templatet € ([FX)Y with the property

thatfor eachy € Y, thevaluesin the supportof t, consistonly of the unit of F is called
a unit template

ZZ
For example the invarianttemplatet (Rzz) shownin Figure1.7.1is a unit

templatewith respectto the valueset (R, +, -) sincethe value 1 is the unit with respect
to multiplication.

Figure 1.7.1. The unit Moore templatefor the valueset (R, +, -).
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5 z
Similarly, the templater € (IRZ;OO shownin Figure 1.7.2is a unit template

with respectto the value set (R_.., V, +) sincethe value 0 is the unit with respectto
the operation—+.

Figure 1.7.2. The unit von Neumanntemplatefor the valueset(R_.,, V, +).

ZZ
If X C 2% isanm x n arrayof points,a € RX, andt € RZ’ isthe3 x 3
unit Moore template,then the valuesof the m x n imageb obtainedfrom the statement
b := a @t are computedby using the equation

by)= Y. a®-t,x)= Y a@x)-L.

xeXNS(ty) xeXNS(ty)

We needto point out that the differencebetweenthe mathematicakqualityb = a @t and
the pseudocodstatemenb := a @t is thatin the latter the new imageis computedonly
for thosepointsy for which X N S(ty) # &. Observethat sincea(x) - 1 = a(x) and
M(y) = S(ty), where M(y) denotesthe Moore neighborhoodof y (seeFigure 1.2.2),
it follows that

biy)= > ax).

x€XNM(y)

This observationleads to the notion of neighbohood reduction In implementation,
neighborhoodeductionavoidsunnecessarynultiplication by the unit elementand, aswe
shall shortly demonstrate neighborhoodreduction also avoids some standardboundary
problemsassociatedvith image-templateproducts.

To preciselydefine the notion of neighborhoodeductionwe needa moregeneral
notion of the reduceoperationT : FX — F, which was definedin terms of a binary
operationy on F. The more generalform of T is a function

r:FX|y —F,

where N € (2X)Y andFX|y = {a|yq, : acFX yeY}.
For example,if FX = RX, whereX C Z? is anm x n array of points and
2
N € (QX)Z , then one suchfunction could be definedas

¥ RX|N — R,
where}” (aly(y)) = > a(x). Anotherexamplewould be to define
x€N(y)
T: RX|N —R
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asT (aln(y)) = Wd(lw >~ a(x), thenT implementsthe averagingunction, which
xEN(y)
we shall denoteby average Similarly, for integer-valuedmages,the medianreduction

median : N¥|y — N

is definedas median(aly(y)) = median{a(x;,), a(x;,), ..., a(x;,)}, where N(y) =
{xiu Xigy ++ -y Xig S+

Now supposeX C Z, t € (IFZ)Y is a unit templatewith respectto the
operation0) of the semiring(F,v, O), N : Y — 2% is a neighborhoodsystemdefinedby
N(y) = S(ty), anda € FX. It thenfollows thatb := a@t is given by

by) =L @@ Ot) =L, alx).

This observationleadsto the following definition of an image-neighbdrood

convolutionproduct Given X C Z, a € FX, a neighborhoodsystemN : Y — 2%

(i.,e., N € (QZ)Y), anda reductionfunctionT : FX|y — F, thenthe image-neighbdrood
convolutionproductb := a ©N is definedby

b(y)=T (a|XnN(y))

for eachy € Y. Note that the product @) is similar to the image templateproduct ¢)
in that @ is a function

®:F¥x (2%)Y - FY,

In particular,if a € RX, M : 7% — 27” is the Moore neighborhood,and

ZZ
t € (Rzz) is the 3 x 3 unit Moore templatedefined earlier, thena Gt = aP M.

Z2
Likewise,aMr = aM N, wherer € (szoo) denotesthe von Neumannunit template
(Figure 1.7.2) and N denotesthe von Neumannneighborhood1.2.2). The latter equality
stemsfrom the fact thatif b := aMr andc := aM N, thensincery(x) = 0 for all
x € XN S_o(ry) andS_s(ry) = N(y) for all pointsy € Z?, we havethat

by)= \/  am+nx=\/  ax) =cpy).

XEXNS_oo(ry) xeXNN(y)

Unit templatesactlike characteristicfunctionsin thatthey do not weigh a pixel,
but simply note which pixels arein their supportand which are not. When employedin
the image-templateoperationsof their semiring, they only serveto collect a numberof
valuesthat needto be reducedby the gammaoperation. For this reason,unit templates
are also referredto as characteristictemplates Now supposethat we wish to describea
translationinvariant unit templatewith a specificsupportsuchasthe 3 x 3 supportof the
Moore templatet shownin Figure1.7.1. Supposedurther thatwe would like this template
to be usedwith a variety of reductionoperationsfor instance summationand maximum.
In fact, we cannotdescribesuchan operandwithout regardof the image-templat®peration
@ by which it will be used.For usto derivethe expectedesults,the templatemust map
all pointsin its supportto the unitary value with respectto the combining operation().
Thus, for the reduceoperationof summationy , the unit valuesin the supportmust be
1, while for the maximumreduceoperation\/, the valuesin the supportmustall be 0.
Therefore,we cannotdefinea single templateoperandto characterizea neighborhoodor

© 2001 by CRC PressLLC



reductionwithout regardto the image-templateperationto be usedto reducethe values
within the neighborhood.However, we can captureexactly the information of interestin

unit templateswith the simple notion of neighborhoodfunction. Thus, for example,the
Moore neighborhoodV canbe usedto addthevaluesin every3 x 3 neighborhoodiswell as
to find the maximumor minimum in sucha neighborhoody usingthe statementa @ M,

aM M, andaA M, respectively.This is one advantagdor replacingunit templateswith

neighborhoods.

Anotheradvantageof using neighborhoodsnsteadof templatescan be seenby
consideringthe simple exampleof imagesmoothingby local averaging.Supposea € RX,
12
whereX cC Z?% isanm x n arrayof points,andt € (RZZ) is the3 x 3 unit Mooretemplate

with unit valuesl. Theimageb obtainedfrom the statemenb := é(a @t) representshe
imageobtainedfrom a by local averagingsincethe new pixel valueb(y) is given by

by)=g Y att=5 Y akx)

" xeXNS(ty) x€XNS(ty)
Of course, there will be a boundary effect. In particular, if X =
{(i,j) : 1<i<m, 1<j< n}, then
b(1,1) = %(a(l, 1)+a(1,2) +a(2,1) + a(2,2)),

which is not the averageof four points. One may eitherignore this boundaryeffect (the
mostcommonchoice),or one may useoneof severalschemedo preventit [1]. However,
eachof theseschemesaddsto the computationalburden. A simpler and more elegant
way is to usethe Moore neighborhoodunction M combinedwith the averagingreduction
a = average. Thesimplestatemenb := a (@) M providesfor thedesiredlocally averaged
image without boundaryeffect.

Neighborhoodcompositionplaysanimportantrole in algorithmoptimizationand
simplification of algebraicexpressionsGiventwo neighborhoodunctionsNy, Ny : R* —
2R" then the dilation of N, by N, denotedby N; @N,, is a neighborhoodfunction
N : R* — 2R" which is definedas

Ny)= U M@)+®e-y),

PEN2(y)

where N(y) + q = {x+q : x € N(y)}. Justas for templatecomposition,algorithm
optimizationcanbe achievedby useof the equationa @ (N1 @N2) = (a @N1) DN, for
appropriateneighborhoodunctionsand neighborhoodreductionfunctionsT. For k € N,
thekth iterate of aneighborhoodV : R* — 2R" is definedinductivelyasN* = N*~1 @ N,
where N%(y) = {y} Vy € R".

Most neighborhoodunctionsusedin image processingare translationinvariant
subsetf R” (in particular,subsetof Z> C R?). A neighborhoodunction N : R? — 28"
is said to be translationinvariantif N(y + p) = N(y) + p for every point p € R".
Given a translationinvariant neighborhood\, we defineits reflectionor conjugateN* by
N*(y) = N*(0) + y, whereN*(0) = {-x : x € N(0)} and0 = (0,0,...,0) € R?
denotesthe origin. Conjugateneighborhoodsplay an important role in morphological
image processing.

Note alsothatfor a translationinvariantneighborhoodN, the kth iterateof N can
be expressedn termsof the sum of sets

N*(y) = N*"!(y) + N(0).
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Furthermore, since N®~l(y) + N(0) = U (NMYy)+4q) and
qEN(0)
U (N=Yy)+q) = U (N**0)+p), we have the symmetric relation
q€EN(0) PEN(y)
N*(y) = N¥71(0) + N(y).

Summary of Image-NeighborhoodProducts

In the following list of pertinentimage-neigborhoogroductsa € FX, X C Z,
andN € (QZ)Y. Again, for eachoperationwe assumethe appropriatevalue setF.

genericneighborhoodreduction
a@®N = {(y,b(y)) : b(y) =T (alngy)), y €Y}
neigborhoodsum
a@N =< (yb(y) :bly)= > ax),yeY
xeXnNN(y)

neighborhoodmaximum

amN:{(y,b(Y)):b(.Y): V a(X),yGY}

neighborhoodminimum

awN:{(y,b(Y)):b(.Y): A a(X),er}

xeXNN(y)

Note that

a@N = {(y,b(y)) i by)= \/  ax), yEY}

xeXNN(y)

and, therefore,a@N = aM N. Similarly, a@N = a[@ N.

Although we did not addressthe issuesof parameterizecheighborhoodsand
recursiveneighborhoodoperations,it should be clear that theseare definedin the usual
way by simple substitutionof the appropriateneighborhoodunction for the corresponding
Booleantemplate. For example,a parameterizedheighborhoodvith parametersn the set
PisafunctionN : P — (QZ)X. Thus,for eachparametep € P, N(p) is aneighborhood
systemfor X in Z since N(p) : X — 2%. Similarly, a recursiveneighborhoodsystemfor
a partially orderedset (X, <) is afunction N = (N4, N<) : X — (2%, 2%) satisfyingthe
conditionsthat for eachx € X, x ¢ N4(x), andfor eachz € N4(x), z < x.

© 2001 by CRC PressLLC



1.8. The p-Product

It is well known that in the linear domain template convolution productsand
image-templateconvolution productsare equivalentto matrix productsand vector-matrix
productsrespectively{63, 1]. Thenotionof a generalizednatrix productwasdevelopedn
orderto providea generalmatrix theoryapproacho image-templat@roductsandtemplate
convolutionproductsin both the linear and nonlineardomains. This generalizednatrix or
p-productwasfirst defined in Ritter [64]. This new matrix operationincludesthe matrix
and vector productsof linear algebra,the matrix product of minimax algebra[65], as
well as generalizedconvolutionsas specialcases[64]. It providesfor a transformation
that combinesthe sameor different typesof values(or objects)into valuesof a possibly
differenttype from thoseinitially usedin the combiningoperation.It hasbeenshownthat
the p-productcanbe appliedto expressvariousimage processingransformsin computing
form [66, 67, 68]. In this documenthowever,we consideronly productsbetweemmatrices
havingthe sametype of values. In the subsequendliscussionF € {R, C} andthe setof
all m x n matriceswith entriesfrom F will bedenotedby F,,,x,. We will follow theusual
conventionof settingF™ = F, «,, andview F" asthe setof all n-dimensionakow vectors
with entriesfrom F. Similarly, the setof all m-dimensionalcolumn vectorswith entries
from F is given by (F™) = [Fixm] = Fmxi.

Let m, n, and p be positive integerswith p dividing both m and n. Define the
following correspondences:

cp:Z;' X Z;'L'/p —ZF

. n .

n
where 1 <j < — and 1 <k < p,

S|

and

rp:Z;;/p XZ;'—>Z;;

by r,(i,k)y=(i—1)p +k,

Wherelgkgp,andlgigﬁ.
p

Sincer,(i, k) < rp(i', k) & i < i or i = ¢ and k < k', r, linearizesthe array

Z;/p X Z;f using the row scanningorder as shown:
1 2 k 4 ]
- av wy e wm o ()
p+1 p+2 ptk 2p
(271) (212) (2vk) (va)
(i-1)p+1 (i-1)p+k ip
(i,1) (4,2) (i,k) (i,p)
| ((m/p)- 1 ; (m/p)p=m
(m/p,1) (m/p2) - (m[pk) - (m/p.p)
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It follows that the row-scanningorder on Zj,;/p X Z;f is given by
(i, k) < (' K) & (i k) < (i K)
or, equivalently, by
(k)< (' kYyeoi<i ori =7 andk < k.
We define the one-to-onecorrespondence

Fo T x I}, < Iy — If x I,

by fp : (x’y’z) and (a:,rp(y, Z))

The one-to-onecorrespondencallows us to re-indexthe entriesof a matrix A = (a; ;) €
Fixm in termsof a triple index a; (; ) by usingthe convention

Qs (i k) = Qs < T'p(i,k) =t,
where 1<i<m/p and 1 <k <p.

Example: Supposd =2, m =6 and p=2. Thenm/p=3, 1 <k <
p=2, and 1 <i<m/p=3. Hencefor A = (a,;) € Faxs, We have

The factor Z;+ of the Cartesianproduct Z} x Z} is decomposedn a similar
fashion. Here the row-scanningmap is given by

cp:Z;' X Z:/p -7t

where ¢,(k,j) = (k— 1)(n/p) +J,
1<j<n/p, and 1<k<p.

This allows us to re-indexthe entriesof a matrix B = (b ¢) € Mux,(F) in termsof a
triple index b ;). by using the convention

bk e =bse & cplk,j)=s,
where 1 <k<pand 1<j<n/p.
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Example: Supposer =4, ¢ =3 and p=2. Thenn/p=2, 1 <k <
p=2, and 1 < j <n/p=2. Hencefor B = (bs:) € F,.xq, We have

b12 bl3
b22 b23
b32 bS3
b42 b43

bz b
bz b
b1z b
b22)2 b

Now let A = (ayj/) € Fixm and B = (byr ;) € Fyxy. Using the mapsr, and
¢p, A and B can be rewritten as

A= (asv(ivk))lxm’ where 1 <s <1, 1<r,(i,k) =7 <m, and
B = (b(k=j)vt)nxq’ where 1 < ¢p(k,j) =4 <nand 1 <t<yq.

The p-product or generalizedmatrix product of A and B is denotedoy A @, B, andis

the matrix

defined by

C=A@,B €Finpyx(m/p)

y4
ity = 9 (s mbiegye) = (@b + -+ (@b,
k=1

wherec, ;y(; 1) denotesthe (s, j)th row and (¢, ¢)th columnentry of C. Here we usethe
lexicographicalorder (s,j) < (s',j') & s < s’ or if s = s’ j < j'. Thus,the matrix C
has the following form:

C(1,1)(1,1)

€(1,2)(1,1)

C(2,%>(1,1)

E(s,5)(1,1)

C(1,1)(1,1)

_C(z,%)(m)

“(1,1)(1,9)

€(1,2)(1,9)

C(L%)(lyq)

&(2,1)(1,9)
C

(2,%)(1&)

&(s,9)(1,9)

“L1)(1,9)

c(h%)(lyq)

&(1,1)(2,1)

€(1,2)(2,1)

C
LE)20)

C(2,1)(2,1)
C

(2, %)(2,1)

E(s,9)(2,1)

C(1,1)(2,1)

c(t,%)(m)

“(1,1)(2,9)

€(1,2)(2,9)

c(ly%)(ZQ)
€(2,1)(2,9)

6(2%)(24)
C(s,j).(lq)

“L1)(2,9)

C(ly%)(lq)

C(1,1)(1,t)

€(1,2)(4,t)

C(l,%)(i,t)
C(2,1)(4,t)

0(2,%)(1',0
C(s,j.)(iyt)

C(1,1)(i,t)

c(l,%)(i,t)

The entry c(, j):,¢) in the (s,))-row and (i,t)-columnis underlinedfor emphasis.
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To provide an example,supposehat! =2, m =6, n =4, and ¢ = 3. Then
for p = 2, oneobtainsm/p =3, n/p =2 and 1 <k < 2. Now let

a1 @12 @13 a4 aA15  A1s
A= € M2x6(R)
a21 @G22 G23 24 dA25 A28
and
bin b1z bis
bar b2z bas
B = € Raxs.

bs1 b3y bas x
by bas  ba3

Thenthe (2,1)-row and (2,3)-columnelemente( 1)z 3) 0f the matrix

C=A@yB €Rinsp)x(m/p)g = Raxo
is given by
2

€(2,1)(2,3) — Z A2.ry(2,k) bcz(k,l),B
k=1

= ary(2,1) * bey(1,1),3 T @2,r5(2,2) “bey(2,1),3
= as3 - b1z + azs - b33.

Thus,in orderto computec, 1)(2,3), the two underlinedelementsof A are combinedwith
the two underlinedelementsof B asillustrated:

bii b1 51_3
(au ajp a3 @4 as a16>@2 bar  bay  Dbos
@1 @2z A3 Qyq Qa5 (26 b3 b3z bs3
bsr bz Da3
:(al,rz(l,l) A1ra(1,2)  @1ra(2,1)  G1,r2(2,2)  @1,ra(3,1) al,r2(3,2)>®
A2 r5(1,1)  @2.r5(1,2)  42.r5(2,1)  @275(2,2) 42,r5(3,1) @2,r5(3.2) 2
bey1)1 bes(1)2 bea(11),3
bey(12)1 bey(1,2)2 ben(1,2)3
bey2 )1 bes(2,1)2 bea(z1)3
beyz2)1 bey(2,2)2 beg(z,2)3
C(1,1)(1,1)  €(1,1)(1,2) C(1,1)(2,3) €(1,1)(3,3)
_ | G211 €(1,2)(1,2) €(1,2)(2,3) €(1,2)(3,3)
N C2,1)(1,1)  €(2,1)(1,2) €(2,1)(2,3) €(2,1)(3,3)
C(2,2)(1,1)  €(2,2)(1,2) €(2,2)(2,3) €(2,2)(3,3)
ci1 €2 - Cis C19
_ | €21 C22 C26 C29
lest e3 €36 €39
C41  C42 C46 C49
In particular,
2 6 1 6 10 11 10 10 25 14 30 19
1 2 0 5 4 3 1 3 2} (7 3 10 15 0 20 13 12 20
(234106>®2225_10181710269121230
3 0 4 1 6 16 7 12 12 18 0 24
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then
(A@,B) =(4,2,2,1)# (4, -2, 6, =3) = B’ @,A".

This showsthat the transposeproperty, which holds for the regular matrix product, is
generallyfalse for the p-product. The reasonis that the p-productis not a dual operation
in the transposadomain. In orderto makethe transposeropertyhold we define the dual

operation @, of @, by

A®,B= (B @,4").
It follows that

A@,B = (B @,4)

andthe p-productis the dual operationof (—D;,. In particular,we now havethe transpose
property (A@®,B)" = B @, A".
Sincethe operation (—D;j is definedin termsof matrix transpositionJabeling of

matrix indices are reversed. Specifically, if A = (a;5:) is an ! x m matrix, then A gets
reindexedas A = (a, (x;)), using the convention

Uy (k) = Ast & cp(k,j) =1,
where 1 <j<m/pand 1<k <p.

Similarly, if B = (bs:) is ann x ¢ matrix, thenthe entriesof B arerelabeledasb; 1),
using the convention

by =bse & (i k) =s,
where 1 <k<pand 1<i<n/p.

The product A @;B = (' is then definedby the equation

P

ciyti) = 2 (@i e) = (@b + - F (Geibip).e).
k=1

Note that the dimensionof C is [ - % X % q.
/

To provide a specificexampleof the dual operation @,,, supposethat
bll bl2
b b
@11 Q12 a13 Q14 b
— _ b31 b32
A= az1 292 A23 (A24 and B =
b41 b42
as1 @32 a3z @34
651 b52
661 b62
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In this casewe havel = 3, m =4, n =6, and ¢ = 2. Thus,for p = 2 and usingthe
schemedescribedabove, the reindexedmatriceshave form

be1,1)1

bai.1),2

. . . b2y bz

ar,(1,1) Q1 (1,2) Qi (2,1) Qa1,2,2) b(z " b(2 1.2

A= @2,(1,1) G2,(1,2) a2,(2,1) a2,(22) and B = b e
3,(1,1) 3,(1,2) @3,(2,1) @3,2,2) b(s )1 b(3.1) )

b2y b3 2)2

Accordingto the dual productdefinition, the matrix A @5 B = C'is a9 x 4 matrix givenby

C1,1)(1,1)  C(1,1)(1,2)  C(1,1)(2,1)  €(1,1)(2,2)
C(1,2)(1,1)  C(1,2)(1,2) C(1,2)(2,1)  €(1,2)(2,2)

€11 €12 C13 Ci4
€21 C22 C23 C24

¢ = €61 Ce2 C63 Co4 - C(2,3)(1,1) ©€(2,3)(1,2) C€(2,3)(2,1) €(2,3)(2,2)
€or  Coz  Co3  Co4 €(3,3)(1,1) €(3,3)(1,2) €(3,3)(2,1) C€(3,3)(2,2)
The underlinedelementegs is obtainedby using the formula:
2
63 = C(2,3)(2,1) = Z as (k,1)0(2,k),2 = a3,1,1)0(2,1),2 + 3,2 1)b(2,2) 2 -
k=1

Thus, in orderto computecss, the two underlinedelementsof A are combinedwith the
two underlinedelementsof B asillustrated:

As afinal observationnotethat the matricesA, B, andC in this examplehavethe form of

bii b1o

bar  boo

a1 @13 @14 b b
' 31 32

a21 a23 A24 e _b
41 42

asi a3z @34 bs, _b52
bs1  bgo

the transposesf the matricesB, A, and C, respectivelyof the previousexample.

1.9. Exercises

1. a

multiplication of two pointsin R™.

Showthat the addition of a scalark € R anda pointx € R” is a specialcaseof
the addition of two pointsx, y € R".
b. Showthatscalarmultiplication of a pointx € R"” is a specialcaseof Hadamard

2. Showthat the operationsof point addition and scalarmultiplication satisfy:

a. k-(x+y)=%k-x+k- -y, wherek € R andx, y € R",
b. (k+h) x=%k -x+h- x,wherek,h € R andx € R".
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3. Let d bea distancefunction on R? andx a pointin R?. The neighbohood (or sphere
or ball) of radiusr of x is denotedby N, 4(x) anddefinedas

Nya(x) = {y eR? : d(x,y) < r}.
Give a graphicalrepresentatiomnf the neighborhoodf the origin x = (0, 0) of radius1 if

a. d is the Euclideandistance,
b. d is the chessboardlistance,
c. d is the city block distance.
4. Letx,y € R*. Forp = 2, showthat:

a [, >0,
b. |||, = 0 if andonly if x = (0,0),
c. |x—vyll, = lly—xl,

n
|55 ] < el v,
e

k=1

5. Let X, Y, andZ be any three setsin R*. Show that

a. XU(YNZ)=(XUY)N(XUZ),
b. XN(YUZ)=(XNY)U(YNZ),
c. XuY)=XnY,
d (XNY)=XU ?
e. Xx(YUZ)=(XxY)U(Xx1Z),
f. Xx(YNZ)=(XxY)Nn(Xx2Z).

6. Leta € RX. Showthata-a~!.-a = a andthata=! -a-a~! = a1,

7. Supposea,b € RX andc = (a—b) vV 0. Showthat

X>s(a) = clec

8. Define the Booleancomplementof a real-valuedimagea € RX by a®, wherea® =
1—a'.a If b e R* showthat

a. x<v(a) = [x>n(a)l’,
b. xzp(a) = [ b(a)]’,
c. a®-a=0.

9. Supposef : R — R denoteghe absolutevaluefunction f(r) = |r|, » € R. Showthat
foa=aV(-a)
whenevera € RX.

22

10. Supposes,t € (le) arethe following translationinvarianttemplates:

-1

a. Find (s+t),, (s-t),, and(sVt),.
b. Letr = s[@At. Give a graphicalrepresentatiorof r,.
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11. Supposet € (Ri‘m)Y. The dual of t is denotedby t* andis the templatet* &
(RY..)™ definedby t(y) = [ty(x)]". Showthat

sAt=(t"Ms*)"
wheres, t € (RIOO)X.

12. Suppose
3 1111
Sy = 2 ty =]1(2]1
1 1111

aretwo translationinvariantreal-valuedemplateon Z2. Providea graphicalrepresentation
of r, where

a. r=s®t, and
b. r=sMt.

13. A real- dual-valuedimageb is an elementof (R x R)™ or (RZ)X.
Constructthreereal dual-valuedl 0 x 10 rectangulaimagesa;, as, az. Computetheimage
a = (V|1)?=Oa,- = (a1 Vl az) Vl as.

14. Let a;, a,, a3 be asin Exercisel3. Find

a. b:a1+a2+a3, and

b. > b.
15. Let N, and N, be two neighborhoodsiefinedon Z2, a a rectangularm x n real-
valuedimageand ' = V. Show that

a@(Nl (—BNQ) = (a ®1V1) @1’\[2.

10. Let 1205 4 3
A:(z 34 1 0 6) and
2 6 1
1 3 2
b= 2 25
3 0 4
Computeeachof the following:
a. (A@,B),
b. (B'"@®,A"),
c. B @,A.
17. a, Supposed and B are! x m matricesand C' is a u x v matrix. Show that

(A+B)®,C = (A®,C) + (BD,C).

b. Supposed is anl x m matrixand B andC' are of dimensionu x v. Showthat
A®,(B+C) = (A®,C) + (B@,C).

c. Letthedimensionof A, B, andC beu x v, w x [, andm x n, respectively.
Supposep dividesbothv andw, and ¢ dividesboth! andm. Showthat

A®p(B ®qc) = (A ®pB) G')qc'

This is the associativdaw for the generalizedmatrix product.
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CHAPTER 2
IMAGE ENHANCEMENT TECHNIQUES

2.1. Intr oduction

The purposeof image enhancemenis to improve the visual appearancef an
image,or to transforman imageinto a form thatis bettersuitedfor humaninterpretation
or machineanalysis. Although thereexistsa multitude of imageenhancementechniques,
surprisingly,theredoesnot exist a correspondingunifying theory of image enhancement.
This is due to the absenceof a generalstandardof image quality that could serveas a
designcriterion for image enhancemenalgorithms. In this chapterwe considerseveral
techniqueghat have provedusefulin a wide variety of applications.

2.2. Averaging of Multiple Images

The purposeof averagingmultiple imagesis to obtain an enhancedmage by
averagingthe intensities of severalimagesof the samescene. A detailed discussion
concerningrationaleand methodologycan be found in Gonzalezand Wintz [1].

Image Algebra Formulation

For i=1,...,k, let a; € R¥ be a family of imagesof the samescene. The
enhancedmage,a € RX, is given by

1 k
a:= — a;.

For actualimplementatiorthe summationwill probablyinvolve the loop

a:=0
for i in 1..k loop
a.—a-+a;
end loop
1

a = a.

k

© 2001 by CRC PressLLC



Source Image

Noisy Images

Averaged Images

k =100

Figure2.2.1. Averagingof multiple imagesfor differentvalues
of k. Additional explanationsare given in the commentssection.

Comments and Observations

Averaging multiple imagesis applicablewhen severalnoise degradedimages,
ai,as,...,a;, of the samesceneexist. Eacha; is assumedo have pixel valuesof the
form

a;(z) = ag(x) + n;(x),

wherea, is thetrue (uncorruptedy noise)imageandr;(x) is arandomvariablerepresent-
ing the introductionof noise(seeFigure2.2.1). The averagingmultiple imagestechnique
assumedhat the noiseis uncorrelatedand hasmeanequalzero. Undertheseassumptions
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k
the law of large numbersguaranteeshat ask increasesa(x) = 1+ 5. a;(x) approaches

i=1
ap(x). Thus,by averagingmultiple images,it may be possibleto assuagelegradatiordue
to noise. Clearly, it is necessaryhat the noisy imagesbe registeredso that corresponding
pixels line up correctly.

2.3. Local Averaging

Local averagingsmoothsanimageby locally reducingthe variationin intensities.
This is doneby replacingthe intensity level at a point by the averageof the intensitiesin
a neighborhoodof the point.

Specfically, if a denoteshe sourceimageand N (y) a neighborhoodf y with
card(N(y)) = n Vy € Z?, thenthe enhancedmageb is given by

n
xEN(y)

Additional detailsaboutthe effects of this simpletechniquecanbe foundin Gonzalezand
Wintz [1].

Image Algebra Formulation

Leta € RX be the sourceimage,and N (y) C Z? a predefinedneighborhoocbf
y € Z°. Leta : RX|y — R denotethe averagingfunction (see Section1.7). The result
imageb € RX, derivedby local averagingfrom a € RX is given by:

b .= a(@ N.

Comments and Observations

Local averagingtraditionally imparts an artifact to the boundaryof its result
image. This is becauseghe numberof neighborsis smallerat the boundaryof an image,
so the averageshouldbe computedover fewer values. Simply dividing the sum of those
neighborsby a fixed constantwill not yield an accurateaverage. The image algebra
specificatiordoesnot yield suchan artifactbecausehe averageof pixelsis computedrom
the setof neighborsof eachimagepixel. No fixed divisor is specified.

2.4. Variable Local Averaging

Variablelocal averagingsmoothsanimageby reducingthe variationin intensities
locally. This is done by replacingthe intensity level at a point by the averageof the
intensitiesin a neighborhoodof the point. In contrastto local averaging,this technique
allowsthe size of the neighborhoodonfigurationto vary. This is desirablefor imagesthat
exhibit higher noise degradatiortoward the edgesof the image|2, 3].

The actual mathematicalformulation of this methodis as follows. Suppose
a € RX denotesthe sourceimageand N : X — 2% a neighborhoodfunction. If n,
denotesthe numberof pointsin N (y) C X, thenthe enhancedmageb is given by

by)= - 3 alx)
Y xeN(y)
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Image Algebra Formulation

Leta € RX denotethe sourceimageand N : X — 2% the specfic neighborhood
configurationfunction. The enhancedmageb is now given by

b = a@N.

Comments and Observations

Although this techniqueis computationallymore intensethanlocal averagingiit
may be more desirableif variationsin noise degradationin differentimage regionscan
be determinedbeforehandby statisticalor other methods. Note that if N is translation
invariant, then the techniguereducesto local averaging.

2.5. lIterative Conditional Local Averaging

The goal of iterative conditionallocal averagingis to reduceadditive noisein
approximatelypiecewiseconstanimageswithout blurring of edges.The methodpresented
here is a simplified version of one of severalmethodsproposedby Lev, Zucker, and
Rosenfeld4]. In this method,the value of theimagea at locationy, a(y), is replacedoy
the averageof the pixel valuesin a neighborhoof y whosevaluesareapproximatelythe
sameasa(y). The methodis iterated(usuallyfour to six times) until the imageassumes
the right visual fidelity asjudgedby a humanobserver.

For the preciseformulation, let a € R* and for y € X, let N(y) denotethe
desiredneighborhoof y. Usually, N(y) is a3 x 3 Moore neighborhood.Define

S(y) ={x € N(y) : |a(y) — a(x)| < T},

whereT' denotesa user-definedhreshold,andset n(y) = card(S(y)).
The conditionallocal averagingoperationhasthe form

ax(y) = 1) S ai(x),

MY) &5

whereay(y) is the value at the kth iterationanda, = a.

Image Algebra Formulation

Let a € RX denotethe sourceimageand N : X — 2% the desiredneighbor-
hood function. Selectan appropriatethreshold?” and definethe following parameterized
neighborhoodfunction:

[S(a)l(y) = {x € N(y) : la(y) — a(x)| < T}.
The iterative conditionallocal averagingalgorithm can now be written as

ag ‘= ak_l@ S(ak—l))

where ag = a.
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2.6. Gaussian Smoothing

Gaussiansmoothingis employedin numerousimage processingand computer
vision algorithms. As pointedout by Marr andHildreth [5], therearetwo considerationgn
choosinga smoothindfilter. First, it mustreducethe rangeof scalesover which intensity
change®ccur,thusit shouldbe smoothandrelativelyband-limitedin the frequencydomain.
Second,it shouldrepresentan averagingof nearbypoints, thus it should be smoothand
localizedin the spatialdomainas well. Simple spatialdomain smoothingfilters suchas
local averagingaddresghe secondconsideratiorbut fail to satisfy the first. In fact, these
arein mutual corflict. Leipnik [6] hasshownthat the filter that provideslocalizationbest
in both the spatialand frequencydomainsis the Gaussiannamely

g2

€ 202

G(z) =

3

o\ 27

2_,2

andin two dimensions G (z,y) = sye ™ 22
The Gaussiarsmoothingb of animagea is achievedby convolvingit with the
GaussianG:

b(z,y) = a(z,y) * G(z,y) = / / a(a, B)G(z — a,y — B)dadp.

Image Algebra Formulation

Let a € R¥ for some2-dimensionapoint setX be the sourceimage. If we
wereto imaginethe setX to have unboundedextent, then the Gaussiarsmoothingb of
image a would given by

b=a®s
wheres € (RX)™ is definedby

1 —(x—v)2—2<y—w>2
Sy (v, w) = gze”

In practice,we must smooth boundedimageswith a boundedtemplate. In such cases,
truncatingthe extentof the templatewill lead to introductionof a biasby the smoothing
evenat thosepointswherethe templatesupportis entirely containedwithin the imagepoint
set. This is dueto the integral of the truncatedGaussiarbeing lessthanone. To achieve
an unbiasedresult, the templatemust be constructedas follows:

1 ~(e=0)?—(y=w)?
St 0) = e
where k is given by
1 —z?—y?
k’ = Z me 202 |

(9«”:9)65(5(0,0))

© 2001 by CRC PressLLC



Comments and Observations

The Gaussianis a separablefunction, that is, G(z,y) = G(z)G(y). This
meansthat convolutionswith the 2—dimensionalGaussiancan be computedwith iterated
convolutionsof 1-dimensionalGaussiansnamely,

a(z,y)*xG(z,y) = a(z,y) * G(z) * G(y).
This can be computedwith two image-templatdinear productoperations:

b = (a@s1) Psa.

where | o
)
(@)} kldm ’
1 —(y—zv)2
e = g
1 —z2
he Y e

o2

(x,y)ES(sl(u,U))
and

1 -2
ko = Z ———e207
(x,y)ES(sz(g,g)) U\/ﬁ

Choice of the supportof the templates must be made wisely, balancingthe
template’ssizeagainstthe propertiesof the smoothindfilter. Too smallanextentwill yield
a filter that no longer providesgood locality in both spaceand frequency. Too large an
extentwill requireextraprocessingime for no measurabléenefit.

An appropriatechoice of size shouldbe driven by the standarddeviationof the
Gaussiang. More than 95% of the enegy in the Gaussianis containedwithin a radius
of 2¢ units from the origin and more than 99% of the areais containedwithin a radius
of 30 units. Either of theserepresenteasonablehoicesfor templateradiusfor a variety
of applications.

2.7. Max-Min Sharpening Transform

The max-min sharpeningtransformis an image enhancementechniquewhich
sharpenguzzy boundariesindbringsfuzzy gray level objectsinto focus. It alsosmoothens
isolatedpeaksor valleys. It is aniterativetechniquethatcomparesnaximumandminimum
valueswith respectto the centralpixel value in a small neighborhood.The central pixel
valueis replacedby whicheverof the extremain its neighborhoods closestto its value.

Thefollowing specificationof the max-minsharpeningransformwasformulated
in KramerandBruchner[7]. Leta € R¥ bethesourceémageand N (y) denotea symmetric
neighborhoodof y € X. Define

ap(y) = max{a(x) : x € N(y)}
an(y) = minfa(x) : x € N(y)},

The sharpeningransforms is definedas

s = (23] iyl S0 ety

The procedurecan be iteratedas

" (a(y)) = s(s"(a(y)))-
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Image Algebra Formulation

Let a€ RX be the sourceimage,and N (y) a desiredneighborhoodf y € 72.
The max-min sharpenedmages is given by the following algorithm:

ay = aMN
a, = a@A N
b:= ay+a,,—2-a

s:= x<o(b)-ay+x>o(b)-an.

The algorithm is usually iterateduntil s stabilizesor objectsin the image have
assumediesirablefidelity (asjudgedby a humanobserver).

Comments and Observations

Figure 2.7.1is a blurred image of four Chinesecharacters.Figure 2.7.2 show
theresults,after convegence of applyingthe max-minsharpeninglgorithmto the blurred
charactersConvegencerequired128 iterations. The neighborhoodV usedin this example
is the von Neumannneighborhood.

Figure 2.7.1. Blurred characters.
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Figure 2.7.2. Resultof applyingmax-min sharpeningo blurred characters.

2.8. Smoothing Binary Imagesby Association

The purposeof this smoothingmethodis to reducethe effects of noisein binary
pictures. The basicideais that the 1-elementdueto noiseare scattereduniformly while
the 1-elementsdue to messaganformation tend to be clusteredtogether. The original
imageis partitionedinto rectangularegions. If the numberof 1's in eachregionexceeds
a given threshold,then the regionis not changed;otherwise,the 1's are setto zero. The
regionsarethentreatedassinglecells,a cell beingassigned 1 if thereis atleastonel in
the correspondingegion and 0 otherwise. This new collection of cells can be viewed as
a lower resolutionimage. The pixelwise minimum of the lower resolutionimageandthe
original image providesfor the smoothedversionof the original image. The smoothened
versionof the original image can againbe partitionedby viewing the cells of the lower
resolutionimage as pixels and partitioning thesepixels into regionssubjectto the same
thresholdprocedure. The precisespecificationof this algorithm is given by the image
algebraformulation below.

Image Algebra Formulation

Let T denotea giventhresholdanda € {0, 1} bethesourcemagewith X c z2.
For a fixed integerk > 2, definea neighborhoodunction N (k) : X — 2% by

bl = e 7)< 2]}

Here | X| meansthatif x = (z,y), then |X] = (|£], |£]).
The smoothedmagea, € {0, 1}* is computedby usingthe statement

ap:=aAxyr(a@®N(k)).
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If recursionis desired,define
a; ‘= a A XZT(aZ'_l (—DN(]C + 1 — 1))

for : > 0, wherea; = a.

The recursionalgorithm may reintroducepixels with values 1 that had been
eliminated at a previous stage. The following alternativerecursionformulation avoids
this phenomenon:

a; ;—=a;_1 /\XZT(ai_l @N(k +17— 1))

Comments and Observations

Figures2.8.1through2.8.5 provide an exampleof this smoothingalgorithm for
k =2 andT = 2. Note that N(k) partitionsthe point set X into disjoint subsetssince
[N(K)l(y) = [N(k)l(z) < [¥]|=|Z]. Obviously,thelargerthe numberk, thelargerthe
sizeof thecells[N (k)](y). In theiteration,oneviewsthecells[N (k)](y) aspixelsforming

the next partition [NV (k + 1)](y). The effectsof the two differentiteration algorithmscan
be seenin Figures2.8.4and 2.8.5.

Figure 2.8.1. The binary sourceimage a.
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Figure 2.8.2. The lower-resolutionimagex>2(a @N(2)) is shownon the
left and the smoothenedrersiona A x>2(a @N(2)) of a on the right.

Figure 2.8.3. The lower-resolutionimage x »»(a; N (3)) of the first iteration.
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Figure 2.8.4. The smoothenedersiona, = a A x»2(a; @N(3)) of a.

Figure 2.8.5. Theimagea; = a; A x>2(a; @N(3)).

As canbe ascertainedrom Figs. 2.8.1through2.8.5, severalproblemscanarise
whenusingthis smoothingmethod. The techniqueasstatedwill notfill in holescausedy
noise. It could be modifiedso that it fills in the rectangularegionsif the numberof 1's
exceedshe threshold,but this would causedistortion of the objectsin the scene.Objects
that split acrosshoundarief adjacentegionsmay be eliminatedby this algorithm. Also,
if the image cannotbe brokeninto rectangularregionsof uniform size, other boundary-
sensitivetechniquesnay needto be employedto avoid inconsistentesultsnearthe image
boundary.

Additionally, the neighborhoodV () is a translationvariantneighborhoodunc-
tion that needsto be computedat eachpixel locationy, resultingin possibly excessive
computationabverhead.For thesereasonsmorphologicalmethodsproducingsimilar re-
sults may be preferablefor image smoothing.

2.9. Median Filter

The medianfilter is a smoothingtechniquethat causesminimal edge blurring.
However,it will removeisolatedspikesandmay destroyfine lines[1, 2, 8]. Thetechnique
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involves replacingthe pixel value at eachpoint in an image by the medianof the pixel
valuesin a neighborhoodaboutthe point.

The choiceof neighborhoodand medianselectionmethoddistinguishthe various
median filter algorithms. Neighborhoodselectionis dependenton the sourceimage.
The machine architecturewill determinethe best way to selectthe medianfrom the
neighborhood.

A samplingof two medianfilter algorithmsis presentedn this section. The first
is for anarbitraryneighborhoodlt showshow animage-templat®perationcanbe defined
thatfindsthe medianvalueby sortinglists. The secondormulationshowshow the familiar
bubble sort can be usedto selectthe medianover a 3 x 3 neighborhood.

Image Algebra Formulation

Let a € RX be the sourceimage, N : X — 2% a neighborhoodfunction. Let
m : RX|xy — R denotethe medianfunction describedn Sectionl1.7. The medianfiltered
image m is given by

m = a@N.

Alternate Image Algebra Formulation

The alternateformulationusesa bubblesortto computethe medianvalue over a
3 x 3 neighborhoodLet a € R* be the sourceimage. The imagesa; areobtainedby

a; :—ao f;, 1<i<8§,

wherethe functions f; are definedas follows:

fi(x) =x+(0,1)
fo(x) =x+(-11)
f3(x) =x+(-1,0)
fa(x)=x+(-1,-1)
f5(x) =x+(0,-1)
fo(x) =x+(1,-1)
fz(x) =x+(1,0)
fs(x) =x+4(1,1).

The medianimagem is calculatedwith the following imagealgebrapseudocode:

ag:=a
for ¢ in 0..4 loop
for jin¢+ 1..8 loop
b:=a; Va,
a; :=a; Aa;
a;:=b
end loop
end loop

m:=ay.
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Comments and Observations

The figuresbelow offer a comparisorbetweenthe resultsof applyingaveraging
filter and a medianfilters. Figure 2.9.1is the sourceimage of a noisy jet. Figures2.9.2
and?2.9.3showtheresultsof applyingaveragingandmedianfilter, respectivelypver3 x 3
neighborhoodof the noisy jet image.

Figure 2.9.1. Noisy jet image.

Figure2.9.2. Noisy jet imagesmoothedwith averagindfilter overa 3 x 3 neighborhood.
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Figure 2.9.3. Resultof applying medianfilter over
a 3 x 3 neighborhoodo the noisy jet image.

Coffield [9] describesa stack comparatorarchitecturewhich is particularly well
suitedfor imageprocessingasksthat involve order statisticfiltering. His methodologyis
similar to the alternativeimage algebraformulation given above.

2.10. Unsharp Masking

Unsharpmaskinginvolves blendingan image’shigh-frequencycomponentsand
low-frequencycomponentgo producean enhancedmage|[2, 10, 11, 12]. The blending
may sharperor blur the sourceimagedependingpn the proportionof eachcomponentn the
enhancedmage. Enhancementakesplacein the spatialdomain. The preciseformulation
of this procedureis given in the image algebraformulation below.

Image Algebra Formulation

Let a € RX be the sourceimageand let b be the image obtainedfrom a by
applying an averagingmask (Section2.3). The imageb is the low-frequencycomponent
of the sourceimageand the high-frequencycomponentis a — b. The enhancedmagec
producedby unsharpmaskingis given by

c:=v-(a—b)+b,
or, equivalently,
c:=y-a+(l—7v)-b.
A v € R between0 and 1 resultsin a smoothingof the sourceimage. A v greaterthan
1 emphasizeshe high-frequencycomponentf the sourceimage, which sharpengletail.
Figure2.10.1showstheresultof applyingthe unsharpmaskingtechniqueto a mammogram

for severalvaluesof y. A 3 x 3 averagingneighborhoodwvas usedto producethe low-
frequencycomponentimageb.
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A more generalformulation for unsharpmaskingis given by
ci=a-(a—b)+3 b,

wherea, 8 € R. Herea is the weighting of the high-frequencycomponentand 3 is the
weighting of the low-frequencycomponent.

Source y=0.0
y=05 y=5
y=10 y=20

Figure 2.10.1. Unsharpmaskingat various valuesof ~.
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Comments and Observations

Unsharpmaskingcan be accomplishedoy simply convolving the sourceimage
with the appropriatetemplate. For example,the unsharpmasking can be done for the
mammogramin Figure 2.10.1 using

c:.=a®t,

wheret is the templatedefinedin Figure 2.10.2. The valuesof v and w are “T” and
Bt respectively.

V| Vv | Vv
t= V| w \Y
V| Vv| Vv

Figure 2.10.2. The Moore configurationtemplate
for unsharpmaskingusing a simple convolution.

2.11. Local Area Contrast Enhancement

In this sectionwe presentwo methodf local contrastenhancemerftom Harris
[13] and Narendraand Fitch [14]. Eachis a form of unsharpmasking (Section2.10)
in which the weighting of the high-frequencycomponentis a function of local standard
deviation.

Image Algebra Formulation

Leta € RX, andN be a neighborhoodselectedor local averaging(Section2.3).
The von Neumannor Moore neighborhoodsare the most commonly usedneighborhoods
for this unsharpmasking technique. The local meanimage of a with respectto this
neighborhoodfunction is given by

m:=a(d N.

The local standarddeviationof a is given by the image

d:=p3v ((afm)Q@ N)E.

1
Theimage|( (a — m)2 @ N ’ actuallyrepresentshe local standardieviationwhile 5 > 0
is a lower boundappliedto d in orderto avoid problemswith division by zeroin the next
step of this technique.

The enhancementechniqueof [13] is a high-frequencyemphasisschemewhich
useslocal standarddeviationto control gain. The enhancedmageb is given by
b:= é (a —m).

As seenin Section2.10,a — m represents highpasdiltering of a in the spatialdomain.
The local gain factor 1/d is inversely proportionalto the local standarddeviation. Thus,
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a larger gainwill be appliedto regionswith low contrast. This enhancementechniqueis
usefulfor imageswhoseinformation of interestlies in the high-frequencycomponentand
whosecontrastlevels vary widely from region to region.

The local contrastenhancementechniqueof Narendraand Fitch [14] is similar
to the one above, exceptfor a slightly different gain factor and the addition of a low-
frequencycomponent. In this technique,let

1
"= card(a) Za

denotethe global meanof a. The enhancedmageb is given by

a-m

d

b=

(a—m)+m,

where0 < a < 1. The addition of the low-frequencycomponentm is usedto restorethe
averageintensity level within local regions.

We needto remarkthatin bothtechniquesaboveit maybe necessaryo putlimits
on the gain factor to preventexcessivegain variations.

2.12. Histogram Equalization

Histogramequalizatioris atechniquewhich rescaleshe rangeof animage’spixel
valuesto producean enhancedmage whosepixel valuesare more uniformly distributed
[15, 1, 16]. The enhancedmagetendsto have higher contrast.

Themathematicaformulationis asfollows. Leta € Z¥ denotethe sourceimage,
n = card(X), andn; bethe numberof timesthegraylevel j occursin theimagea. Recall
thatz, = {0,1,---,{— 1}. The enhancedmageb is given by

Image Algebra Formulation

Let a€ Z¥ be the sourceimage and let ¢ denotethe normalized cumulative
histogramof a as definedin Section10.11.

The enhancedmageb is given by

b:=(l—1) (coa).

Comments and Observations

Figure2.12.1is anillustration of the histogramequalizatiorprocess.The original
imageandits histogramsareon the left side of the figure. The original imageappearglark
(or underexposed)This darknessnanifeststself in a biastowardthe lower endof the gray
scalein the original image’shistogram.On the right side of Figure 2.12.1is the equalized
image and its histograms. The equalizedhistogramis distributedmore uniformly. This
more uniform distributionof pixel valueshasresultedin animagewith bettercontrast.
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Original Image Equalized Image

Histogram of Original Image Histogram of Equalized Image

Cumulative Histogram of Original Image

Cumulative Histogram of Equalized Image

Figure 2.12.1. Left: Original image and
histograms. Right: Equalizedimage and histograms.

2.13. Histogram Modification

The histogramequalizationtechniqueof Section2.12 is a specific exampleof
imageenhancementising histogrammaodification. The goal of the histogrammodification
techniqueis to adjustthe distribution of an image’s pixel valuesso as to producean
enhancedmagein which certaingray level rangesarehighlighted. In the caseof histogram
equalization,the goal is to enhancethe contrastof an image by producingan enhanced
imagein which the pixel valuesare evenlydistributed,i.e., the histogramof the enhanced
image is flat.

Histogrammodificationis accomplishedvia a transferfunction

g =T(z),
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wherethe variablez, z; < z < z,, represents gray level value of the sourceimageand
g, 91 < g9 < gm, is the variablethat represents gray level value of the enhancedmage.
The methodof deriving a transferfunctionto producean enhancedmagewith a prescribed
distribution of pixel valuescanbe foundin either Gonzalezand Wintz [1] or Pratt[2].
Table 2.13.1lists the transferfunctionsfor severalof the histogrammodification
exampledeaturedn Pratt[2]. In thetable P(z) is thecumulativeprobability distributionof
theinputimageand « is an empirically derivedconstant.The imagealgebraformulations
for histogrammodificationbasedn thetransferfunctionsin Table2.13.1arepresentedhext.

Table 2.13.1 Histogram Transfer Functions

Name of modification Transfer function T(z)

Uniform modification: 9=[gm—n1]P(2)+ 5

Exponentialmodification: | g=g;— 1 In[1—P(z)]

_ e 1/2
Rayleighmodification: | , _ , | [2a2 In (%)]

Hyperbolic cuberoot
o= (|

3
modification: gl 911/3] [P(2)] + 911/3)

Hyperboliclogarithmic
modification: g9=q [g—l

Image Algebra Formulation

Leta € Z¥ denotethe sourceimageand¢ the normalizedcumulativehistogram
of a asdefinedin Section10.11. Let ¢g; and g,, denotethe grey value boundsfor the
enhancedmage. Table2.13.2below describeshe imagealgebraformulationfor obtaining
the enhancedmageb usingthe histogramtransformfunctionsdefinedin Table2.13.1.

2.14. Lowpass Filtering

Lowpassfiltering is an image enhancemenprocessusedto attenuatethe high-
frequencycomponentsof an image’s Fourier transform[1]. Since high-frequencycom-
ponentsare associatedvith sharpedgesowpassfiltering hasthe effect of smoothingthe
image.

Supposea € CX whereX =Z,, x Z,,. Let 4 denotethe Fouriertransformof a,
andh denotethe lowpassfilter transferfunction. The enhancedmageg is given by

gz, y) = S_l{é(u, v) fl(u, v)},

whereh is thefilter which attenuatesigh frequenciesand ! denotegheinverseFourier
transform. Sections8.2 and 8.4 presentimage algebraimplementationsof the Fourier
transformand its inverse.
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Table 2.13.2 Image Algebra Formulationof HistogramTransferFunctions

Name of modification Image algebra formulation
Uniform modification: b = [gm —g1](Coa)+ ¢
Exponentialmodification: b := g~ Lln[l—(Coa)

. v 1/2
Rayleighmodiffication: b= g+ [2(12 ln(l—(lan))]
Hyperbolic cuberoot s 131 13\ 3

modification: b = ([gm/ — g ](Coa) +g,/ )
Hyperboliclogarithmic (Toa)
modification: b = g [i—T]

Let d(u, v) be the distancefrom the point (u, v) to the origin of the frequency
plane; that is,

El(u, v) = (u2 + 112)1/2.
The transferfunction of the ideal lowpassfilter is given by

Bu,v) = 1 if d(u,v) < d
NN 0 it A, v) > d,

whered is a specifiednonnegativequantity, which representshe cutoff frequency
The transferfunction of the Butterworthlowpassfilter of orderk is given by
fl(u, v) = ! ST
1+ c[a(u, v)/d

wherec is a scalingconstant. Typical valuesfor ¢ are1 andv/2 — 1.
The transferfunction of the exponentialowpassfilter is given by

h(u, v) = ezp [—a(a(u, v)/d)k].

Typical valuesfor a are 1 and in(v/2).

Theimageghatfollow illustratesomeof the propertiesof lowpasdiltering. When
filtering in the frequencydomain,the origin of the imageis assumedo be at the center
of the display. The Fourier transformimagehas beenshifted so that its origin appearsat
the centerof the display (see Section8.2).
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Figure 2.14.1is the original image of a noisy angiogram. The noiseis in the
form of a sinusoidalwave. Figure2.14.2representshe powerspectrumimageof the noisy
angiogram.The noisecomponenbf the original image showsup asisolatedspikesabove
and below the centerof the frequencyimage. The noise spikesin the frequencydomain
are easilyfiltered out by an ideal lowpassfilter whosecutoff frequencyd falls within the
distancefrom the centerof the imageto the spikes.

Figure 2.14.3showsthe result of applying an ideal lowpassfilter to 2.14.2and
then mappingbackto spatialcoordinatesvia the inverseFourier transform. Note how the
washboardeffect of the sinusoidalnoise hasbeenremoved.

One artifact of lowpassfiltering is the “ringing” which can be seenin Figure
2.14.2. Ringing is causedby the ideal filter’'s sharpcutof betweenthe low frequencies
it lets passandthe high frequenciest suppressesThe Butterworthfilter offers a smooth
discriminationbetweenfrequencieswhich resultsin lesssevereringing.

Figure 2.14.1. Noisy angiogram.

The lowpassfiltering usedabovewas successfuln removingthe noisefrom the
angiogram;however, the filtering blurred the true image. The image of the angiogram
before noise was addedis seenin Figure 2.14.4. The blurring introducedby filtering is
seenby comparingthis imagewith Figure 2.14.3.

Lowpassfiltering blurs an image becauseedgesand other sharptransitionsare
associatedvith the high frequencycontentof an image’s Fourier spectrum. The degree
of blurring is relatedto the proportion of the spectrum’ssignal power that remainsafter
filtering. The signal power P of b € CX is definedby

P(b) = " [Re(b(x) + Im?(b(x)))].

xeX

The percentagef power that remainsafter filtering a usingan ideal filter h; with cutoff
frequencyd is
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Figure 2.14.2. Fourier transformof noisy angiogram.

Figure 2.14.3. Filtered angiogramusing ideal filter.

As d increasesmore and higher frequenciesare encompassety the circular region that
makesup the supportof hy. Thus,asd increasesthe signal power of the filtered image
increasesand blurring decreases.The top two imagesof Figure 2.14.5 are those of an
original image(peppersyandits powerspectrum.The lower four imagesshowthe blurring
that results from filtering with ideal lowpassfilters whose cutoff frequenciespreserve
90,93,97, and99% of the original image’ssignal power.

The blurring causedby lowpassfiltering is not always undesirable. In fact,
lowpassfiltering may be usedas a smoothingtechnique.

Image Algebra Formulation

The image algebra formulation of the lowpassfilter is roughly that of the
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Figure 2.14.4. Angiogrambefore noise was introduced.

mathematicalformulation presentedearlier. However, there are a few subtletiesthat a
programmemeedsto be awareof when implementinglowpassfilters.

The transfer function

P 1t (u?+02)* <d
(u,v) = . 9, o\1/2
0 if (u —1—1)) >d

represents disk of radiusd of unit heightcenteredat the origin (0, 0). On the otherhand,
the Fourier transformof animagea € RX, whereX = 7,, x Z,, resultsin a complex-
valuedimagea € CX. In otherwords, the location of the origin with respectto a is not
the centerof X, which is the point (%, %), but the upperleft-handcornerof 4. Therefore,
the producta - h is undefined. Simply shifting the imagea so that the midpoint of X
movesto the origin, or shifting the disk image so that the disk’s centerwill be locatedat
the midpoint of X, will resultin properly alignedimagesthat can be multiplied, but will
not resultin a lowpassfilter sincethe high frequencieswhich are locatedat the corners
of &, would be eliminated.

There are various options for the correctimplementationof the lowpassfilter.
One suchoptionsis to centerthe spectrumof the Fourier transformat the midpoint of X
(Section8.3) and then multiplying the centeredransformby the shifted disk image. The
resultof this processieedso be uncenteregrior to applyingtheinverseFouriertransform.
The exactspecificationof the ideal lowpassfilter is given by the following algorithm.

Supposei € C* andX = Z,,, x Z,,, wherem andn are evenintegers. Define
the point set

and set
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Original Power spectrum

Filtered at 90% Filtered at 93%

Filtered at 97% Filtered at 99%

Figure 2.14.5. Lowpassfiltering with ideal filter at variouspower levels.

The algorithm now becomes

a = ao center(X)

g = F1 [(é . ﬁ) o center(X)].

In this algorithm, 1 and O denote the complexvalued unit and zero image,
respectively.

If U is definedasU = {(u, vy ¢ (w4 ?) P < d} instead,thenit becomes
necessaryo define h ash :=[1|y + (2, 2)]|°, wherethe extensionto 0 is on the array

X, prior to multiplying & by h. Figure 2.14.6 providesa graphicalinterpretationof this
algorithm.

Anothermethod which avoidscenteringhe Fouriertransform,s to specifytheset
U= {(u, v) : (u?+ v2)1/2 < d} andtranslatethe image 1|y directly to the cornersof
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uv l inverse F.T.

Figure 2.14.6. lllustration of the basicstepsinvolved in the ideal lowpassfilter.

X in orderto obtainthe desiredmultiplication result. Specifically,we obtainthe following

form of the lowpassfilter algorithm:

h = [y + (v + (m,0) + (v + (0,n) + (Llv + (m, n))] %

g = 5—1(5-}1).
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Here d|& meansrestricting the image d to the point set X and then extendingd on X
to the zero image whereverit is not definedon X. The basicstepsof this algorithm are
shownin Figure 2.14.7.

1
U

v
<

Y u
u .
multipl
\ Py Aiﬂ and extend

r;ﬁﬁﬂl T >V
7 g

it

it it

AL AT
% 7

Cret e e | i)
\/
u -

inverse F.T.

Figure 2.14.7. lllustration of the basic stepsas
specifiedby the alternateversionof the lowpassfilter.

As for the ideal lowpassfilter, there are severalway for implementingthe kth-
order Butterworth lowpassfilter. The transferfunction for this filter is definedover the
pointsetU = Zi= x Zy=, andis definedby

- 1
h(u,v) = )
( ) |:(U2+U2)1/2:|2k
d

1+c¢-

where ¢ denotesthe scaling constantand the value h(u, v) needsto be convertedto a
complexvalue. For correctmultiplication with the imagea, the transferfunctionh needs
to be shiftedto the cornersof X. The exactspecificationof the remainderof the algorithm
is given by the following two lines of pseudocode:

h = [ﬁ—}— (fl—}— (m,O)) + (ﬁ-i— (0,n)> + (ﬁ—i— (m,n))] |x

g = S_l(é-fl).
The transferfunction for exponentiallowpassfiltering is given by
k
N A /UZ + UZ
h(u,v) =exp|—a — ,

© 2001 by CRC PressLLC



where(u,v) € Zy» x Lixn andfl(u, v) needsto be a complexvalued. The remainderof
the algorithm is identical to the Butterworthfilter algorithm.

2.15. Highpass Filtering

Highpasdiltering enhanceshe edgeelementsf animagebasedon the fact that
edgesandabruptchangesn gray levelsareassociatedvith the high-frequencycomponents
of animage’sFouriertransform(Sections8.2 and 8.4). As before,supposex denoteshe
Fouriertransformof the sourceimagea. If h denotesa transferfunction which attenuates
low frequenciesand lets high frequenciespass,then the filtered enhancemensf a is the
inverse Fourier transformof the productof 4 andh. That s, the enhancedmageg is
given by

g(z,9) =5 {a(u,v) -B(u, v},

where g~ denotesthe inverse Fourier transform.

The formulation of the highpasstransferfunction is basically the complement
of the lowpasstransferfunction. Specifically, the transferfunction of the ideal highpass
filter is given by

. 0 ifd(u,v)<d
h(u,v) = o
1 if d(u,v) > d,

where d is a specifiednonnegativequantity which representghe cutoff frequencyand

~

d(u,v) = (u®+ v2)1/2.
The transferfunction of the Butterworthhighpasdilter of order% is given by

B(u,v) = { e ) #0.0
0 if (u,v) = (0,0),

wherec is a scalingconstant. Typical valuesfor ¢ arel andv/2 — 1.
The transferfunction of the exponentiahighpassfilter is given by

ﬁ(u, v) :{ exp [—a(d/fl(u, v)) k] if (u,v) #(0,0)
0 if (u,v) = (0,0).

Typical valuesfor a are 1 and in (v/2).

Image Algebra Formulation

Let a € CX denotethe sourceimage,whereX = Z,, x Z,. Specifythe point
setU = Zym x Z1 =, anddefineh € CY by

X 0 if (u+v?)?<d
h(u,v) = . 9, 9y1/2
1 of (u + v ) >d.
Oncethetransferfunctionis specifiedthe remaindeiof thealgorithmis analogous
to the lowpassfilter algorithm. Thus, one specificationwould be

h = [ﬁ—{— (ﬁ—}— (m,O)) + (fl—i— (0,n)> + (fl—i— (m,n))] Ix
g = 3—1(5-11).
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This pseudocodspecificatiorcanalsobe usedfor the Butterworthandexponentiahighpass
filter transferfunctionswhich are describednext.

The Butterworthhighpasdilter transferfunction of orderk with scalingconstant
¢ is given by

. 1 = if (u, 0,0
h(u, v) = te[d/(w24v2)H/2]* i (u,v) #(0,0)
0 if (u,v) = (0,0),
where (u,v) € U = Lim X Lyn.
The transferfunction for exponentialhighpasdiltering is given by

h(u, v) :{ o [_a (d/(u2 + 1;2)1/2)’C

0 if (u,v) = (0,0

2.16. Exercises

1. Constructa syntheticimage and add random perturbationsto each pixel value. In
your constructionchoosea representatiotthat clarifiesthe effects of local averagingwhen
using the neighborhoodslescribedbelow.

a. Implementthe local averagingalgorithm usingthe Moore neighborhood.
b. Repeatl.a using the skew neighborhood

2. Constructa syntheticimageconsistingof vertical stripesof differentwidths.

a. Implementthe local averagingalgorithmsusingthe Moore neighborhood.
b. Repeat2.a usingthe template

2

and multiply the resultingimageby 1/16.
c. Explain the different effects of thesetwo smoothingoperations.

3. Considerthe following algorithm. At eachpixel location, calculatethe differencel’
betweerthe pixel valuesof the two vertical neighborsaboveandbelowthe pixel. Calculate
the difference H betweenthe pixel valuesof the two horizontalneighborsto the left and
right of the pixel. If V' exceeddd, thenthe valueof the pixel is replacedby the weighted
averageof the pixel and its two horizontal neighbors. Otherwise,it is replacedby the
averageof the pixel andits two vertical neighbors.

a. Write animage algebraformulation of this algorithm.

b. Implementthe algorithm.

c. Thealgorithmcanbeimplementedn termsof templatesith weights+1 and—1.
Investigatethe effectsof this algorithmfor differentcombinationsof weightsand
also for repeatedapplication.
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4. Provethatthe Max-Min Sharpeninglransformstabilizes,i.e., showthat there exists
a positive integern suchthat s”(a) = s*(a) for all integersk > n.

5. Showthat while (a+b)@ N = a(@ N + b(@ N, it is not true in generalthat
(a+b)@N = a@N + b@N. This showsthat local averagingis a linear operation
while medianfiltering is not.

6. A generalizationof unsharpmaskingthat is often usedfor object enhancemenand
backgroundsuppressionss given by the operation

b(i,j) = > _a(l k)= a(l, k)

Ny N

wherea denotesthe input image, N; is an n x n rectangulameighborhoodcenteredat
(7,7), N2 is anm x m rectangulameighborhooccenteredat (¢, j), andn > m.

a. Providean imagealgebraformulation of this algorithm.

b. Implementhisalgorithmon a synthetidmagewherethe objectintensityis greater
thanthe backgroundandthe objectsize can be coveredby Nj.

c. Repeat6.b exceptthat the objectintensityis lessthanthe background.

d. Repeat6.b exceptthatthe objectsizeis greaterthan N, but lessthan N,.

7. Implementthe Gaussiarsmoothingalgorithm on at leasttwo differentimagesusing
different templatesupport. Analyze your results.

8.* Implementthe five histogrammaodificationsdescribedin Table 2.13.2 and describe
their effects and differenceswhen appliedto an image.

9.* Developa programto displayhistogramplots of digital imagessimilar to thoseshown
in Figure 2.12.1. Testyour programon suitableimagesand provide an image algebra
formulation of your program.

10.* It follows from Sectionl.7 thatif N denotesann x n rectangulameighborhoodand
t atemplatewith N(y) = S(ty) for eachy, thentheimagea @t is equivalentto a (& N
aslong asoneignoresboundaryeffects andty (x) = 1/n* wheneverx € S(ty ).

a. Show that the Fourier transform of t, is given by h(u,v) =
n—1n-1

% Z Z n1_26(—27riuk)/1'7, . e(—2mivk)/n
k=0 (=0
b. Using10.a,establisha relationshipbetweersmoothingby averagingandlowpass
filtering.
11.* Implementthe three highpassfilters describedn Section2.15.

12.* Considerthe unsharpmaskingalgorithmgivenby b:=a @t, wheret denotesann x n
rectangulatemplatewith ty(y) = 1 andty(x) = — L+ whenevery # x € S(ty).

a. Find the Fourier transformof t, .
b. Using 12.a, establisha relationship betweenunsharp masking and highpass
filtering.
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CHAPTER 3
EDGE DETECTION AND
BOUNDARY FINDING TECHNIQUES

3.1. Intr oduction

Edgedetectionis an importantoperationin a large numberof image processing
applicationssuch as image segmentationcharacterrecognition,and sceneanalysis. An
edgein animageis a contouracrosswhich the brightnessof the image changesabruptly
in magnitudeor in the rate of changeof magnitude.

Generally,it is difficult to specify a priori which edgescorrespondo relevant
boundariedn animage. Imagetransformswhich enhanceand/ordetectedgesare usually
taskdomaindependentWe, therefore presenta wide variety of commonlyusedtransforms.
Most of thesetransformscan be categorizedas belongingto one of the following four
classes:(1) simple windowing techniquesto find the boundariesof Booleanobjects, (2)
transformsthat approximatethe gradient, (3) transformsthat use multiple templatesat
differentorientationsand(4) transformghatfit local intensity valueswith parametricedge
models.

The goal of boundaryfinding is somewhatifferentfrom that of edgedetection
methodswhich are generally basedon intensity information methodsclassfied in the
precedingparagraph. Gradient methodsfor edge detection, followed by thresholding,
typically producea numberof undesiredartifactssuchas missingedgepixels and parallel
edgepixels, resultingin thick edges.Edgethinning processeand thresholdingmay result
in disconnecteeédgeelements.Additional processings usuallyrequiredin orderto group
edgepixels into coherentboundarystructures.The goal of boundaryfinding is to provide
coherentone-dimensionaboundaryfeaturesfrom the individual local edgepixels.

3.2. Binary Image Boundaries

A boundarypoint of anobjectin a binaryimageis a point whose4-neighborhood
(or 8-neighborhooddependingon the boundaryclassification)intersectshe objectandits
complementBoundariedor binaryimagesareclassifiedby their connectivityandwhether
theylie within the objector its complement.The four classificationsill be expandedipon
in the discussioninvolving the mathematicaformulation.

Binary image boundarytransformsare thinning methods. They do not preserve
the homotopyof the original image. Boundarytransformscan be especiallyuseful when
usedinside of otheralgorithmsthat requirelocationof the boundaryto performtheir tasks.
Many of the otherthinning transformsin this chapterfall into this category.

The techniquesoutlined below work by using the appropriateneighborhoodto
either enlage or reducethe regionwith the & or A operation,respectively. After the
objecthasbeenenlagedor reducedit is intersectedvith its original complemento produce
the boundaryimage.
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Fora € {0,1}*, let A denotethe supportof a. Theboundaryimageb € {0, 1}*
of a is classifiedby its connectivityand whetherB C A or B C A’, where B denotes
the supportof b.

(a) Theimageb is an exterior8-boundaryimageif B is 8-connectedB C A’,
andB is the setof pointsin A’ whose4-neighborhoodintersectA. Thatis,

b(x):{l if N(x)NA#£D andxe A/
0 otherwise.

(b) Theimageb is aninterior 8-boundaryimageif B is 8-connectedB C A,
andB is thesetof pointsin A whose4-neighborhooditersectA’. Theinterior
8-boundaryb can be expresseds

b(x) = 1 if N(x)NA'£ D andx € A

0 otherwise.

(c) Theimageb is anexterior4-boundaryimageif B is 4-connectedB C A’,
and B is the setof pointsin A’ whose8-neighborhoodsntersectA. Thatis,
the imageb is definedby

{1 ifM(x)NA# andx € A/
0therw1se

(d) Theimageb is aninterior 4-boundaryimageif B is 4-connectedB C A,
andB is the setof pointsin A whose8-neighborhoodéntersectA’. Thus,

b(x) = 1 if M(x.)ﬂA’#(Z and x € A
0 otherwise.

Figure 3.2.1 below illustratesthe boundariegust described.The centerimageis
the original image. The 8-boundariesreto the left, andthe 4-boundariesareto the right.
Exterior boundariesare black. Interior boundariesare gray.

Figure 3.2.1. Interior and exterior 8-boundariegleft), original
image (center),and interior and exterior 4-boundarieqright).
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Image Algebra Formulation

The von Neumanmeighborhoodunction N is usedin theimagealgebraformu-
lation for detecting8-boundarieswhile the Moore neighborhoodunction A is usedfor
detectionof 4-boundaries.

Leta € {0, 1} bethe sourceimage. The boundaryimagewill be denotecby b.
(1) Exterior 8-boundary—
b:=(1—-a) - (a@N)
(2) Interior 8-boundary—
b:=(1-(a@N))-a
(3) Exterior 4-boundary—
b:=(1—a) - (aM M)
(4) Interior 4-boundary—
b:=(1-(a@M))-a

Comments and Observations

These transformsare designedfor binary imagesonly. More sophisticated
algorithmsmust be usedfor gray level images.

Noise aroundthe boundarymay adverselyaffect resultsof the algorithm. An
algorithm such asthe salt and peppernoiseremovaltransformmay be usefulin cleaning
up the boundarybefore the boundarytransformis applied.

3.3. Edge Enhancementby Discrete Differencing

Discretedifferencingis a local edgeenhancemertechnique.lt is usedto sharpen
edge elementsin an image by discretedifferencingin either the vertical or horizontal
direction, or in a combinedfashion[1, 2, 3, 4].

Let a € RX be the sourceimage. The edgeenhancedmageb € RX can be
obtainedby one of the following differencemethods:

(1) Horizontal differencing

b(i,j) = a(i,j) —a(¢,j + 1)
or

b(i,j) = 2a(i,j) —a(i,j — 1) —a(i,j + 1).

(2) Vertical differencing

b(i,j) = a(i,j) —a(i + 1, )
or
(3) Gradientapproximation

b(l’]) = |a(l,]) o a(l_i_ 1’-7)| + |a(l).7) - a(ilj + 1)|
or
b(i, j) = [a(i,j) —a(i + 1,j + )| + |a(i, j) —a(i — 1,7+ 1)|.
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Image Algebra Formulation

Given the sourceimagea € RX, the edgeenhancedmageb € RX is obtained
by the appropriateimage-templateconvolution below.

(1) Horizontal differencing

b :=a®r,
wherethe invariantenhancementemplater is definedby
1 ifx=(i7)
ri(x)=9 -1 ifx=(i,j+1)
0 otherwise
or
b :=a®s,
where

2 ifx=(i7)
s@.j(x) = { —1 ifxe{(i,j—1),(j+1)}

0 otherwise.
(2) Vertical differencing
b :=a®t

wherethe templatet is definedby

1 if x = (7,7)
ti(x) =9 -1 ifx=(i+1,)
0 otherwise
or
b :=a@u,
where

2 if x = (4, j)
ui(x) =9 -1 ifxe{(i—1,7),0+1,j)}
0 otherwise.

(3) Gradientapproximation

b = a@®t|+|a®r|

or
b:=la®v|+ |aDw],

wherethe templatest andr aredefinedasaboveandv, w are definedby
1 ifx=(s7)
vij(x) =9 -1 ifx=(G+1,j+1)
0 otherwise
and

1 ifx=(i,j)
Wan(x) =9 -1 ifx=(i—1j+1)
0 otherwise.
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The templatescan be describedpictorially as

1
r= 1] 1 s= | ‘1 [ 2] t=
-1
-1
1 -1
us= 2 V= W=
-1 1
-1

Comments and Observations

Figures3.3.2through3.3.4belowarethe edgeenhancedmagesof themotorcycle
imagein Figure 3.3.1.

Figure 3.3.1. Original image.

Figure 3.3.2. Horizontal differencing: left |a @r|, right |a Ps|
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Figure 3.3.3. Vertical differencing: left |a @t], right |a Dul|.

Figure 3.3.4. Gradientapproximation:left |a @t| + |a @Pr/|, right [aPv| + |aPw|.

3.4. Roberts Edge Detector

The Robertsedgedetectoris anotherexampleof an edgeenhancementechnique
thatusesdiscretedifferencing[5, 1]. Leta € R¥ bethe sourceimage. The edgeenhanced

imageb € RX that the Robertstechniqueproducess definedby
. . . ) . . . 1/2
b(i,j) = ((a(z,]) —a(i+ 1,5+ 1))2 + (a(z,j+1)—a(t+ l,]))2)

Image Algebra Formulation
Giventhe sourceimagea € RX, the edgeenhancedmageb € RX is given by

1/2

b= (@) +@at)’) "

wherethe templatess and t are definedby

1 if x = (4, j)
0 otherwise;
1 ifx=(7)
t(i,j)(X)Z{l fx=0+1,7-1)
0 otherwise.
The templatess andt can be representegbictorially as
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Comments and Observations

Figure 3.4.1showsthe resultof applyingthe Robertsedgedetectorto the image
of a motorcycle.

Figure 3.4.1. Motorcycle and its Robertsedgeenhancedmage.

3.5. Prewitt Edge Detector

The Prewitt edgedetectorcalculatesan edgegradientvector at eachpoint of the
sourceimage. An edgeenhancedmageis producedfrom the magnitudeof the gradient
vector. An edgeangle,which is equalto the anglethe gradientmakesto the horizontal
axis, canalso be assignedo eachpoint of the sourceimage[6, 7, 1, 8, 4].

Two masksare convolvedwith the sourceimageto approximatethe gradient
vector. One maskrepresentghe partial derivative with respectto z and the other the
partial derivative with respectto y.

Let a € RX be the sourceimage,and ag, a1, . . ., ay denotethe pixel valuesof
the eight neighborsof (¢, j) enumeratedn the counterclockwisalirectionas follows:

Let v = (as+as+ar) — (a1 +azy+az) and v = (ap+a; +a7) —
(a3 + a4 + as). The edgeenhancedmageb € RX is given by

b(i,j) = (u2 + v2)1/2

and the edgedirectionimaged € R* is given by

d(i,5) = arctan(%).
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Image Algebra Formulation

Let a € RX bethe sourceimageandlet s andt be definedas follows:

1 ifx=(i+1,j—1), (i+1,7), or (i+1,j+1)

1 ifx=(i—1,7-1), (i—1,7), or (i — 1,j+1)
si j)(X) =
otherwise;

L ifx=(i Lj+1), (i,5+1), or (i+1,j+1)

tij)(x) =
0 otherwise.

Pictorially we have:

-1 -1 -1 -1 1
S= t= -1 1
1 1 1 -1 1

The edgeenhancedmageb € RY is given by
1/2
b= <[(a @s)’+aa t)z] ) .

The edgedirectionimaged € RY is given by
d := arctan2 ((a (‘Bt)|domam(b||>g)) (a @S)ldomam(b||>g))-
Here we use the common programminglanguageconventionfor the arctangentof two

variableswhich definesarctan2(u,v) = arctan(%).

Comments and Observations

A variety of masksmay be usedto approximatethe partial derivatives.

Figure 3.5.1. Motorcycle and the imagethat represents
the magnitudecomponentof the Prewitt edgedetector.
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3.6. Sobel Edge Detector

The Sobeledgedetectoris a nonlinearedgeenhancemertechnique.lt is another
simplevariation of the discretedifferencingschemefor enhancingedges|9, 10, 1, 8, 4].

Let a € RX be the sourceimage,and ag, ay, . . ., a; denotethe pixel valuesof
the eight neighborsof (:, j) enumeratedn the counterclockwisalirectionas follows:

The Sobeledgemagnitudeimagem € RX is given by

m(z,]) — (U2 + U2)1/2

)

where
u= (a5 + 2as + a7) — (a1 + 2a5 + a3)

and
v = (2a9 + ay + a7) — (a3 + 2a4 + as).

The gradientdirectionimaged is given by

d(i,5) = arctan(%).

Image Algebra Formulation

Let a € RX be the sourceimage. The gradientmagnitudeimagem € R¥ is
given by

1/2
m = |(ads) +(adt)’| |

wherethe templatess and t are definedas follows:

—1 ifx=(i—1,j—1)or (i—1,j+1)
1 ifx=(i+l,j-1)or (i+1,j+1)
S(Z',]')(X) = -2 ifx= (Z - 1,])

2 if x = (i+1,7)
0 otherwise.

-1 ifx=(i—1,5—1)or (2+1,5-1)
1 if x =(i—1,j+1)or (i+1,j+1)
tap(x) =9 -2 ifx=(i,j—1)

2 if x =(i,j+1)
\ 0 otherwise.

© 2001 by CRC PressLLC



The gradientdirection imageis given by

d :=arctan2((a ®s)|m>o0, (a Dt)|m>o0),

wherearctan2(u,v) = arctan(%).

Comments and Observations

The Sobeledgedetectionemphasizeforizontaland vertical edgesover skewed
edges;it is relatively insensitiveto off-axis edges. Figure 3.6.1 showsthe Sobel edge
image of the motorcycletestimage.

Figure 3.6.1. Motorcycle and its Sobeledgeenhancedmage.

3.7. Wallis Logarithmic Edge Detection

Underthe Wallis edgedetectionschemea pixel is anedgeelementf thelogarithm
of its value exceedshe averageof the logarithmsof its 4-neighborsby a fixed threshold
[2, 1]. Supposea € (IR"‘)X denotesa sourceimage containingonly positive values,and
ap, a1, az, az denotethe valuesof the 4-neighborof (7, j) enumerateds follows:

The edgeenhancedmageb € R¥ is given by

bi(i,1) = logs(a(i. ) — § (Ioga(ao) + loga(ar) + logs (az) + logs(as)
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or

Qpaiaz2a3

.4
i = o 0)

Image Algebra Formulation

Letac (R+)x be the sourceimage. The edgeenhancedmageb € RX is given

by .
b:= Zlogb(a) @t,
wherethe invariantenhancementemplatet: X — RX is definedasfollows:

4 if x = (4,7)
tag(x) =4 =1 if x € {(i+1,5),(4,7-1), (i=1,5), (,j+1)}
0 otherwise.

Pictorially, t is given by

Comments and Observations
The Wallis edgedetectoris insensitiveto a global multiplicative changein image
values. The edgeimageof a will be the sameasthatof n - a for anyn € R*.

Note that if the edgeimageis to be thresholdedijt is not necessaryo compute
the logarithm of a. That is, if

b:= ilogb(a) @t
and
c = a®t,
then
b|>7- = C|>b4r.

Figure 3.7.1showsthe result of applyingthe Wallis edgedetectorto the motor-
cycle image. The logarithm usedfor the edgeimageis base2 (b = 2).

Figure 3.7.1. Motorcycle and its Wallis edgeenhancement.
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3.8. Frei-Chen Edge and Line Detection

A 3 x 3 subimageb of animagea may be thoughtof as a vectorin R?, For
example,the subimageshownin Figure 3.8.1 hasvector representation

bo
by
b=|.
bs
The mathematicabtructureof the vectorspaceR® carriesoverto the vectorspaceof 3 x 3
subimagesn the obvious way.

b, | by | b,
b= bs | by | by
bs | by | by

Figure 3.8.1. A 3 x 3 subimage.

Let V' denotethe vector spaceof 3 x 3 subimages.An orthogonalbasisfor V,
By, thatis usedfor the Frei-Chenmethodis the oneshownin Figure 3.8.2. The subspace
E of V thatis spannedy the subimages;, va, v3, andvy is calledthe edgesubspacef
V. The Frei-Chenedgedetectionmethodbasesdts determinatiorof edgepointson the size
of the anglebetweenthe subimageb andits projectionon the edgesubspacgl1, 12, 13].

The anglefr betweenb andits projectionon the edgesubspaces given by

4 3
5" (vi e b)?

0 = cos™! 2:917

S (vieb)?

i=1

Thee operatoiin the formulaaboveis the familiar dot (or scalar)productdefinedfor vector
spaces.The dot productof b,c € V is given by

8
b.C:sz‘C,‘.
=0

Small valuesof 0 imply a betterfit betweenb andthe edgesubspace.

For eachpoint (z,y) in the sourceimagea, the Frei-Chenalgorithm for edge
detectioncalculatesthe angle g betweenthe projectionof the 3 x 3 subimagecentered
at (z,y) andthe edgesubspacef V. The smallerthe valueof 6 at (z, y) is, the better
edgepoint (z, y) is deemedo be. After 6 is calculatedfor eachimagepoint, a threshold
T is appliedto selectpoints for which 0 < 7.

Figure3.8.3showstheresultsof applyingthe Frei-Chenedgedetectionalgorithm
to a sourceimageof variety of peppers.Thresholdsvere appliedfor anglesfg of 18, 19,
20, 21, and 22°.
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Figure 3.8.2. The basis®By usedfor Frei-Chenfeaturedetection.
Equivalentresultscan be obtainedby thresholdingbasedon the statistic
4 2
2. (v() e b)
i=1

beb '
which is easierto compute.In this case,a larger valueindicatesa strongeredgepoint.

The Frei-Chenmethodcan also be usedto detectlines. Subimagesvs, vg, v7,
and vg form the basisof the line subspaceof V. The Frei-Chenedgedetectionmethod
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Original LlSo

Figure 3.8.3. Edge detectionusing the Frei-Chenmethod.

basesits determinationof lines on the size of the angle betweenthe subimageb andits
projectionon the line subspaceThresholdingfor line detectionis doneusingthe statistic

,:is(v(z‘) ob)?

beb

Larger valuesindicate strongerline points.

Image Algebra Formulation

Leta € RX be the sourceimageandlet v (i), denotethe parameterizetemplate
whosevaluesare definedby the imagev; of Figure 3.8.2. The centercell of the image
v; is takento be the location of y for the template. For a given thresholdlevel 7, the
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Frei-Chenedgeimagee is given by

4 oy 2
_; (a®v(i))
CTer| T
The Frei-Chenline imagel is given by
8
;(a ®v(i)”
B T o)

3.9. Kirsch Edge Detector

The Kirsch edgedetector[14] applieseight masksat eachpoint of animagein
orderto determinean edgegradientdirection and magnitude. Let a € RX be the source
image. For each(:, j) we denoteay, a1, ..., a7 aspixel valuesof the eight neighborsof
(,7) enumeratedn the counterclockwisedirection as follows:

Theimagem € R* thatrepresentshe magnitudeof the edgegradientis givenby
m(7, j) = maz{l, maz{|bsy — 3tx| : k=0,...,7}},

wheresy, = ar + ar41 + ap42 andty = arss + agya + - - + apy7. The subscriptsare
evaluatedmodulo 8. Furtherdetails aboutthis methodof directionaledgedetectionare
givenin [11, 8, 1, 14, 4].

Theimaged € {0, 1,...,7}* thatrepresentshe gradientdirectionis definedby
d(¢, j) :=d, where |5sq — 3t4] 5 Sn]zag ; {|5sk — 3t}

Theimaged -45° canbeusedif it is desirableto expresgradientanglein degreemeasure.

Figure3.9.1showsthe magnitudeémagethatresultsfrom applyingthe Kirsch edgedetector
to the motorcycleimage.

Figure 3.9.1. Kirsch edgedetectorappliedto the motorcycleimage.
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Image Algebra Formulation

LetM = {-1,0,1}x{—1,0, 1} denotetheMooreneighborhoodibouttheorigin,
and M’ = M\{(0,0)} denotethe deletedMoore neighborhood.

Let f be the function that specifiesthe counterclockwiseenumeratiorof M’ as
shownbelow. Note that fe ZQ”I' andfor each8-neighborx of a point (4, j), the point x’
definedby x’ = x — (7, ) is a memberof M’.

3 2 1
f=1] 4 0
5 6 7

Foreachk € {0,1,...,7}, we definet(k) asfollows:
5 ifx' € M'and f(x')+ k mod 8 <2
t(k); ;(x) = { -3 ifx' e M'and f(x') + k mod 8 > 2
0 otherwise.
Thus, t can be pictorially representeds follows:

3| 5| 5 3| -3| 5 3| -3|-3 3| -3|-3
t(0) = | -3 5| t@1)=|-3 5(t@=]|-3 5| t@)=]|-3 -3
3| -3|-3 3| -3| 5 3| 5| 5 5| 5| 5
3| -3|-3 5|-3|-3 5| 5] -3 5| 5| 5
t4)=| 5 3| tB)=| 5 3| t6)=| 5 3| 7n=|-3 -3
5| 5] -3 5|-3|-3 3| -3|-3 3| -3|-3

For the sourceimagea € RX let by, := | a@t(k)|. The Kirsch edgemagnitude
imagem is given by

m ;:1\/(16\:/0bk).

The gradientdirection imaged is given by

7
d:= (/\ (k+1) -ka(ln)> 1.
k=0

In actualimplementationthe algorithmfor computingthe imagem will probablyinvolve
the loop

m:=1
for k in 0..7 loop
m:=mV |a@t(k) |
end loop.
A similar loop amgumentcan be usedto constructthe directionimaged.
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3.10. Directional Edge Detection

The directionaledgedetectoris an edgedetectiontechniquebasedon the use of
directionalderivatives[15, 16]. It identifies pixels as possibleedgeelementsand assigns
one of n directionsto them. This is accomplishedoy convolving the image with a set
of & edgemasks. Eachmaskhastwo directionsassociatedvith it. A pixel is assigned
the direction associatedvith the largestmagnitudeobtainedby the convolutions.Suppose
that the convolutionwith the ith maskyielded the largestmagnitude. If the resultof the
convolutionis positive,thenthe directiond; is assignedptherwise the directionf; + 180
(modulo 360) is assigned.

For a given source image a € RX, let a; = a*m,;, where m;, mj,
., m(y/2)_; denotethe edgemasksand * denotesconvolution. The edge magnitude
imagem € R¥ is given by

m(x) = - maz la;(x)] .

Let 0, be the direction associatedvith the maskm;. Supposehatm(x) = |as(x)|. The
directionimaged € RX is given by

d(x) = (0x + x<o(ag(x)) - 180) mod 360.

As anillustration, the directionaledgetechniqueis appliedto the infraredimage
of a causewayacrossa bay asshownin Figure3.10.1. The six masksof Figure3.10.2are
usedto determineoneof twelve directions,0°, 30°, 60°, .. ., or 330°, to beassignedo each
point of the sourceimage. The resultof applyingthe directionaledgedetectionalgorithm
is seenin Figure 3.10.3. In the figure, directionsare presentedas tangentvectorsto the
edgeratherthan gradientvectors(the tangentto the edgeis orthogonalto the gradient).
With this representationthe bridge and causewaycan be characterizedy two bandsof
vectors. The vectorsin onebandrun alonga line in onedirection, while thosein the other
bandrun along a line in the oppositedirection.

The edgeimagerepresentations differentfrom the sourceimagerepresentation
in thatit is a plot of a vectorfield. The edgemagnitudeémagewasthresholdedseeSection
4.2), and vectorswere attachedto the pointsthat survivedthe thresholdingprocess.The
vectorat eachpoint haslength proportionalto the edgemagnitudeat the point, and points
in the direction of the edge.

Figure 3.10.1. Sourceimage of causewaywith bridge.
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Figure 3.10.2. Edgemaskwith their associatedlirections.

Image Algebra Formulation

Let ac R* be the sourceimage. For: € {0,1,---, 2 — 1}, let

a; :=(0,i) + f(aPm,),

where f(r) is definedas

1) = (Irl 5 - x<olr)).

The resultimageb is given by

21
b:= (v|1)i2:D a;.
Note that the resultb containsat eachpoint both the maximal edgemagnitude
andthe directionassociatedvith that magnitude.As formulatedabove,integers0 through
n — 1 to representhe n directions.

Comments and Observations

Trying to include the edgedirection information in Figure 3.10.3 0n one page
hasresultedin a rather“busy” display. However,edgedirectioninformationis oftenvery
useful. For example,the adjacentparallel edgesin Figure 3.10.3 that run in opposite
directionsare characteristioof bridge-like structures.

The major problemwith the displayof Figure3.10.3is that, evenafterthreshold-
ing, thick (morethanone pixel wide) edgesremain. The thinning edgedirectiontechnique
of Section5.7 is one remedyto this problem. It usesedgemagnitudeand edgedirection
information to reduceedgesto one pixel wide thickness.

One othercommenton directionaledgedetectiontechniqueconcernghe size of
the edgemasks. Selectingan appropriatesize for the edgemaskis important. The useof
larger masksallows a larger rangeof edgedirections. Also, larger masksarelesssensitive
to noisethansmallermasks. Thedisadvantagef larger masksis thattheyarelesssensitive
to detail. The choice of masksize is applicationdependent.
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Figure 3.10.3. Edge points with their associatedlirections.

3.11. Product of the Differenceof Averages

If theneighborhoodsverwhich differencingtakesplacearesmall,edgedetectors
basedon discretedifferencingwill be sensitiveto noise. However,the ability to precisely
locatean edgesuffersasthe sizeof the neighborhoodisedfor differencingincreasedn size.
The product of the differencesof averagestechnique[17] integratesboth large and small
differencingneighborhoodsnto its schemeto producean edgedetectorthat is insensitive
to noise and that allows preciselocation of edges.
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We first restrict our attentionto the detectionof horizontaledges. Let ac RX,
whereX = 7,, x Z,,, bethe sourceimage.For k € K C Z* definetheimagev;, by

1
vi(z1, 22) = E|a(731 +k—1z)+a(zi+k—2,22)+ -+ a(z,22)
—a(z1 — 1,z0) —a(zy —2,22) — - - — a(z; — k, z2)|.

The product
V(l’l, 902) = V1(»’C1, 1’2) 'V2($1, 1’2) ' V3($1,»’C2) vp(xlny)

will be large only if eachof its factorsis large. The averagingthat takesplaceover the
large neighborhoodsnakesthe factorswith large k lesslikely to pick up false edgesdue
to noise. The factorsfrom large neighborhoodgontributeto the productby cancellingout
false edgereadingsthat may be picked up by the factorswith smallk. As (z1, z2) moves
farther from an edgepoint, the factorswith small £ get smaller. Thus, the factorsin the
productfor small neighborhoodserveto pinpoint the edgepoint’s location.

The aboveschemecanbe extendedo two dimensiondy defininganotherimage
h to be

h(zi,z2) =hi(z1,22) ho(z1, 22) - ha(z1,22) - hy(z1, 22),

where

1
hk(.’El,ZC2) = E|a(.’[‘1,$2+k’* 1)+a($1,$2+k - 2)+ ---+a(m1,x2)
—a(zy,zy— 1) —a(zy, 22 —2) — - — a(xy, z2 — k)|

The imageh is sensitiveto vertical edges. To producean edgedetectorthat is sensitive
to both vertical and horizontal edges,one can simply take the maximumof h andv at
eachpoint in X.

Figure 3.11.1 comparesthe results of applying discrete differencing and the
productof the differenceof averagegechniques. The sourceimage (labeled90/10) in
the top left cornerof the figure is of a circular region whose pixel valueshave a 90%
probability of beingwhite againsta backgroundvhosepixel valueshavea 10% probability
of beingwhite. The correspondingegionsof the imagein the upperright corner have
probabilitiesof white pixels equalto 70% and 30%. The centerimagesshow the result
of taking the maximumfrom discretedifferencingalonghorizontaland vertical directions.
The imagesat the bottom of the figure show the resultsof the productof the difference
of averagealgorithm. Specifically,the figure’s edgeenhancedmagee producedby using
the productof the differenceof averagess given by

e(z1, x2) = max{hy(z1,z2) - ho(z1, 22) - ha(z1, z2) - hs(21, 22) - hig(z1, 22),

Vl(l“l, $2) 'V2($1, $2) : V4($1,ﬂ?2) ' Vs(iﬂl, 162) ' V16($1,ﬂ?2)}-

Image Algebra Formulation

Let ac RX be the sourceimage. Define the parameterizedemplatesh (k) and
v(k) to be

1 ifx=(y,yp+i)andi=0,1,2,... k-1
h(k)y(x): -1 ifx=(y1,y2—t)andi =12 ...,k
0 otherwise
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90/10 Source image 70/30 Source image

Discrete differencing Discrete differencing
applied to 90/10 source applied to 70/30 source
image image

Product of the difference Product of the difference
of averages applied to of averages applied to
90/10 source image 70/30 source image

Figure 3.11.1. The productof the differenceof averages
edgedetectionmethodvs. discretedifferencing.

and
1 ifx=(y+iy)andi=0,1,2,..., k-1

v(k),(x)=¢ -1 ifx=(y—4yp)andi=12,... k
0 otherwise,

where(y;, y2) = y. Theedgeenhancedmagee producedby the productof the difference
of averageslgorithmis given by the image algebrastatement

e_(Hk |(a @h(k )\/(H,c (a@®v( ))I)

keK keK

The templatesusedin the formulation aboveare designedto be sensitiveto vertical and
horizontal edges.

3.12. Canny Edge Detection

The methodof edgedetectiondescribedby JohnCannyin 1986 [18] hasbeen
extremelyinfluential. Numerousmplementation®f edgedetectordasedon Canny’sideas
have beendeveloped.Somewritten works give the misimpressiorthat Cannydeveloped
a single optimal edge detector. In fact, Canny describeda method of generatingedge
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detectorausing an optimizationapproachand showedhow to usethe techniqueto generate
a robustdetectorfor stepedges.This sectionpresentdhe methodof Cannyanddiscusses
someissuesassociatedvith its implementation.

Canny’sstartingpointis to notethatthethreemostimportantperformanceriteria
for an edgedetectorare that it shouldi) provide good detectionwith high probability of
reportingan edgewherethereis an edgeandlow probability of reportwherethereis no
edge;ii) provide good localization that is, the points markedas edge points should be
closeto the actuallocation of the edge;andiii) respondonly onceto a single edge(in
a one-dimensionakignal).

In looking at criteriai) andii), Cannynotesthat an uncertaintyprinciple relates
them. Improvingthe detectiorof afilter—asmeasuredy signal-to-noiseatio (SNR)—uwiill
reduceits localization. Conversely,improving the localizationof a detectorwill hurt its
detectionprobability. Cannyshowshow to developa linear filter that will optimize the
productof SNR and localizationin responseo a step edgein an image with Gaussian
additivenoise. Thefilter that optimizesthis productis the edgeitself (unsurprisingly).This
filter doesnot, however,performwell with respecto the third criterion (which wasto have
only a singleresponsdo a single edge)in the presenceof noise. Cannyusedconstrained
optimizationto solve the problemof finding a detectorfor stepedgesthat satisfiescriteria
i) andii) underthe constraintof yielding a single response After solving the constrained
optimizationproblem,Cannynotesthat the optimal filter canbe approximatecdy the first
derivativeof the Gaussiarwith only a 20% reductionin performanceon criteriai) andii),
anda 10% performanceeductionin the singleresponsaneasure He further notesthatthe
derivative of the Gaussianis identical to a one-dimensionaMarr-Hildreth edge detector
describedin Section 3.14.

When finding edgesin a two or higher dimensionalimage, one must employ
somemechanisnto find directionaledges.Cannyrejectsthe techniqueof samplingedges
in orthogonaldirectionsand using gradientto determinethe correct orientationon the
groundsthatthe uncertaintyin the edgedirectionandthe responsef thefilter will degrade
the result. He notesthat by usingsix different operatordirections,the error in orientation
of the bestmatchingdirectionalfilter will be 15 degreesand that the operatoroutputwill
fall to about85% of its maximumvalue. Cannyfinds this magnitudeof error acceptable.

After filtering edgesCannyappliesa thresholdingoperationwith hysteresisThis
techniqueis employedto attemptto reducethe impactof noisein the edgeimageon the
final result. Any point abovea high threshold(a primary point) is markedin the result
image,asis any groupof points connectedo a primary point, lying on the samecontour,
and having valuesabovea lower threshold.

Image Algebra Formulation

Let a € RX be the sourceimagewhoseedgesareto be mapped.

Selectseparatedaussiariiltering templates; ands, usinganappropriatechoice
for ¢. Thesewill be usedto generatea smoothedversionof the sourceimage.

Find a sequencef directionalderivativetemplatesy, . . . t,_1 usingthe method
describedin Section11.5. (Cannychosen = 6.) Thesewill be usedto calculateedge
magnitude.

Using a methodsimilar to that for constructingdirectional derivative templates,
construct2n radial spoketemplatesr, ..., rs,_1. Let

1 ifxy=0andxs >0
a(x1,x2) = {0 otherwise
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andlet f; be the rotation function for ¢ correspondingdo direction:, asdefinedin Section
11.5. Templates:; andr,; areorientednormalto theedgerespondingvith greatesintensity
to templatet;. Thenlet eachtemplater;; oy = ajo f. Thesewill be usedto find the local
maximain the edge magnitudeimage.

Let t,. representhe cumulativehistogramtemplatedefinedin Section10.11.

Using a methodsimilar to that usedto constructtemplatest; andr;, construct
n connectorneighborhoodsVy, ..., N,_; eachcontainingthose points lying along the
edgedirection at the target point. Thesewill be usedto find low-thresholdedge points
connectedo identified edge points.

The Cannyedgedetectionalgorithmis describedn imagealgebraas follows:

b := (a@Ps1) Ps»
0

e

d=-1

foriin0 .. n loop
e; = |b@t2|
d:=dVi xselei)
e =eVe;

end loop

foriin0 ..n — 1 loop

c:=c V xzd A X5 (e @r.)® A X5 (e @risa)®

end loop
h, = Xt.(e)
Tiow = h’(0.4)
Thigh ‘= h’(0.8)
Clow ‘= CA X>eTlow
Cnew = CA X>eThigh
loop
C = Cnew

foriin0..n—1 loop
Cnew ‘= Cnew Y Clow N (C A X:Zd) @Nl
exit when ¢ = Cpew
end loop
end loop.

Comments and Observations

Figures 3.12.1 through 3.12.4 show the results of applying the Canny edge
detectorwith ¢ = 1.5 to the motorcycleimage. Note the edgepoints addedby hysteresis
thresholding(Figure 3.12.3). Productionof theseextra edgepointsis a relatively time-
consumingprocessbut importantin preservingcontours.
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Figure 3.12.1. Sourcelmage (left) with Gaussiarsmoothingapplied(right).

Figure 3.12.2. Edgemaxima (left) and high thresholdedgepoints (right).

Figure 3.12.3. Low thresholdpoints (left) and
points addedby hysteresishresholding(right).

Figure 3.12.4. Canny edgeimage.

Although Canny’sdetectorcalculatedirst derivativeedgemagnitudesits attenu-
ationof locally non-maximalkedgepointsmakesit essentiallya secondderivativetechnique.
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Thus, it bearscloserresemblanceo the Marr-Hildreth detector(Section3.14) thanany of
the first derivative techniquespresentechere. In comparingthe final resultto the Marr-
Hildreth edge detector,we seethat Canny’s detectoryields what seemto be the most
intuitively importantedges.But this is providedat the expenseof usingarbitrarythreshold
settingsand a rathertime-consuminghysteresighresholdingoperation.

3.13. Crack Edge Detection

Crackedgedetectiontechniquesomprisethe family of algorithmsthat associate
edgevalueswith the pointslying betweenneighboringimagepixels [19]. More precisely,
if one considersa 2-dimensionaimagewith 4-neighborconnectivity,eachspatiallocation
lying exactly betweentwo horizontally or vertically neighboringpixels correspondgo a
crack. Eachsuchpoint is assignedan edgevalue. The namecrack edgestemsfrom the
view of pixels as squareregionswith cracksin betweenthem.

Any of the edgedetectionmethodspresentedn this chaptercan be converted
into a crackedgedetector.Below, we considerthe particularcaseof discretedifferencing.

For a given sourceimagea € RX, pixel edgehorizontaldifferencingwill yield
animageb € R¥ suchthatb(i,j) = a(é,j) —a(i,j + 1) for all (7, j) € X. Thus,if there
is a changein value from point (, j) to point (7, j 4+ 1), the differencein thosevaluesis
associatedvith point (¢, ).

The horizontal crack edge differencingtechnique,given a € RX, will yield a
resultimageb € RW whereW = {(i,r): (i, — 1), (i,r + 3) € X}, thatis, b’s point
setcorrespondgo the cracksthat lie betweenhorizontally neighboringpointsin X. The
valuesof b are given by

b(i,r) = a(s, [r]) —a(i, [r]).

One can computethe vertical differencesas well, and store both horizontal and vertical
differencesin a single image with scalaredgevalues. (This cannotbe done using pixel
edgessince eachpixel is associatedvith both a horizontal and vertical edge.) That is,
given a € R¥, we can computeb € RY where

1 1 1 1
Y = {(yl)yQ) . (ylny_ ;)a (yl)y2+ ;)a (yl - ;;y2>7 or (3/1 +;;y2> EX}

and

b(i,r) = a(l4], [r]) —a([i], [r]).

Image Algebra Formulation

Given sourceimage a € R¥, define spatialfunctions f,, f», fs, f» on R* as
follows:

filer,z) = (21,024 2)
folay,@2) = (21,22 - é)
filwr, @) = (214 2, 0)
filey, @) = (21 - éx'z)

Next constructthe point set

Y = (f1(X) N f2(X)) U (f3(X) N f1(X)),
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and definet € (RX)¥ by
L if (21, 22) = ([w1], [v2])
t(yl,yz)(l’l’@) = { =1 if (z1,22) = ([p1], [y2])

0 otherwise.
For a point with integralfirst coordinatet can be picturedas follows:

1 -1

andfor a point with integral secondcoordinate t canbe picturedas

-1

The crack edgeimageb € RY is given by
b :=a@t.

Alternate Image Algebra Formulation

Someimplementation®f imagealgebrawill not permitoneto specifypointswith
non-integralcoordinatesasarerequiredabove. In thosecasesseveraldifferenttechniques
can be usedto representhe crack edgesas images. One may want to map each point
(y1,y2) in Y to the point (2y1,2y2). In sucha case,the domain of the crack edge
imagedoesnot covera rectangulaisubsetof Z2, all pointsinvolving two odd or two even
coordinatesare missing.

Another techniquethat can be usedto transformthe set of crack edgesonto a
lesssparsesubsebf Z? is to employa spatialtransformatiorthatwill rotatethe crackedge
pointsby angler /4 andshift andscaleappropriatelyto mapthemonto pointswith integral
coordinates.The transformationf : X — Z definedby

1 1
flyi, y2) = (yl oty ont ;) V(y1,92) €Y

_ 21—z29+1 21+ 2
f 1(21322):(1 22 ’ 12 2> v(zlaz2)ez

is just sucha function. The effect of applying f to a setof edgepointsis shownin Figure
3.13.1 below.

Horizontal Neighborhood

N\

Figure 3.13.1. The effect of applying f to a setof edgepoints.
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Comments and Observations

Crack edge finding can be usedto find edgesusing a variety of underlying
techniques. The primary benefitit providesis the ability to detectedgesof featuresof
single pixel width.

Representationf crackedgesequiresoneto constructimagesover pointsetsghat
are either sparse rotated,or containfractional coordinates.Suchimagesmay be difficult
to representefficiently.

3.14. Marr-Hildr eth Edge Detection

TheMarr-Hildreth edgedetectionapproact{20] is motivatedby biological studies
of mammalianvision systems. Marr and Hildreth proposeda methodthat dealswith an
image separatelyat different resolutions,eachresolution’sedgemap being generatedy
finding the zerocrossingsn a secondderivativeoperator. The methodfor eachresolution
can be describedsuccinctly as follows:

(a) Convolvethe sourceimagewith a two-dimensionalGaussian.
(b) Calculatethe Laplacianof the resultingimage.

(c) Find the zero-crossing®f that image.

Marr notesthat the zero-crossingsnay be detectedeconomicallyat eachgiven scaleby
searchingfor the zero valuesin the resultingimage, however,searchingfor zero values
will not generallyyield connecteccontours. We discussseveralalternateand more robust
methodsby which zero-crossinggan be found.

Image Algebra Formulation

Let a € RX be the sourceimage,andlet t, € (IRX)X be a Gaussiarsmooth-
ing templatewith varianceo?, constructedas describedin Section2.6. We can con-
struct a template to calculate the Laplacian by adding togethertwo orthogonal one-
dimensionalsecondderivative templates. A discrete,partial secondderivative template
can be constructedby calculatingthe first differencesto the left and right of a point z,
namelyf(”‘)_'gj‘_“) and f(”‘)‘fa(af“m) , thentaking the first differenceof thesetwo,
fertde)=f(er) _ flz)=fea-Ar) _ fleatde)-2f(@)+/(e1-A) Letting Az = 1 leads

Ar Ar Az
us to a templateof the following form:

1121

The Laplacianis formed by addingthe partial derivativeswith respecto both z
andy. Using the fact thata @t; + a@t, = a@(t; + t2), we note that the Laplacian
of an imagea is given by

b=a®t
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where t hasthe form:

The finding of zero-crossingss a matterthat is rarely discussedn any detail in
connectionwith Laplacianof Gaussiartechniquesuchasthe Marr-Hildreth edgedetector,
however,it is not a trivial task. Huertasand Medioni [21] presenta relatively complicated
method of deriving zero-crossingsccurateto the subpixel level. The marching cubes
algorithm of Lorensen[22], which was developedto find surfacesof constantdensityin
three-dimensionaimedical data, has been recastas the marching squaresalgorithm for
applicationto two-dimensionalmages.Any techniquethat canbe usedto find isoelevation
linesin digital elevationmapscanbe employedto find zero-crossings.

We presentamorphologicakechniquéor identifying zero-crossingsWhile notas
accurateasthe othermethoddiscussedthis techniquds perfectlyreasonabléor generating
an edgemap for shape-basedecognitiontasks.

Note thatto identify zero-crossingsywe mustdistinguishthe boundariedbetween
regionsof negativevaluesandthoseof positivevalues.Let M bethe Moore neighborhood.
We can find the positive region image

¢ = x>ob
then calculateits outer boundary
di =c1 @M A cf.
We can also find the negativeregions
cy = X<ob
and calculateits inner boundary
ds =ca2 A c; QM.
The conjunctionof thesetwo boundaryimages,
d=d,vd,
is animagethat hasa nonzeropixel neighboringevery crossingfrom positive-to-negative,

positive-to-zero,or negative-to-zero.

Comments and Observations

Figures 3.14.1 through 3.14.2 show the application of the Marr-Hildreth edge
detectorto the motorcycleimage at severalscales.
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Figure 3.14.1. Laplacianof Gaussiarwith ¢ =2 (left) and zero-crossinggright).

Figure 3.14.2. Laplacianof Gaussiarwith ¢ =4 (left) and zero-crossinggright).

Figure 3.14.3. Laplacianof Gaussiarwith ¢ =8 (left) and zero-crossinggright).

The complexity of the imagesconstructedwith smallervaluesof ¢ is striking.
Like the local maximumimage of the Cannydetector,thereare numerousedgesthat are
not readily apparentto the humanobserver.

One canusea first-derivativeedgedetectorto conditionthe resultsof the Marr-
Hildreth algorithm, providing a more Canny-like edge image without the carrying out
the hysteresighresholdingtechnique. If we perform Sobel edge detection(Section 3.6)
on the Gaussiansmoothedimage and remove any zero-crossingwith lessthan median
edgestrengththen we get the resultsshownin Figure 3.14.4. This simple techniqueis
significantly less complexthan Canny'’s hysteresishresholdingyet yields similar, if not
superior, qualitative results.
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Figure 3.14.4. Zero-crossingmageswith low Sobeledge
strengthpoints removedfor ¢ =2 (left) and ¢ =4 (right).

3.15. Local Edge Detectionin Three-Dimensionallmages

This techniquedetectssurfaceelementsn three-dimensionatiata. It consistsof
approximatingthe surfacenormal vector at a point and thresholdingthe magnitudeof the
normalvector. In three-dimensionatlata,boundarief objectsare surfacesandthe image
gradientis the local surfacenormal [11, 23, 24].

Forw = (z,y,2), let [|w|| = /(22 + y? + 22), and defineg; (w) = z/||w]|,
g2(w) = y/llwll, and gs(w) = z/[lw]| .

Supposea denotesthe sourceimage and

—1
M(wo):{(a:ozlzi,yo:tj,zo:tk) L 0<i k< m2 }

denotesa three-dimensionaln x m x m neighborhoodaboutthe point wo = (0, yo, 20).
The componentf the surfacenormal vector of the point w, are given by

n; = Z a(w) g;(w—wp), =123
wEM(wqo)

Thus, the surfacenormal vector of wy is
n(wo) = (n1,n2, n3).
The edgeimagee for a given thresholdTj is given by

e(w) = { Wl (W)l 2 To
0 otherwise.

Image Algebra Formulation

Let a € RX bethe sourceimage. The edgeimagee is definedas

e_nn(¢w®af+w@&f+m@mf)
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where g; w,(w) = gi(w —wyp) if we M(wy). For example, consider M (w;) a
3 x 3 x 3 domain. The figure below (Figure 3.15.1)showsthe domainof the g;’s.

Figure 3.15.1. lllustration of a three-dimensionat x 3 x 3 neighborhood.

Fixing z to havevalue z;, we obtain

0 0 0
G {x¥2)= | 0 [0 ] o
0 0 0

Fixing z to havevalue z; + 1, we obtain

g3W0( va'%+1 ):

oS i 5y
P
rarana

Fixing z to havevalue z; — 1, we obtain

I3

o XY:% L ) -

-l
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AN

w ‘

Comments and Observations

The derivation usesa continuousmodel and the method minimizes the mean-
squareerror with an ideal step edge.
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3.16. Hierarchical Edge Detection

In this edge detectionscheme,a pyramid structureis developedand usedto
detectedges.Theideais to consolidateneighborhoodsf certainpixelsinto one pixel with
a value obtainedby measuringsomelocal featuresthus forming a new image. The new
imagewill havelower resolutionand fewer pixels. This procedures iteratedto obtain a
pyramidof images.To detectan edge,oneappliesa local edgeoperatorto anintermediate
resolutionimage. If the magnitudeof the responseexceedsa given thresholdat a pixel
then one proceeddo the next higher resolutionlevel and appliesthe edgeoperatorto all
the correspondingpixels in that level. The procedureis repeateduntil the sourceimage
resolutionlevel is reached[25, 11].

Fork € {0,1,...,[—1}, let a; € RX+ denotethe imagesin a pyramid, where
X = {(i,j) : 0<1i,j <2¥—1}. The sourceimageis a;_;€ R*-*. Givena,_y, one
canconstructag, . ..,a;_, in the following manner:

ar(i,j) = 7lakt1(26,2) + aker (20 + 1, 2)) + a1 (26,27 + 1) + a (204 1,27 + 1))

The algorithm startsat someintermediatdevel, &, in the pyramid. This level is typically
chosento be k = [Z].

Theimageb, € R¥+ containingboundarypixels at level k& is formed by
b(i,j) = lar(i,j — 1) —ap(i,j + 1)| + |ag(i + 1, ) —ag(i — 1, j)]

for all (¢,5) € X.

If, for somegiven thresholdT’, b.(i,j) > T, then apply the boundarypixel
formation techniqueat points (2:,2j), (2: + 1,2j),(2¢,2j + 1),(2: 4+ 1,25 + 1) in level
k+ 1. All otherpointsatlevel k + 1 areassignedsalue(. Boundaryformationis repeated
until level [ — 1 is reached.

Image Algebra Formulation

For any non-negative integer &, let X, denote the set
{(G,7) : 0<i,j<2F-1}. Given a source image a;_;€ RX~-: construct a
pyramid of imagesa; € R¥* for k € {0,1,...,{ — 2} asfollows:
1
a; = Zak_l_l Ps,
where
50 1) (X) = 1 if x € {(2¢,25),(2i+1,2j),(2i,25+1), (2i+1,25+1)}
(8.) 0 otherwise.
For k = (%’] constructthe boundaryimagesby, . . ., b;_; usingthe statement:
b = abs(a, @ty) + abs(a, Pt,),
where
1
tl: 1 -1 t2:
-1
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To constructthe boundaryimagesat level m wherek < m <1 — 1, first define
Y, := domain(bpy,_1||>7).
Nextlet g : X,,_; — 2%~ be definedby
g(i,7) = {(2i,24), (2 + 1,27), (26,25 + 1), (20 + 1,25 + 1)}
andg : 2%Xm=-1 — 2%~ pe definedby

gWy=J g(i,j), for WcX,_y.
(1,9)eEW

The effect of this mappingis shownin Figure 3.16.1.

i A=\

]

(i) a(w)

Figure3.16.1. lllustration of the effect of the pyramidalmapg : 2¥m=-1 — 2%Xm,

The boundaryimageb,,, is computedby

b,, = [(abs(am ®t1) + abs(a, @tg))b(ym)] |9,

whereO denotesthe zero image on the point setX,, .

Alternate Image Algebra Formulation

The aboveimage algebraformulation gives rise to a massivelyparallel process
operatingat eachpoint in the pyramid. One canrestrictthe operatorto only thosepoints
in levelsm > k wherethe boundarythresholdis satisfiedas describedbelow.

Let gl(l)]) = {(Z,]), (Z - l)j)) (Z + laj)a (Z,] - 1)) (Z,]+ 1)} ThIS mapsa
point (4, j) into its von NeumannneighborhoodLet §; : 2%¥» — 2%X= be definedby

Gg1(W) = U g1(i,5), for W C 2%m,
(i.J)EW

Notethatin contrastto the functionsg andg, ¢; andg; arefunctionsdefinedon the same
pyramid level. We now computeb,, by

b = [(abs (aml, (50v,)) Dt1) + abs(amlg,(50v..)) Dt2)) lscv.)]1°
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Comments and Observations

This techniqueignoresedgesthat appearat high-resolutionlevels which do not
appearat lower resolutions.

The method of obtaining intermediate-resolutioimagescould easily blur, or
wipe out edgesat high resolutions.

3.17. Edge Detection Using K-Forms

The K-forms technigueencodeghe local intensity differenceinformation of an
image. The codesarenumbersexpresseeitherin ternaryor decimalform. Local intensity
differencesarecalculatedandarelabeledo, 1, or 2 dependingn thevalueof thedifference.
The K-form is a linear function of theselabels,where % denotesthe neighborhoodsize.
The specificformulation, first describedn Kaced[26], is asfollows.

Let ap beapixel valueandlet aq, ..., ag be the pixel valuesof the 8-neighbors
of ay representegictorially as

Set

€ = a; — Qo
forall I € {1, ..,8} andfor somepositivethresholdnumberT" definep : R — {0, 1,2} as

0 ifr<—T
p(r)—{l if |r| < T
2 ifr>T.

SomecommonK-form neighborhoodsre picturedin Figure 3.17.1. We usethe notation
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vertical horizontal horizontal vertical

O |0
@ reference pixel
O o
O neighboring pixel
o [o
normal oblique

Figure 3.17.1. CommonK-forms in a 3 x 3 window.

f;¢ to denotethe K-form with representation baseb, having a neighborhoodtontaining
n pixel neighborsof the referencepixel, andhavingorientationcharacterizedby the roman
letter c. Thusthe horizontaldecimal2-form shownin Figure3.17.1is denotedfZ", having
basel0, 2 neighbors,and horizontalshape. Its valueis given by

70 (a0) = 3p(es) + p(er)-

Thevalueof £} is asingle-digitdecimalnumberencodingthe topographicatharacteristics
of the point in question. Figure 3.17.2graphically representgachof the possiblevalues
for the horizontal2-form showinga pixel andthe orientationof the surfaceto left andright
of that pixel. (The pixel is representedby a large dot, andthe surfaceorientationon either
sideis shownby the orientationof the line segmentgo the left andright of the dot.)
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Figure 3.17.2. The nine horizontal 2-forms and their meaning.

horizontal ¢ f topographical

2-form 3 10 analogy
S 00 0 north-south ridge
= 01 1 west plateau edge
rs 02 2 western slope

- 10 3 east plateau edge
-@— 11 4 plain or plateau

& 12 5 foot of western slope
. 20 6 eastern slope
ks 21 7 foot of eastern slope
K 22 8 north-south valley

The vertical decimal 2-form is definedto be

The ternary K-forms assigna ternary numberto eachtopographicalconfiguration. The
ternary horizontal 2-form is given by

and the ternary normal 4-form is
f4 = 1000p(e7) + 100p(es) + 10p(es) + pler) = 100 2% + f2.

Note that the multiplicative constantsare representedbase3, thus theseexpressiongorm

2v
10

(a0) = 3p(er) + ples).

f3"(a0) = 10p(es) + p(er),

the ternarynumberyielded by concatenatinghe resultsof applicationof p.
The valuesof other forms are calculatedin a similar manner.

Three different ways of using the decimal 2-forms to constructa binary edge

image are the following:

(@) An edgein relief is associatedvith any pixel whoseK-form valueis 0, 1,

or 3.

(b) An edgein depthis associatedvith any pixel whoseK-form valueis 5, 7,

or 8.

(c) An edgeby gradientthresholdis associatedvith a pixel whoseK-form is

not O, 4, or 8.
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Image Algebra Formulation

Let a € R* be the sourceimage. We can computeimagese; € RX for
[ € {1,...,8}, representingthe fundamentaledge imagesfrom which the K-forms are
computed,as follows:

e = a@t(l),
wherethe t(/) € (RX)™ are definedas shownin Figure 3.17.3.
1 1 1
tw= -1 1 t@2) 5 -1 t@) = -1 t(4) = 1
tG) = 1 [ -1 t(6) = 1 t7) = -1 t(@8) = -1
1 1 1

Figure 3.17.3. K-form fundamentaledgetemplates.

Thus, for example,t(1) is definedby

L. -1 if (I’y):(laj)
t(l)(x,y)(l’-j) = { 1 if (:L‘,y) = (Z’J + 1)

0 otherwise.

Let the function p be definedas in the mathematicafformulation above. The
decimal horizontal 2-form is definedby

70 =3 p(es) + pler).

Other K-forms are computedin a similar manner.
Edgein relief is computedas

' = X{0,1,3} (fféh>
Edgein depthis computedas
d:= X{57,8} (f%l)

Edgein thresholdis computedas

h:= X{1,2,3,5,6,7} (flzt?)

Comments and Observations

The K-forms techniquecapturesthe qualitative notion of topographicakhanges
in an image surface.

The useof K-forms requiresmore computationthan gradientformationto yield
the sameinformation as multiple forms mustbe computedto extractedgedirections.
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3.18. Hueckel Edge Operator

The Hueckeledge detectionmethodis basedon fitting image datato an ideal
two-dimensionakdgemodel[1, 27, 28]. In the one-dimensionatase theimagea is fitted
to a step function

L b ifz<a
S(Z)_{IH—h if & > .

If thefit is sufficiently accurateat a given location, an edgeis assumedo exist with the
sameparametersas the ideal edgemodel. (SeeFigure 3.18.1.) An edgeis assumedf

y a
A
A
h
S
\ 4
b
@ @ e » X
Xo-l Xy X,

Figure 3.18.1. One-dimensionakdgefitting.

the mean-squaresrror

is below somethresholdvalue.

In the two-dimensionaformulation the ideal stepedgeis definedas

( ) = b if zcosl + ysind < p
WY = Vb4 h if zcosf + ysind > p,
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wherep representshe distancefrom the centerof atestdisk 1D of radius® to theideal step
edge(p < R), and@ denotegheangleof thenormalto the edgeasshownin Figure3.18.2.

Figure 3.18.2. Two-dimensionaledgefitting.

The edgefitting error is
E://[a(ﬂf,y)—S(w,y)]zdzdy. (3.18.1)
D

In Hueckel's method, both image data and the ideal edge model are ex-
pressedas vectorsin the vector spaceof continuousfunctions over the unit disk D =
{(:z:, y):z? +y? < 1}. A basisfor this vectorspace— alsoknown asa Hilbert space—
is any completesequencef orthonormalizedontinuousfunctions{h; : i =0,1,...} with
domainD. Forsuchabasis,a ands havevectorforma = (a1, az,...) ands = (s1, sz, . . .),
where

ai://hi(x,y)a(x,y)dxdy, 1 =0,1,...
D

and

si://hi(r,y)s(z,y)drdy, 1=0,1,... .
D

For applicationpurposesonly a finite numberof basisfunctions can be used. Hueckel
truncategheinfinite Hilbert basisto only eightfunctions,hg, k1, . . ., h7. This providesfor
increaseccomputationakfficiency. Furthermorehis sub-basisvas chosenso asto havea
lowpasdiltering effect for inherentnoisesmoothing.Although Hueckelprovidesanexplicit
formulationfor his eight basisfunctions,their actualderivationhasneverbeenpublished!

Having expressedhe signal a and edge model s in terms of Hilbert vectors,
minimization of the mean-squarerror of Equation3.18.1can be shownto be equivalent

7
to minimizationof 3" (a; — s;)°. Hueckelhasperformedthis minimizationby usingsome

:0
simplifying approxlimationsAIso, althougha is expressedn termsof vector components
ap, ..., a7, s(z,y) is definedparametricallyin termsof the parametergb, k, p, ). The
exactdiscreteformulation is given below.
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Definition of the eight basisfunctions. Let D(zg, yo) beadiskwith center(zy, yo) and
radius R. For each(z,y) € D(zo, yo), define

r= V@ 20+ - )’

Q= (1-r)",
and
Hy(z,9) = 27Q(r) - (14277)
nien=(52) " e o
e = (D) 0@ @
Hir,y) = (%)1/2 o 42 )
itz = () R T
mten= (1) o U6
me = () o (E52)) - (egm) ]
)= () @y 2 0 0)
Then

hy = Hy+H,
hs = Hs+ s
3
hy= 2
a 2H6
3
hs = §H7

o= (2)" - m

o= (3) oy

Note that when \/(a: —20)” + (y—w)” = R, thenQ(r) = 0. Thus, on the boundaryof
D eachof the functionsh; is 0. In fact, the functionsh; intersectthe disk D as shown
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in the following figure:

O D

hy hs he h,

Figure 3.18.3. The intersectionDNgraph(A;).

In his algorithm, however,Hueckelusesthe functions #; (i =0,1, --,7) in-
steadof 2, (i =0,1,- -,7) in orderto increasecomputationefficiency. This is allowable
sincethe H,’s arealsolinearly independenaindspanthe sameeight-dimensionasubspace.

As a final remark, we note that the reasonfor normalizingr — i.e.,, r =
%\/(x —20)° + (y — o) insteadof r = \/(x —20)° + (y—wo)” forcing0 < » < 1
— is to scalethe disk D(zg, yo) backto the size of the unit disk, sothata restrictedto
D(z9,y0) canbe expressedsa vectorin the Hilbert spaceof continuousfunctionson D.

Hueckel's algorithm. Thealgorithmproceedssfollows: Choosea digital disk of radius
R (R is usually 4, 5, 6, 7, or 8, dependingon the application)and a finite humber of
directionsf; (j = 1,...,m) — usuallyd = 0°,45°,90°, 135°.

Stepl. Fori =0,1,...,7, computea; = > a(z,y)H(x,y);
(x,y)eD(x0,y0)

Step2. Forj =0,1,---, m, computeey(0;) = aycosd; + agsinb;;
Step3. Forj =0,1,---, m, computee; (6;) = ascosd; + assint;;

Step4. For j =0,1,---,m, compute es(;) = a1 + ae(cos?d; — sin?0;) +
ar2sind; cosd;;

Step5. Forj = 0,1, -, m, computeu(f,) = <% le2(6;) +e§(0)]1/2'

Step6. Forj =0,1, -, m, computeA(d;) = eo(0;) + u(6;);

Step 7. Find k suchthat |A(0x)| > |A(9;)], 7=0,1, -, m;
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Step 8. Calculate

p = ea(04)/ (V2Lu(0:) + 1 (00)]).

h=aA(0)/ (317 (1 - )" (14 20,

b=ao— h[4+ p(3+ p(2+p)I(L - p)*/8;
Step 9. Set

A(f%)

K =
[6a? + 2(a+a2+aZ+a2) + 3(a+a2)]'

and define

= (b)h)p)gk) it K>T
e(zo, Yo) {0 otherwise.

Remarks. The edgeimagee haseither pixel value zero or the parameter(b, h, p, ).
Thus,with eachedgepixel we obtain parametergiescribingthe natureof the edge. These
parametersould be usefulin furtheranalysisof the edges.If only the existenceof anedge
pixel is desired,thenthe algorithm canbe shortenedy droppingSTEP 8 and defining

czogy = {1 HE>T
0,90 (0 otherwise.

Note thatin this casewe alsoneedonly computea,, ..., a7 sinceag is only usedin the
calculationof b.

It canbe shownthatthe constantk” in STEP9 is the cosineof the anglebetween
the vectorsa = (ap, a1, ..., a7) ands = (sg, s1,..., s7). Thus,if the two vectorsmatch
exactly,thenthe angleis zeroand K = 1; i.e., a is alreadyanideal edge. If K < 0.9,
thenthe fit is not a goodfit in the mean-squaresense.For this reasonthe thresholdZ" is
usuallychosenin therange0.9 < T' < 1. In additionto thresholdingwith 7', a furthertest
is often madeto determineif the edgeconstantfactor / is greaterthan a thresholdfactor.

As a final observatiorwe note that X would have remainedthe samewhether
the basis H; or h; had beenusedto computethe componentsz;.

Image Algebra Formulation

In the algorithm, the userspecifiesthe radius R of the disk over which the ideal
stepedgeis to be fitted to the image data, a finite numberof directionsfy, 0y, - -, 0,
and a thresholdT'.

Let a € RX denotethe sourceimage. Define a parameterizedemplatet (i) :
7> — RT’, wherei = 0,1,...,7, by

t(i), (x) = { Hi(x) if [x—y[[ <R

0 otherwise.

Herey = (y1, y2) correspondso the centerof the disk D(y) of radiusR andx = (z1, z2).
Forj in {0,1,...,m}, definef; : R — R3 by f;(r) = (r,|r|,0;).
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The algorithm now proceedsas follows:
for ¢ in 0..7 loop
a; ;= a®t(i)
end loop
for j in 0..m loop
ep,j 1= ay - cosl; + az - sinf;
e, 1= ay - cos; + as - sinl;

- 20, oy im ) .
ez =aj;+ag- (cos 0; — sin 0]) +ay 2 sinb; - cosl;

TR (ef, + eg,j)%

leo ]

)‘j = eoyj + ll]'

uj =

end loop

A= (V)jmofi (M)

c:= cos(ps(}))

s := sin(ps(A))

e) .= as - -ct+az s

e := ag-ctay s

ey = a;tag - (c2752)+a7 2-s-¢

= £—2|-(e%+e§)%

r.= e2/<\/§(u+e1)>

h:= 4. pl(/\)/[\/3 o (1— r2)2(1 +2- r2)]
b:=ay—h-[4+r-3+r-(2+1)] (1-1r)"/8
k.= pz(/\)/[G . a?—l—? . (a%—}—ag—i—ai—l—ag) +3- (ag—}—ag)]%
e:= xs7(k) (b,h,r ps(A)).

Remarks. Notethate is avectorvaluedimageof four values.If we only seeka Boolean
edgeimage,thenthe formulationcanbe greatly simplified. The first two loopsremainthe
sameand after the secondloop the algorithmis modified as follows:

A=\ Il
j=0

k:=X/ [6 . a%—l—? . (a%—i—ag—}—ai—l—ag) +3- (ag—i—a%)] z
e = xsr(k).
Furthermorepne convolutioncan be savedasa; neednot be computed.

Comments and Observations

Experimentalresultsindicate that the Hueckel operatorperformswell in noisy
and highly texturedenvironments.The operatornot only providesedgestrength,but also
informationasto the heightof the stepedge,orientation,anddistancefrom the edgepixel.

The Hueckeloperatoris highly complexand computationallyery intensive. The
complexity rendersit difficult to analyzethe resultstheoretically.
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3.19. Divide-and-Conquer Boundary Detection

Divide-and-conqueboundarydetectionis usedto find a boundarybetweentwo
known edgepoints. If two edgepoints are known to be on a boundary,thenone searches
along the perpendicularof the line segmentoining the two points, looking for an edge
point. The methodis recursivelyappliedto the resulting2 pairsof points. The resultis an
orderedlist of pointsapproximatingthe boundarybetweenthe two given points.

The following methodwas describedin [11]. Supposeac {0, 1}X is an edge
image definedon a point setX, p and q denotetwo edgepoints, and L(p, q) denotes
the line segmentjoining them. Given D > 0, definea rectangularpoint set S of size
2D x ||p — q|| asshownin Figure 3.19.1.

Figure 3.19.1. Divide-and-conqueregion of search.

Let Y be the setof all the edgepointsin the rectangularpoint setS. Next,
choosepoint r from Y suchthat the distancefrom r to L(p, q) is maximal. Apply the
aboveprocedureto the pairs (p,r) and (r, q).

Image Algebra Formulation

Let a € {0,1}* bean edgeimage,andp = (p1,p2), a4 = (q1,92) € X bethe
two edgepointsof a. Let L(x,y) denotethe line segmentonnectingpointsx andy, and
let d(x, L) denotethe distancebetweenpoint x andline L.

Find a rectangulapoint set.S with width 2D aboutthe line segmentonnecting
p andq. Assumewithout loss of generalitythatp; < ¢;. Let § = sin™! (lf;:ﬁl). Let
points s, t,u, v be definedas follows:

= (o4 5) oo+ )

t—p+D. <cos(9+ )sm<a+3§>>
w=q+ D (cos(04 ) sin(0+5))

emar (o5 57) 0+ 20Y),
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Figure 3.19.2showsthe relationshipsof s, t,u, v, and S to p andq.

Let f(j,x,y), wherex = (z1,z2) andy = (y1, y2), denotethe first coordinate
of the closestpoint to x on L(x, y) having secondcoordinatej, thatis,

%) = { iz y1)+yl(xr22_yy22) ya2(T1—y1) ¥f 22 £ yo
zq if 29 = yo.
Note that f is partial in that it is defined only if there is a point on L(x,y)
with second coordinate j. Furthermore, let F(j,w,x,y,z) denote the set
{(1,57) : 1€Z, f(j,w,x)<i< f(j,zy)}; that is, the set of points with second
coordinatej boundedby L(w,x) and L(y, z).

Figure 3.19.2. Variablescharacterizinghe region of search.
We can then computethe set.S containingall integral points in the rectangle
describedby cornerpointss, t,u, andv asfollows:
S = O
if s5 < us then
for j in [t2]..[us] loop
if j > s» then

if j > vy then

S = SUF(ju,s,u,v);
else

S = SUF(ju,s,v,t);
end if;

else--j < s9

if 7 > vy then

S = SUF(j,s, t,u,v);
else

S = SUF(j,s,t,t,v);
end if;

end if;
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end loop;
else-—s2 > us

for j in |vs]..[s2] loop

if 7 > t» then
if 7 > u» then
S = SUF(j,s,t,s u);
else
S = SUF(j,s t,uv)
end if;

else--j < ty

if 7 > us then

S = SUF(j,t,v, s u)
else
S = SUF(j,t,v,vu);
end if;
end if;
end loop;
end if.

Let Y = domain((als)||=1). If card(Y) = 0, the line segmenjoining p andq
definesthe boundarybetweenp and q, and our work is finished.

If card(Y) > 0, define imageb € RY by b(x) = d(x,L(p,q)). Letr =
choice(domain(bl|=yp)). Thus,asshownin Figure3.19.3,r will be anedgepointin set

S farthestfrom line segmentL(p, q). The algorithm can be repeatedwith pointsp and
r, and with pointsr and q.

Figure 3.19.3. Choice of edgepoint r.
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Comments and Observations

This techniqueis usefulin the casethat a low curvatureboundaryis known to
exist betweenedgeelementsand the noiselevelsin the imageare low. It could be used
for filling in gapsleft by an edgedetecting-thresholding-thinningperation.

Difficultiesarisein the useof this techniquevhenthereis morethanonecandidate
point for the new edgepoint, or whenthesepointsdo not lie on the boundaryof the object
beingsegmentedIn our presentatiorof the algorithm,we makea non-deterministichoice
of the new edgepoint if there are severalcandidates. We assumethat the edge point
selectionmethod— which is usedas a preprocessingtepto boundarydetection— is
robustand accurateandthat all edgepointsfall on the boundaryof the object of interest.
In practice,this doesnot usually occur, thus the sequencef boundarypoints detectedoy
this techniquewill often be inaccurate.

3.20. Edge Following as Dynamic Programming

The purposeof this particulartechniqueis to extractone high-intensityline or
curveof fixedlengthandlocally low-curvaturefrom animageusingdynamicprogramming.
Dynamic programmingin this particularcaseinvolves the definition and evaluationof a
figure-of-merit(FOM) functionthatembodies notionof “bestcurvature."The evaluatiorof
the FOM function is accomplishedy usingthe multistageoptimizationprocessdescribed
below (seealso Ballard and Brown [11]).

Let X C Z? be a finite point setand supposey is a real-valuedfunction of n
discretevariableswith eachvariablea point of X. Thatis,

g: X" —=R
(xla . -:xn) — g(xll . ")xn)'
Theobjectiveof the optimizationprocesss to find an n-tuple(xy, . ..,x,) € X" suchthat

g(x1,...,%Xp) = max{g(x1,...,X,) : (X1,...,%p) € X"}
It canbe shownthatif ¢ canbe expressedsa sum of functions
g(X1, ., %) = g1(X1, X2) + g2(%X2,X3) + - + gn_1(Xn_1, Xn),

then a multistage optimization procedureusing the following recursion processcan be
applied:

1. Define a sequencef functions f;, : X — R recursivelyby setting

fi(x)=0 VxeX
Je+1(y) = maz{gr(x,y)+ fr(y) : x€ X} Vy € X,

fork =1,...,n— 1.

2. Foreachy € X, determinethe point my41(y) = x¢ € X suchthat

fre1(y) = gr(xz,y) + fr(x2);

© 2001 by CRC PressLLC



thatis, find the point x; for which the maximum of the function

Yy k(x) = gr(x,y) + fe(x)

is achieved.
Then-tuple (xy, . .., x,) cannow be computedby usingthe recursionformula:

3. Findx, € X suchthat f,(x,) = maz{f.(y) : y € X}.

4, Setxp = mk+1(5ck+1) fork=n—1,... 1.

The input to this algorithmis an edgeenhancedmagewith eachpixel location
x having edgemagnitudee(x) > 0 and edgedirectiond(x) € Zs. Thus, only the eight
octagonaledgedirections0, 1, ..., 7 areallowed (seeFigure 3.20.2).

In addition,ana priori determinedntegern, which representshe (desired)length
of the curve, must be suppliedby the useras input.

For two pixel locationsx,y of the image, the directional differenceq¢(x,y) is
defined by

q(x,y

)= { |d(x) —d(y)| if |d(x)—d(y)|#7
1

otherwise.

The directionaldifferenceg is a parameteof the FOM function g which is definedas

n 1

g(xl,...,xn):Ze(xk)f q(Xp, Xp41)

k=1 1

S
|

S
1l

subjectto the constraints

(i) e(xg) > 0 (or e(xg) > ko for somethresholdky),
(i) [lxx — xp41]l < V2, and

(i) g(xg, xp41) < 1.

The solution (x4, . .., X, ) obtainedthroughthe multistageoptimization process
will be the optimal curve with respectto the FOM function g.

Note that constraint(i) restrictsthe searchto actualedgepixels. Constraint(ii)
further restrictsthe searchby requiringthe point x;, to be an8-neighborof the point xj, ;1.
Constraint(iii), the low-curvatureconstraint,narrowsthe searchfor adjacentpoints even
further by restrictingthe searchto threepointsfor eachpoint on the curve. For example,
givenxy4+1 with d(xx+1) = 0, thenthe point x;, precedingx+1 canonly havedirectional
values0, 1, or 7. Thus,x;, canonly be one of the following 8-neighborsof x;4+1 shown
in Figure 3.20.1.

[ ) [ ) [ ) [ ) [ ) [ )

o—Pro—Pe °

Xk Xisa X41

[ ) [ ) [ ) [ ) [ ) [ ) [ )
Xk

Figure 3.20.1. The three possiblepredecessorsf xj 1.
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In this example,the octagonaldirectionsare assumedo be orientedas shown
in Figure 3.20.2.

3 2 1
4 0
5 6 7

Figure 3.20.2. The eight possibledirectionsd(x).

In the multistageoptimizationprocesdiscusseckarlier,the FOM function g had
no constraints.In orderto incorporatethe constraintgi), (i), and(iii) into the processwe
definetwo stepfunctionss; and s, by

oo ifr<o0
s1(r) = {0 ifr>0
and
sy(r) = oo ifr>1
2 0 ifr<l
Redefiningg by
9(X1,...,Xn) = g1(X1,X2) + g2(X2,X3) + -+ gn—1(Xn—1, Xn),
where
9 (Xp, Xpp1) = [e(xg) — si(e(xg))] — la(xp, Xpt1) + s2(a(Xp, Xp41))]
fork =1,...,n—1, resultsin afunctionwhich hasconstraintgi), (ii), and(iii) incorporated

into its definition and hasthe requiredformat for the optimizationprocess.The algorithm
reducesnow to applying stepsl through4 of the optimizationprocessto the function g.
The output(x, ..., x,,) of this processepresentshe optimal curve of lengthn.

Image Algebra Formulation

The input consistsof an edge magnitudeimage e, the correspondingdirection
image d, and a positive integer n representingthe desired curve length. The edge
magnitude/directionmage (e, d) could be provided by the directional edge detection
algorithm of Section3.10.

Suppose(e, d) € (R,ZS)X. Define a parameterizedemplatet : (R,Zg)x —
(RX)™ by
t(e,d), (x) = {e(X) —q(x,y) if [x—y[| < V2e(x) >0, and ¢(x,y) < 1
Y —00 otherwise

and a function h : RX — X by

h(a) = choice(domain(al|va)).
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The multistageedgefollowing processcanthen be expressedis

fi:=0 (fi eRX)
for k in 1.n — 1 loop
fri1 =1 Mt(e,d)
my41 = ho(t(e,d)+f;) (notethat ho(t(e,d)+f;) e XX)
end loop
X, = h(fn)
for kinn — 1..1 1loop
Xg 1= My 41(Xpt1)

end loop

Note that by restrictingf; to Y = domain(e||so) one may further reducethe
searchareafor the optimal curve (xy, ..., x,).

Comments and Observations

The algorithm providesthe optimal curve of length n that satisfiesthe FOM
function. The methodis very flexible and general.For example the lengthn of the curve
could be incorporatedas an additional constraintin the FOM function or other desirable
constraintscould be added.

The method has severaldeficiencies. Computationtime is much greaterthan
many otherlocal boundaryfollowing techniques.Storagerequirementgtablesfor my 1)
are high. The length n must somehowbe predetermined. Including the length as an
additional constraintinto the FOM function drasticallyincreasestorageand computation
requirements.

3.21. Exercises

1. Notethedateson the referencedo papersby Robertg[5], Prewitt[7], Sobel[9], Marr
andHildreth [20], andCanny[18]. Considettheuseof multiple edgedirections,smoothing,
calculationof the first derivative, and calculationof the secondderivative. Describethe
trendsthat you seein edgedetectionover the period of 21 yearscoveredby thosepapers.

2. Considerthe Frei-Chenorthogonalbasistemplatesshownin Section3.8. Verify that
the basisis orthogonal.How easywould it be to definea new basiswith differentweights
for the edgesubspaceDesignsucha basiswith templateshat more closely approximate
thoseof the Sobel edgedetector.

3.* Use the techniquedescribedin Section11.5to createa programwritten using the
imagealgebraC++ library to implementCannyedgedetectionusing just four directional
derivatives(at 45° increments)ratherthan six as shownin Section3.12. Comparethe
resultswith the six directionversionof the algorithm. Discusswhetheror not usingmore
directionsprovided better results.

4. Considerthe image algebraformulation for the Laplacian shown in Section 3.14.
Reformulatethis asthe differencebetweenan imageand a smoothingof that imagewith
a von Neumannneighborhood.
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5. Supposeyou want to find edgesat subpixel resolution. Which of the detectors
presentedn this book are amenableto such a modification? Using the image algebra
C++ library, implementa modification of the Marr-Hildreth edge detectorusing bilinear

interpolationto reportedgesat pointsin animagehaving four times the resolutionof the

original image. Testyour algorithm using syntheticimagescontainingstepedges.Down-

sampleyour imagesby a factor of 16 (four times both horizontally and vertically) before
testing.

6. Investigatethe behaviorof the Sobel,Canny,and Marr-Hildreth edgedetectorgo the
following image:

0 tf x1 <8
aERZMXZM,a(XI)XQ):{XlS zf8§X1S24
16 if x4 > 24

Discusswhereyou believe edgesshould appearin this image and wherethey do appear
in the different algorithms. Discusswhich of theseedge algorithmsrepresents first-
derivative and which is a second-derivativeperator.

7. Both the Cannyand Marr-Hildreth detectorscan be usedat a sequencef scalesto
provide betterlocality for edgesfound at a lower scale. Designan algorithmto track edge
pointsfrom alow resolutionimage(large ¢) througha sequencef higherresolutionimages
(with successivelymallers values)to improveits location. What problemsmustyou face
in designingany such algorithm?
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CHAPTER 4
THRESHOLDING TECHNIQUES

4.1. Intr oduction

This chapterdescribeseveralstandardhresholdingtechniques.Thresholdingis
one of the simplestand mostwidely usedimage segmentatiortechniques. The goal of
thresholdings to segmentanimageinto regionsof interestandto removeall otherregions
deemednessential. The simplestthresholdingmethodsuse a single thresholdin orderto
isolate objectsof interest. In many caseshowever,no single thresholdprovidesa good
segmentatiomesult over an entireimage. In suchcasesvariable and multilevel threshold
techniquesasedon various statisticalmeasuresare used. The material presentedn this
chapterprovidessomeinsight into different strategieof thresholdselection.

4.2. Global Thresholding

The global thresholdingtechniqueis usedto isolate objectsof interesthaving
valuesdifferent from the background. Each pixel is classifiedas either belongingto an
object of interestor to the background.This is accomplishedy assigningto a pixel the
value 1 if the sourceimagevalueis within a given thresholdrangeand O otherwise[1].
A samplingof algorithmsusedto determinethresholdievels canbe foundin Sections4.6,
4.7, and 4.8.

The global thresholdingprocedurds straightforward.Let a € R¥ be the source
imageand[h, k] beagiventhresholdrange. Thethresholdedmageb € {0,1}* is givenby

b(x):{l ifh<a(x)<k

0 otherwise

for all x € X.

Two special casesof this methodologyare concernedwith the isolation of
uniformly high valuesor uniformly low values. In the first the thresholdedmageb will
be given by

b(x):{l if a(x) > k

0 otherwise

while in the secondcase

b(x):{l if a(x) < k

0 otherwise,

wherek denotesthe suitablethresholdvalue.

Image Algebra Formulation

Let a € R¥ be the sourceimage and [h, k] be a given thresholdrange. The
thresholdedesultimageb € {0, 1}X can be computedusing the characteristidunction

b = X[h.’k](a).
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The characteristicfunctions

b = x>(a)
and

b:= XSk(a)

canbe usedto isolateobject of high valuesandlow values,respectively.

Comments and Observations

Globalthresholdings effectivein isolatingobjectsof uniformvalueplacedagainst
a backgroundof differentvalues. Practicalproblemsoccur whenthe backgrounds non-
uniform or whenthe objectandbackgroundassumea broadrangeof values. Note alsothat

b :=xn k)(a) = (x>r(a)) - (x<k(a)).

4.3. Semithresholding

Semithresholdings a useful variation of global thresholding[1]. Pixels whose
valueslie within a given thresholdrangeretain their original values. Pixels with values
lying outsideof thethresholdrangearesetto 0. For asourceéimagea € R¥ andathreshold
range[h, k], the semithresholdedmageb € RX is given by

b(x) = {a(x) if h<a(x)<k

0 otherwise

for all x € X.
Regionsof high valuescan be isolatedusing

b = {200 1200 > &

0 otherwise

and regionsof low valuescan be isolatedusing

b(x):= {a(x) if a(x) <k

0 otherwise.

Image Algebra Formulation

The image algebraformulation for the semithresholdedmageb € R¥ over the
range of values|h, k] is

b:=a xp(a).
The imagessemithresholdedver the unboundedsets[k, o) and (—oo, k] aregiven by
b(x) :=a: x>(a)

and
b(x) :=a - x<r(a),

respectively.
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Alternate Image Algebra Formulation

The semithresholdedmage can also be derivedby restrictingthe sourceimage
to thosepoints whosevalueslie in the thresholdrange,and then extendingthe restriction
to X with value0. The imagealgebraformulationfor this methodof semithresholdings

b = (aH[h:k]) |0.

If appropriate,jnsteadof constructinga resultover X, one can constructthe subimagec
of a containingonly thosepixels lying in the thresholdrange,that s,

¢ :=al|[p 5]

Comments and Observations

Figures4.3.2and4.3.3 below showthe thresholdedand semithresholde@mages
of the original image of the Thunderbirdsin Figure 4.3.1.

Figure 4.3.1. Image of Thunderbirdsa.

Figure 4.3.2. Thresholdedmage of Thunderbirdsb := x<190(a).
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Figure 4.3.3. Semithresholdedmage of Thunderbirdsb := a - x<190(a).

4.4. Multilevel Thresholding

Global thresholdingand semithresholdingechniquegSections4.2 and 4.3) seg-
mentan imagebasedon the assumptiorthat the imagecontainsonly two typesof regions.
Certainly,an image may containmore thantwo typesof regions. Multilevel thresholding
is an extensionof the two earlier thresholdingtechniqueghat allows for segmentatiorof
pixels into multiple classeq1].

For example,if the image histogramcontainsthree peaks,thenit is possibleto
segmenthe image using two thresholds.Thesethresholdsdivide the value setinto three
nonoverlappingangesgeachof which canbe associatedvith a uniquevaluein theresulting
image. Methodsfor determiningsuchthresholdvaluesare discussedn Sections4.6, 4.7,
and 4.8.

Leta € R¥ bethesourceimage,andletk, - - -, k, bethresholdvaluessatisfying
ky > ka2 > - - > k. ThesevaluespartitionR into n+ 1 intervalswhich areassociatedvith
valueswvy, - -, v,41 In the thresholdedesultimage. A typical sequencef resultvalues

mightbe 1,2=L ... L 0. The thresholdedmageb € R¥ is definedby

Y p?

b(x)=<( v if k; <a(x)<ki_y

vpy1 if a(x) < k.

{ N if k; <a(x)

Image Algebra Formulation

Definethe function f : R — R by

V1 if kl <r
f(r):{l)i lsz<7’sk'l_]_
Upg1 ifr <k,

The thresholdedmageb € R* canbe computedby composingf with a, i.e.,

b.=foa.
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4.5. Variable Thresholding

No single thresholdlevel may producegood segmentatiomesultsover an entire
image. Variable thresholdingallows different thresholdlevels to be appliedto different
regionsof a image.

For example objectsmay contrastwith the backgroundhroughoutanimage,but
dueto unevenillumination, objectsand backgroundmay havelower valueson one side of
the imagethan on the other. In suchinstancesthe imagemay be subdividedinto smaller
regions. Thresholdsare then establishedor eachregionandglobal (or other)thresholding
is appliedto eachsubimagecorrespondingo a region[1].

The exact methodologyis as follows. Let a € R*¥ be the sourceimage, and
let imaged € R* denotethe region thresholdvalue associatedvith eachpoint in X,
thatis, d(x) is the thresholdvalue associatedvith the regionin which point x lies. The
thresholdedmageb € {0,1}* is definedby

1 if a(x)>d(x)
b(x)= { 0 ifa(x)< d(x).

Image Algebra Formulation

The thresholdedmageb can be computedas follows:

b = de(a).

Comments and Observations

Variable thresholdingis effective for imageswith locally bimodal histograms.
This methodwill producethe desiredresultsif the objectsarerelatively small andare not
clusteredtoo closetogether. The subimagesshould be large enoughto ensurethat they
contain both backgroundand object pixels.

The sameproblemsencounteredn global thresholdingcanoccuron a local level
in variablethresholding. Thus, if an image haslocally nonuniform backgroundor large
rangesof valuesin someregions,or if the multimodalhistogramdoesnot distinguishobject
from backgroundthe techniquewill fail. Also, it is difficult to define the imaged without
somea priori information.

4.6. Threshold SelectionUsing Mean and Standard Deviation

In this sectionwe presentthe first of three automaticthresholdingtechniques.
The particularthresholdderivedhereis a linear combination .k, i + k20, of the meanand
standarddeviationof the sourceimageandwasproposedy Hamadan{2]. The meanand
standarddeviationare intrinsic propertiesof the sourceimage. The weightsk; andk, are
pre-selectedpasedon imagetype information,in orderto optimize performance.

For agivenimagea € RX, whereX is anm x n grid, the meany andstandard
deviationo of a are given by

p= o3 alid)

i=1j=1
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and

1 m n

3 (@l - w)”

i=1j=1

o =

respectively. The thresholdlevel 7 is setat
T = klu + koo,

wherethe constantsk; and &k, areimagetype dependent.

Image Algebra Formulation

Let a € RX, whereX = Z7,, x Z,,. The meanand standarddeviationof a are
given by the image algebrastatements

and

0::\/%2@—/1)2.

The thresholdlevel is given by

T:=kip+ koo

Comments and Observations

For typical low-resolutionIR imagesk; = k2 = 1 seemgo work fairly well for
extracting“warm” objects. For higherresolutionk; = 1 or k&; = 1.5 andk; = 2 may
yield better results.

Figure4.6.1showsan original IR imageof a jeep (top) andthreebinary images
that resultedfrom thresholdingthe original basedon its meanand standarddeviation for
various k; and k.
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Figure 4.6.1. Thresholdingan imagebasedon thresholdlevel
T = kip + koo for variousky; andks: (@) k1 = 1, ko = 1,7 = 145,
) k1 =1,ks =2, 7 =174, (C) k1 = 1.5, ko = 1,7 = 203. At the
bottom of the figure is the histogramof the original image. The threshold
levels correspondingo images(a), (b), and (c) havebeenmarkedwith arrows.

4.7. Threshold Selectionby Maximizing Between-ClassVariance

In this section we presentthe method of Otsu [3, 4] for finding threshold
parametergo be usedin multithresholdingschemes. For a given k the method finds
thresholds) < 71 < 7 < -+ < 1,1 < [ — 1 for partitioning the pixels of a € (Z,)X
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into the classes
Co = {(x,a(x)): 0 <a(x) <7}

C; ={(x,a(x)) : < a(x) < 141}

Cr-1 = {(x,a(x)): 1< a(x) <1 — 1}

by maximizing the separabilitybetweenclasses. Between-classariance is usedas the

measuref separabilitypetweerclasseslts definition,which follows below, useshistogram
information derivedfrom the sourceimage. After thresholdvalueshave beendetermined,
they can be usedas parametersn the multithresholdingalgorithm of Section4.4.

Leta € (Z,)X andlet h be the normalizedhistogramof a (Section10.10). The
pixels of a areto be partitionedinto k classesy, C1,...,Cr_1 by selectingthe 7;’s as
stipulatedbelow.

The probabilitiesof classoccurrencePr(C;) are given by

Co —..L)O Zh =w Tl

Ti4l

Pr(C)=wi= Y h(j)=w(rit1) - w(n)

J=Ti+1l

Pr(Cr-1) =wp—1 = i E(j):l—w(rk_l),

J=Tk-1+1

wherew(r;) = E h(j) is the Oth-ordercumulativemomentof the histogramevaluatedip

to the 7;th IeveI The classmeanlevels are given by

h T1
oy -

i = Ti:l j-h(j)  p(rigr) —p(n)

wi w(Tig1) —w(m)

Z_: j-h(j)  pr—p(me-1)

E—1= =
Hie-1 We_1 1—w(m_1)’

J=Tk—1+1

T! p—
whereu(r;) = > j - h(j) is the 1st-ordercumulativemomentof the histogramup to the
j=0

—1 .
nth levelandp = > j - h(j) is the total meanlevel of a.
j=0
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In orderto evaluatethe goodnes®f thethresholdsatlevelsd < m < o < -+ - <
T—1 < [ — 1, the between-classarianceis usedasdiscriminantcriterion measureof class
separability. This between-classarianceo; is definedas

o7 =wolpo — p)° +wi(pm — )+ w1 (s — 1)’
or, equivalently,

2 2 2 2 2
Oy = Woltp twWipy + twr—1Hgp_1 — K.

Notethato? is a functionof 71, 7, ..., 71 (if we substitutethe corresponding
expressiondgnvolving the 7;’s). The problem of determiningthe goodnessof the 7;’s
reducego optimizing o7, i.e., to finding the maximumof (7, 72, ..., 7_1) Or

ma:ﬁ{woug+w1u%+~-+wk_1u%_l—uZ: 0<p<m< "'<Tk_1<l—1}.

To theleft in Figure4.7.1is the blurredimageof threenestedsquareswith pixel
values80, 160, and 240. Its histogrambelow in Figure 4.7.2 showsthe two threshold
levels, 118 and 193, that resultfrom maximizingthe variancebetweenthreeclasses.The
result of thresholdingthe blurred image at the levels aboveis seenin the imageto the
right of Figure 4.7.1.

Figure4.7.1. Blurred image (left) andthe resultof thresholdingit (right).
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Figure 4.7.2. Histogramof blurredimagewith thresholdlevels marked.

Image Algebra Formulation

Wewill illustratetheimagealgebraformulationof thealgorithmfor £ = 3 classes.
It is easily generalizedor otherk with 1 < k£ <! — 1.

Leta € (Zl)X be the sourceimage. Let h ande be the normalizedhistogram
and normalizedcumulativehistogramof a, respectively(Sections10.10and 10.11). The
1st order cumulativemomentimageu of h is given by

u:= Zt(m,

wheret is the parameterizedemplatedefined by

t(a); (i) = {j -a(y) ifj <

0 otherwise.

The image algebrapseudocoddor the thresholdfinding algorithmfor k& = 3 is
given by the following formulation:
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m:=0

T :=0
T :=0
pi=u(l-1)

for ¢ in 0..] — 2 loop
for jini+1..l—1 loop

wp =< (7)

w1 = () - )
wy =1 —¢(j)

Mo = %(:)

T ETD
Ho 1= a —wu(j)

2., 22 9 2
Op 1= wolg +wWip] +wapty — p

if (rg > m then

T =1
Ty =]
m:= 05
end if
end loop

end loop.

Whenthe algorithmterminatesthe desiredthresholdsare r; and 7.

Comments and Observations

This algorithmis an unsupervisedalgorithm. That s, it hasthe advantageous
propertyof not requiring humanintervention. For large £ the methodmay fail unlessthe
classesare extremelywell separated.

In the figuresbelow, the directionaledgedetectionalgorithm (Section3.10) has
beenappliedto the sourceimagein Figure 4.7.3. The magnitudeimage producedby the
directional edgedetectionalgorithmis representeddy Figure 4.7.4. The directionaledge
magnitudeimagehas256 gray levels. Its histogramcan be seenin Figure 4.7.6.

Otsu’salgorithmhasbeenappliedto find a bi-level thresholdr; thatcanbe used
to cleanup Figure 4.7.4. The thresholdlevel is determinedto be 105, which lies in the
valley betweenthe broad peakto the left of the histogramand the spiked peak at 255.
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The thresholdis markedby an arrow in Figure 4.7.6. The thresholdedmagecanbe seen
in Figure 4.7.5.

Figure 4.7.3. Sourceimage of a causewaywith bridge.

Figure4.7.4. Magnitudeimage after applying directionaledgedetectionto Figure4.7.3.

Figure 4.7.5. Resultof thresholdingFigure 4.7.4 at
level specifiedby maximizing between-classariance.
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Figure 4.7.6. Histogramof edgemagnitudeimage (Figure 4.7.4).

4.8. Threshold SelectionUsing a Simple Image Statistic

The simple image statistic (SIS) algorithm [5, 4, 6] is an automatic bi-level
thresholdselectiontechnique. The methodis basedon simple image statisticsthat do
not require computinga histogramfor the image. Let a € R¥ be the sourceimage over
anm x n arrayX. The SIS algorithm assumeshata is an imperfectrepresentatiomf an
objectandits background.The ideal objectis composedof pixels with gray level « and
the ideal backgroundhas gray level &.

Lete(¢,j) be the maximumin the absolutesenseof the gradientmaskss andt
(below) appliedto a and centeredat (7, j) € X.

-1

In [5], it is shown that

zz::IJZ::I |a( ) e(l’])| _ Cl+b
5230 le(i.d) ’

The fraction on the right-hand side of the equality is the midpoint betweenthe gray
level of the object and background. Intuitively, this midpoint is an appealinglevel for
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thresholding. Experimentationhas shown that reasonablygood performancehas been
achievedby thresholdingat this midpoint level [6]. Thus, the SIS algorithm sets its
threshold~ equalto

NGE

|a(la]) ’ e(l).])|

n
1=

17

<
1l
-

T =

NE
IE

le(7,7)]

13 1

I

—
.

I

The imageto theleft in Figure4.8.1is that of a squareregionwith pixel value
192 setagainsta backgroundf pixel value64 thathasbeenblurredwith a smoothindfilter.
Its histogram(seenin Figure 4.8.2) is bimodal. The thresholdvalue 108 selectedbased
on the SIS methoddividesthe two modesof the histogram.The resultof thresholdingthe
blurredimageat level 108 is seenin the imageto the right of Figure 4.8.1.

Figure 4.8.1. Blurred image (left) andthe resultof thresholding
(right) using the thresholdlevel determinedby the SIS method.

Image Algebra Formulation

Let a € RX be the sourceimage,whereX = 7,, x Z,,. Lets andt be the
templatespictured below.

-1

Let e:=|a@s| vV |aPt|. The SIS thresholdis given by the image algebra
statement
2 (e-|a])

e

Ti=
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Figure 4.8.2. Histogramof blurred image.

Comments and Observations

Figures4.8.4 and 4.8.5 are the resultsof applying Otsu’s (Section4.7) and the
SIS algorithms, respectively,to the sourceimagein Figure 4.8.3. The histogramof the
sourceimagewith the thresholdlevels markedby arrowsis shownin Figure 4.8.6. Note
thatthe maximumbetweerclassvariancefor Otsu’sthresholdoccurredat gray level values
170 through186. Thus,the smallestgray level value at which the maximumbetween-class
varianceoccurredwas chosenas the Otsu thresholdlevel for our illustration.

Figure 4.8.3. Original image.
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Figure 4.8.4. Bi-level thresholdimage using Otsu’s algorithm.

Figure 4.8.5. Bi-level thresholdimage using the SIS algorithm.
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Figure4.8.6. Histogramof original imagewith thresholdlevels markedby arrows.
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4.9. Exercises

1.* Write a programthatwill computethe histogramof animage,automaticallylocatea
major dip in the histogramfor thresholdselection,and thresholdthe imageto producea
binary image. Expressyour programin image algebrapseudocod@andtestit on suitable
images.

2. Developa programin image algebrapseudocodéhat will generatea digital image
containingseveral80to 240gray-level-tallbell-shapedowerson a backgroundf specified
gray level. Implementthe thresholdselectiontechniquegescribedn this chapterandtest
them on your artificial images.

3. Developyour own adaptivethresholdorogramthatcansetthethresholdfor eachtower
of the image generatedn Exercise2. Your programshould be capableof isolating any
one (and only one) of the gray-leveltowers.

4. Thresholdlevels can be varied to suit local or neighborhoodnput image gray-level
variations. The intuitive resultis the preservatiorof local contrastthusyielding an output
image with lessloss of information and a subjectivelymore pleasingappearance .Tech-
niguesimplementingsuchlocal thresholdsare commonlyknown aslocally adaptivethresh-
olding. Locally adaptiveimage thresholdingtechniquesinclude line- or edge-sensitive
thresholdingand averagegray-level basedthresholding. An exampleof edge-sensitive
thresholdingvasgivenin Section4.5. In averagegray-levelbasedhresholdingthe thresh-
old is determinedas a function of the averageinput image gray-valuein a local region
(usuallya 3 x 3 or 5 x b neighborhood). Pixel intensitiesthat differ significantly from
this averageare assumedo containlocal contrastinformation and are thus distinguished
in an outputimage. Developan algorithmthat implementslocally adaptiveimagethresh-
olding basedon averagegray-levelthresholding. Write your algorithm in image algebra
pseudocode lmplementyour algorithm on suitableimages.
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CHAPTER 5
THINNING AND SKELETONIZING

5.1. Intr oduction

Thick objectsin a discretebinary image are often reducedto thinner represen-
tations called skeletonswhich are similar to stick figures. Most skeletonizingalgorithms
iteratively erodethe contoursin a binaryimageuntil thin skeleton=or singlepixels remain.
Thesealgorithmstypically examinethe neighborhoodof eachcontour pixel and identify
thosepixels that can be deletedandthosethat can be classifiedas skeletalpixels.

Thinning and skeletonizingalgorithmshavebeenusedextensivelyfor processing
thresholdedimages, data reduction, pattern recognition, and counting and labeling of
connectedregions. Another thinning applicationis edgethinning which is an essential
stepin the descriptionof objectswhereboundaryinformationis vital. Algorithmsgivenin
Chapter3 describehow varioustransformsand operationsappliedto digital imagesyield
primitive edgeelements. Theseedge detectionoperationstypically producea numberof
undesiredartifactsincluding parallel edgepixels which resultin thick edges. The aim of
edgethinning is to removethe inherentedge broadeningin the gradientimage without
destroyingthe edge continuity of the image.

5.2. Pavlidis Thinning Algorithm

The Pavlidisthinningtransformis a simplethinningtransform[1]. It providesan
excellentillustration for translatingsettheoreticnotationinto image algebraformulation.

Leta € {0, 1}X denotethe sourceimageandlet A denotethe supportof a; i.e.,
A = {x e X : a(x) = 1}. Theinsideboundaryof A is denotecby IB(A). ThesetC(A)
consistsof thosepointsof IB(A) whoseonly neighborsarein TB(A) or A’.

The algorithm proceedsby startingwith n = 1, setting A° equalto A, and
iterating the statement

A" :=C(A" Y u (AT IB(A")) (5.2.1)

until A? = A? L,

It is importantto note that the algorithm describedmay result in the thinned
region having disconnectedcomponents.This situationcanbe remediedby replacingEq.
5.2.1 with

A" =C(A" Y U (A" I\ IB(A™ 1)) U (OB(C(A™ 1)) n A1),

where OB(R) is the outside boundaryof region R. The trade-of for connectivity is
highercomputationatostandthe possibility that the thinnedimagemay not be reducedas
much. Definitionsfor the variousboundarieof a Booleanimage and boundarydetection
algorithmscan be found in Section3.2.

Figure5.2.1 below showsthe disconnectednd connectedskeletonsof the SR71
superimposedaver the original image.
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Figure5.2.1. Disconnectedand connectedPavlidis skeletonsof the SR71.

Image Algebra Formulation

Let M be the Moore neighborhoodand M, be the Moore neighborhoodwith
its centerpixel deletedas shownin Figure 5.2.2. The image algebraformulation of the

Figure 5.2.2. The deletedMoore neighborhood,.

Pavlidis thinning algorithm is now as follows:

b:=0

while b # a loop
b.=a
e:=—aA M
i:=e‘Aa
c:=x=0((aNi") DMo) A
a:=cVe

end loop.
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Whenthe loop terminatedhe thinnedimagewill be containedn theimagevariablea. The
correspondencdsetweertheimagesn the codeaboveandthe mathematicaformulationare

e = eroded a,

e“=1-e,

i = inside boundary of A =IB(A),
i“*=1—-1, and

c=C(A).

If connecteccomponentsare desiredthen the last statementin the loop should
be changedto

a:=cVeV(c°A(cM M)Aa).

Comments and Observations

Therearetwo approacheso this thinning algorithm. Note that the mathematical
formulation of the algorithmis in termsof the underlyingset (or domain)of the imagea,
while the imagealgebraformulationis written in termsof imageoperations.Sinceimage
algebraalsoincludesthe settheoreticoperation®f unionandintersectiontheimagealgebra
formulation could just aswell havebeenexpressedn termsof settheoreticnotation;i.e.,
A :=domain(al|;), A’ :=domain(a||p), and so on. However, deriving the setsIB(A)
andC(A) would involve neighborhoodr templateoperationsthus making the algorithm
lesstranslucenandmorecumbersomeThe image-baseadlgorithmis far simplerandmore
translucent.

5.3. Medial Axis Transform (MAT)

Let X C R?, a € {0,1}*, andlet A denotethe supportof a. The medialaxis
is the set, M C A, consistingof thosepoints x for which there existsa ball of radius
rx, centeredat x, thatis containedin A andintersectshe boundaryof A in at leasttwo
distinct points. The dottedline (centerdot for the circle) of Figure 5.3.1 representghe
medial axis of somesimple regions.

Figure 5.3.1. Medial axes.

The medialaxistransformm is a gray level imagedefinedover X by

ifxeM
otherwise.

m(x) = { gx

The medial axis transformis unique. The original image can be reconstructedrom its
medial axis transform.
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ThemedialaxistransformevolvedthroughBlum’s work on animalvision systems
[1-10]. His interestinvolved how animal vision systemsextractgeometricshapeinforma-
tion. Thereexistsa wide rangeof applicationsthat finds a minimal representatiorof an
image useful [7]. The medial axis transformis especiallyuseful for image compression
sincereconstructiorof an imagefrom its medial axis transformis possible.

Let B, (x) denotethe closedball of radiusr andcenteredat x. The medial axis
of region A is the set

M={x€A : Ir, eR" 3B, (x) C A and card(B, (x) N JA) > 2}.
The medial axis transformis the functionm : A — R* defined by

_[ry fxeM

m(x) = 0 otherwise.

The reconstructiorof the domainof the original imagea in termsof the medial
axis transformm is given by

A= U Bm(x)(x)
xeM

The original image a is then

1 ifxeA
ax) =10 ifrxeX\A.

Image Algebra Formulation

Let a € {0, 1}X denotethe sourceimage. Usually, the neighborhoodVN is a
digital disk of a specifiedradius. The shapeof the digital disk will dependon the distance
function used. In our exampleN is the von Neumannneighborhood.

The following imagealgebrapseudocod&vill generatehe medialaxis transform
of a. When the loop terminatesthe medial axis transformwill be storedin the image
variable m.

while a # 0 loop
b:=a x=o((a@ N)M N)
1i=1+1
m:=m+ (7-b)
a:=aA N
end loop.
The result of applying the medial axis transformto the SR71 can be seenin
Figure 5.3.2. The medial axis transformationis superimposeaver the original image of

the SR71which is representedy dots. Hexadecimalnumberingis usedfor the display
of the medial axis transform.
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Figure 5.3.2. MAT superimposedver the SR71.

The original imagea can be recoveredrom the medial axis transformm using
the image algebraexpression

a.= \/ (sz(m) M Nk_l).
k=1

Becauseeachmedialaxis valueis one greaterthanthe associatedheighborhoodadius,the
transformencodedsolatedpoints (with value 1) andyields exactreconstruction.

Comments and Observations

The medialaxis transformof a connectedegionmay not be connected Preserv-
ing connectivityis a desirablepropertyfor skeletonizingtransforms.

The applicationof the medial axis on a discretizedregion may not representa
good approximationof the medial axis on the continuousregion.

Different distancefunctions may be used for the medial axis transform. The
choiceof distancefunctionis reflectedby the templateor neighborhoocemployedin this
algorithm.

5.4. Distance Transforms

A distanceransformassigngo eachfeaturepixel of a binaryimagea valueequal
to its distanceto the neareshon-featurepixels. The algorithmmay be performedn parallel
or sequentiallyf11]. In eithertheparallelor sequentiatase globaldistancesrepropagated
usingtemplateghatreflectlocal distancedo thetarget point of thetemplate[9, 11,12, 13].
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A thinnedsubsebf the originalimagecanbe derivedfrom the distancetransform
by extractingthe imagethat consistsof the local maximaof the distancetransform. This
derived subsetis called the distanceskeleton The original distancetransform,and thus
the original binary image, can be reconstructedrom the distanceskeleton. The distance
skeletoncan be usedas a methodof image compression.

Let a be a binary image definedon X C 72 with oo for feature pixels and
0 for non-featurepixels. The SR71of Figure 5.4.1 will serveas our sourceimage for
illustrationspurposes.An asteriskrepresents pixel value of co. Non-featurepixel values
are not displayed.

Figure 5.4.1. Sourcebinary image.

The distancetransformof a is a gray level imageb € RX suchthat pixel value
b(i, j) is the distancebetweenthe pixel location (¢, j) andthe nearesinon-featurepixels.
The distancecan be measuredn termsof Euclideandistance city block, or chessboard,
etc.,subjectto theapplication’srequirementsTheresultof applyingthe city block distance
transformto the imageof Figure5.4.1canbe seenin Figure5.4.2. Note that hexadecimal
numberingis usedin the figure.

The distanceskeletone of the distancetransformb is the imagewhosenonzero
pixel valuesconsistof local maximaof b. Figure 5.4.3 representghe distanceskeleton
extractedfrom Figure 5.4.2 and superimposeaver the original SR71image.

The restorationtransformis usedto reconstructthe distancetransformb from
the distanceskeletonec.
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Figure 5.4.2. Distancetransformimage.

Image Algebra Formulation

Let X C 7%, anda € {0,1}™ be the sourceimage. Note that the templates
s, t = (tg, ts), andu may be definedaccordingto the specific distancemeasurebeing
used. The templatesusedfor our city block distanceexamplearedefinedpictorially below
in Figure 5.4.4.

Distance transform

The distancetransformb of a, computedrecursively,is given by
b = (alﬂ <t) w >t/,

where< is the forward scanningorderdefinedon X and> is the backwardscanningorder
definedon X. The parallelimagealgebraformulationfor the distanceransformis givenby

b:=0

while a # b loop
b:=a
a:=(alu)

end loop.
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Figure 5.4.3. Distanceskeleton.

1
t;é: 0 t<= 1
0 1
S = 0 0)] O u-= 1. 0) 1
0 1

Figure5.4.4. Templatesusedfor city block distanceimagealgebraformulation.

Distance skeleton transform
The distanceskeletontransformis formulatednonrecursivelyas

c:=b-x=o((bMs)—b).

Restoration transform
The restorationof b from ¢ canbe donerecursivelyby

bi=(cW <(—t)) ¥ »t".
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5.5. Zhang-Suen Skeletonizing

The Zhang-Suertransform is one of many derivativesof Rutovitz' thinning
algorithm([6, 7, 14, 15, 16]. This classof thinningalgorithmsrepeatedlyemovesboundary
points from a regionin a binary image until an irreducible skeletonremains. Deleting
or removinga point in this contextmeansto changeits pixel value from 1 to 0. Not
every boundarypoint qualifiesfor deletion. The 8-neighborhoof the boundarypoint is
examinedfirst. Only if the configurationof the 8-neighborhoodsatisfiescertain criteria
will the boundarypoint be removed.

It is the requirementsplaced on its 8-neighborhoodthat qualify a point for
deletiontogetherwith the order of deletionthat distinguishthe various modificationsof
Rutovitz’ original algorithm. Someof the derivationsof the original algorithmare applied
sequentially,and someare parallel algorithms. Oneiteration of a parallel algorithm may
consistof severalsubiterationstargeting differentboundarypoints on eachsubiteration.It
is the orderof removalandthe configurationof the 8-neighborhoodhat qualify a boundary
point for deletionthat ultimately determinethe topological propertiesof the skeletonthat
is produced.

The Zhang-Suenskeletonizingtransformis a parallel algorithm that reduces
regionsof a Booleanimageto an 8-connectedskeletonsof unit thickness.Eachiteration
of the algorithm consistsof two subiterations. The first subiterationexaminesa 3 x
3 neighborhoodof every southeastboundary point and northwest corner point. The
configurationof its 3 x 3 neighborhoodwill determinewhetherthe point can be deleted
without corruptingthe ideal skeleton.On the secondsubiteratiora similar processs carried
out to selectnorthwestboundarypoints and southeastorner points that can be removed
without corruptingthe ideal skeleton.What is meantby corruptingthe ideal skeletonand
a discussionof the neighborhoodconfigurationsthat make a contour point eligible for
deletion follows next.

Let a € {0, 1}X be the sourceimage. Selectcontour points are removed
iteratively from a until a skeletonof unit thicknessremains. A contour (boundary)point
is a point that haspixel value1 and hasat leastone 8-neighborwhosepixel valueis 0. In
orderto preserve3-connectivity,only contourpointsthat will not disconnecthe skeleton
are removed.

Each iteration consistsof two subiterations. The first subiterationremoves
southeastboundary points and northwestcorner points. The seconditeration removes
northwestboundary points and southeastcorner points. The conditions that qualify a
contour point for deletion are discussedchext.

Let p1, p2, ..., ps bethe 8-neighborsof p. (SeeFigure5.5.1 below.) Recalling
our conventionthat boldfacecharactersare usedto represenpointsanditalics are usedfor
pixel values,let p; = a(p;), i € {1,...,8}.

R A
P, p R,
| B | B

Figure 5.5.1. The 8-neighborsof p.
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Let B(p) denotethe numberof nonzero8-neighborsof p andlet A(p) denote
the numberof zero-to-onetransitionsin the orderedsequencep,, ps, ..., ps,p1- If pis a
contourpoint andits 8-neighborssatisfy the following four conditionslisted below, then
p will be removedon the first subiteration.Thatis, the new value associatedvith p will
be 0. The conditionsfor boundarypixel removalare

(@ 2< B(p) <6
(b) A(p) =1

(€ pr-ps-ps =0

[
o

(d) p3-ps-pr =

In the exampleshownin Figure 5.5.2, p is not eligible for deletionduring the
first subiteration. With this configurationB(p) = 5 and A(p) = 3.

0 1 1
1 p 0
1 0 1

Figure 5.5.2. Examplepixel valuesof the 8-neighborhoodhboutp.

Condition (a) insuresthat endpointsare preserved. Condition (b) preventsthe
deletionof pointsof the skeletonthatlie betweenendpoints.Conditions(c) and(d) select
southeasboundarypoints and northwestcorner points for the first subiteration.

A contourpointwill besubjectto deletionduringthe secondsubiteratiorprovided
its 8-neighborsatisfyconditions(a) and(b) above,andconditions(c’) and(d’) aregivenby

() p1ops-pr=0
(d) piops-pr=20
Iteration continuesuntil either subiterationproducesno changein the image.

Figure 5.5.3 showsthe Zhang-Suerskeletonsuperimposeaver the original image of the
SR71.
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Figure 5.5.3. Zhang-Suerskeletonof the SR71.

Image Algebra Formulation

Leta € {0,1}X be the sourceimage. The templatet, defined pictorially in

128, 1 | 2
t= 64 4
32| 16| 8

Figure 5.5.4. Censustemplateusedfor Zhang-Suerthinning.

Figure5.5.4,is a censugemplateusedin conjunctionwith characteristidunctionsdefined
on the sets

Si = {3,6,7,12, 14, 15,24, 28, 30, 48,56, 60, 62, 96,
112,120,129, 131, 135, 143,192,193, 195,199,
207,224,225, 227, 231, 240, 241,243, 248,249}

and

Sy = {3,6,7,12, 14, 15,24, 28, 30,31, 48, 56,60, 62
63,96, 112,120, 124,126, 129,131, 135, 143,
159,192,193, 195, 224, 225, 227, 240, 248,252}
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to identify points that satisfy the conditionsfor deletion. S; targets pointsthat satisfy (a)
to (d) for the first subiterationand S, tamets pointsthat satisfy (a), (b), (¢’), and(d’) for
the secondsubiteration.

The imagealgebrapseudocodéor the Zhang-Suerskeletonizingtransformis

b:=0

while (a # b) Loop
b:=a
a:=a (1— xs,(a@®t))
a:=a- (1-— yg,(a@t))

end loop.

It maybemoreefficientto uselookuptablesratherthanthe characteristiéunctions
Xs,,» andxs,. Thelookup tablesthat correspondo xgs,, and x s, aredefinedby

f(r):{(l) ifreS;

otherwise, and

(7") - 1 ifreSs
ITT=0 otherwise,

respectively.

Comments and Observations

The Zhang-Sueralgorithm reducesthe imageto a skeletonof unit pixel width.
Endpointsare preserved.The Zhang-Sueralgorithmis alsoimmuneto contournoise. The
transformdoesnot allow reconstructiorof the original imagefrom the skeleton.

Two-pixel-widediagonallines may becomeexcessivelyeroded.2 x 2 blockswill
be completelyremoved.

Finite setsA and B are homotopicif there existsa continuousEuler number
preservingone-to-onecorrespondencketweerthe connectecomponent®f A andB. The
factthat2 x 2 blocksareremovedby the Zhang-Suertransformmeansthat the transform
doesnot preservehomotopy. Preservatiorof homotopyis consideredo be an important
topologicalproperty. We will provide an exampleof a thinning algorithm that preserves
homotopyin Section5.6.

5.6. Zhang-SuenTransform — Modified to PreserveHomotopy

The Zhang-Suentransform of Section 5.5 is an effective thinning algorithm.
However,the fact that 2 x 2 blocks are completelyerodedmeansthat the transformdoes
not preservehomotopy. Preservatiorof homotopyis a desirableproperty of a thinning
algorithm. We take this opportunityto discusswhat it meansfor a thinning transformto
preservehomotopy.

Two finite setsA and B arehomotopicif thereexistsa continuousEulernumber
preservingone-to-onecorrespondencbetweenthe connectedcomponentf A and B.

Figure 5.6.1 showsthe resultsof applying the two versionsof the Zhang-Suen
thinning algorithm to an image. The original imageis representedn gray. The largest
portion of the original imageis the SR71. A 3 x 3-pixel squarehole hasbeenpunched
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out near the top center. An X hasbeenpunchedout near the centerof the SR71. A
2 x 2-pixel squarehasbeenaddedto thelower right-handcorner. The original Zhang-Suen
transformhasbeenappliedto the imageon the left. The Zhang-Suertransformmodified
to preservehomotopyhasbeenappliedto the image on the right. The resultingskeletons
are representedn black.

Theconnectivitycriterionfor featurepixelsis 8-connectivity.For thecomplement
4-connectivityis the criterion. In analyzingthe image,note that the white X in the center
of the SR71is not one8-connectedcomponenbf the complemenbf theimage,but rather
nine 4-connectedcomponents.

The featurepixels of the original imageare containedin two 8-connecteccom-
ponents.lts complementconsistsof eleven4-connectedccomponents.The skeletonimage
producedby the original Zhang-Sueralgorithm (left Figure 5.6.1) has one 8-connected
components Its complementhas eleven4-connecteccomponents.Therefore thereis not
a one-to-onecorrespondencbetweenthe connecteccomponent®f the original imageand
its skeleton.

Notice that the modified Zhang-Suenransform(right Figure5.6.1)doespreserve
homotopy. This is becauseahe 2 x 2 in the lower right-handcornerof the original image
was shrunkto a point ratherthan being erased.

To preservehomotopy,the conditionsthat makea point eligible for deletionmust
be mademore stringent. The conditionsthat qualify a point for deletionin the original
Zhang-Sueralgorithmremainin place. However,the 4-neighborgseeFigure5.5.1) of the
point p are examinedmore closely. If the target point p hasnoneor one 4-neighborthat
haspixel value 1, thenno changeis madeto the existing set of criteriafor deletion. If p
hastwo or three4-neighborswith pixel value 1, it canbe deletedon thefirst passprovided
ps - ps = 0. It canbe deletedon the secondpassif p; - pr = 0. Thesechangesnsurethat
2 x 2 blocks do not get completelyremoved.

Figure 5.6.1. Original Zhang-Suertransform
(left) and modified Zhang-Suertransform (right).

Image Algebra Formulation

As probablyanticipated the only effect on the imagealgebraformulationcaused
by modifying the Zhang-Suenransformto preservehomotopyshowsup in the setsS; and
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S, of Section5.5. The setsS| andS/, that replacethem are
S =Sy \ {28, 30,60, 62}

and

S’y =Sy \ {193,195, 225, 227}.
5.7. Thinning Edge Magnitude Images

The edge thinning algorithm discussedhere uses edge magnitude and edge
directioninformationto reducethe edgeelementof animageto a setthatis only onepixel
wide. The algorithm was originally proposedby Nevatiaand Babu [17]. The algorithm
presentechereis a variant of Nevatiaand Babu’s algorithm. It was proposedin Ritter,
Gader,and Davidson[18] and was implementedby Norris [19].

The input to the algorithmis an imageof edgemagnitudesand directions. The
inputimageis alsoassumedo havebeenthresholded.The edgethinning algorithmretains
a point as an edgepoint if its magnitudeand direction satisfy certain heuristiccriteria in
relationto the magnitudesanddirectionsof two of its 8-neighbors.The criteriathata point
mustsatisfy to be retainedas an edgepoint will be presentedn the next subsection.

The edge image that was derived in Section 3.10 will serve as our example
sourceimage. Recallthat evenafter thresholdingthe thicknessof the resultingedgeswas
undesirable.Let a = (m,d) € (IRZ)z be an imagewith edgemagnitudesn € R?* and
directionsd € R”". The rangeof d in this variation of the edgethinning algorithmis the
set (in degrees) 0, 30,60,...,330} C R.

To understandhe requirementghat a point must satisfy to be an edgepoint, it
is necessaryo know whatis meantby the expressiorithe two 8-neighborsnormalto the
directionat a point.” The two 8-neighborghat comprisethe normalto a given horizontal
or vertical edgedirection are apparent. The questionthen arisesabout points in the 8-
neighborhoodf (¢, j) thatlie onthe normalto, for instancea 30° edgedirection. For non-
verticalandnon-horizontakdgedirections the diagonalelementf the 8-neighborhoodre
assumedo makeup the normals. For examplethe points(i — 1,7 — 1) and(i + 1,7 + 1)
are on the normalto a 30° edgedirection. Thesetwo points are also on the normal for
edgedirections60°, 210°, and 240° (seeFigure5.7.1). We are now readyto presentthe
conditionsa point must satisfy to qualify as an edge point.

(-1,j-1) 60/ \ 120 |(-1.j+1)
// 30 150\\
(i, \)
330
210 »{/ \\«
(i+1,j+1) (i+1,j-1)
240 300
90
(-1.j) A
180 < (i) > O Gi-Y | G |G+
+L.J)
\
270

Figure 5.7.1. Directionsand their 8-neighborhoochormalsabout(, j).
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An edgeelementis deemedo existat the point (¢, 7) if any oneof the following
setsof conditionshold:

(1) The edgemagnitudef pointson the normalto d(:, j) are both zero.

(2) The edgedirectionsof the points on the normalto d(i, j) are both within

30° of d(7,7), andm(i, j) is greaterthan the magnitudesof its neighborson
the normal.

(3) Oneneighboron the normal has direction within 30° of d(z, j), the other
neighboron the normal hasdirection within 30° of d(z, j) + 180°, andm(%, 7)
is greaterthanthe magnitudeof the former of its two neighborson the normal.

The resultof applying the edgethinning algorithmto Figure 3.10.3canbe seen
in Figure 5.7.2.

Image Algebra Formulation

Leta = (m,d) € (IRZ)X be animageon the point set X, wherem € RX is the
edgemagnitudeimage,andd € RX is the edgedirectionimage.

Theparameterizetemplatet(:) hassupportin thethree-by-thre@-neighborhood
aboutits target point. The ith neighbor(orderedclockwise starting from bottom center)
hasvaluel. All otherneighborshavevalueO. Figure5.7.3providesan illustration for the
casei = 4. The small numberin the upperright-handcornerof the templatecell indicates
the point’s position in the neighborhoodordering.

The functiong : {0,30,...,330} — {0,1,...,7} definedby
2r 4+ 30
g(r) = { 90 J

is usedto definedthe imagei = ¢g(d) € {0, .. ., 7}%. The pixel valuei(x) is equalto the
positionalvalue of one of the 8-neighborsof x thatis on the normalto d(x).

The function f is usedto discriminatebetweenpointsthat areto remainasedge
pointsandthosethat areto be deleted(havetheir magnitudesetto 0). It is definedby

(m,d) ifm; =my=0

if m>my,m>ms,
|d - di] < 30,
and |d — dz| < 30

.f(mlmllmZ)d)dl)dZ): lfm>m1)|d7d1|g30)
and [180 +d — da| < 30

if m > my,|d— ds] < 30,
and [180 + d — dy| < 30

(0,d) otherwise.
The edgethinnedimageb e ([R2)X can now be expresseds

b:= f(m,m @t(i),m Pt((i+ 4) mod8),d,dPt(i),d Pt((i + 4) mod 8)).
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5.8. Exercises

1. Give a settheoreticimagealgebraformulation of the Pavlidis thinning algorithm.

2. a. Provide an image algebraformulation of the medial axis transform using the
chessboardlistance. Implementthe algorithm on a Booleanimage containing
irregularly shapedobjects.

b. Repeat2.ausingthe city block distance. Compareand analyzethe resultswith
thoseobtainedin 2.a.

3. Exploreanddiscusshow a skeletonizedbject can be usedas a primitive for pattern
recognition.

4. The medial axis transformhasbeensuccessfullyappliedin pathplanningfor robotic
applications.Given arobot of circumferencel, constructa building floor with hallwaysof
differentwidths, somewider than d and othersnarrowerthand. Find the medial axis of
the hallwaysand eliminatethosethat cannotbe navigatedby the robot. Given your map
of the building floor asthe input image,write an algorithm (in image algebra)that will

computethe pathsthe robot can travel.

5. a. Providean image algebraformulation of the distancetransformusing the Eu-
clideandistance.Implementthe algorithmon a Booleanimagecontainingirreg-
ularly shapedobjects.

b. Repeats.ausingthe chessboardlistance.Compareand analyzethe resultswith
thoseobtainedin 5.a.

6. Giveanon-recursivéemagealgebraformulationof a restoratiortransformthatrestores
the distanceskeletonsobtainedfrom exercisess.aand5.b.

7. LetN, : X — 2% pedefinedby N,(x) = {y € X : d(x,y) < r}, a € {0,1}, and
let A denotethe supportof a.

a. Showthatd(x,fi) > r if andonly if x € B where B denotesthe supportof
alAl N,.

b. Showthatd(x, A) < r if andonly if x € C' whereC denotesthe supportof
aM N,.

8. Derive a less cumbersomealgorithm that yields a one-pixel-widedirectional edge
imagethanthe one givenin Section5.7. Expressyour algorithmin imagealgebra.
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CHAPTER 6
CONNECTED COMPONENT ALGORITHMS

6.1. Intr oduction

A wide variety of techniquesemployedin computervision reducegray level
imagesto binary images. These binary imagesusually contain only objects deemed
interestingand worthy of further analysis. Objectsof interestare analyzedby computing
various geometric propertiessuch as size, shape,or position. Before such an analysis
is done, it is often necessaryo removevariousundesirableartifactssuchas feelersfrom
componentshroughpruningprocessesAdditionally, it maybedesirablgo labeltheobjects
sothat eachobjectcanbe analyzedseparatelyandits propertiedisted underits’ label. As
such,componentabeling can be consideredh fundamentakegmentatioriechnique.

The labeling of connectedcomponentsalso providesfor the numberof compo-
nentsin an image. However,there are often faster methodsfor determiningthe number
of componentsFor example,if componentsontainsmall holes,the holescanbe rapidly
filled. An applicationof the Euler characteristido an image containingcomponentswith
no holesprovidesone fast methodfor countingcomponents.This chapterprovidessome
standardabeling algorithmsas well as examplesof pruning, hole filling, and component
counting algorithms.

6.2. ComponentLabeling for Binary Images

Componentlabeling algorithms segmentthe domain of a binary image into
partitions that correspondto connectedcomponents. Componentlabeling is one of the
fundamentalsegmentatiortechniquesused in image processing. As well as being an
importantsegmentatioriechniquein itself, it is often an elementof more compleximage
processingalgorithms[1].

The set of interestfor componentabeling of animage,a € {0, l}x, is the set
of points Y C X that havepixel value 1. This setis partitionedinto disjoint connected
subsets.The partitioning is representedy an imageb in which all pointsof Y that lie
in the sameconnectedcomponenthave the samepixel value. Distinct pixel valuesare
assignedo distinct connectedcomponents.

Either 4- or 8-connectivitycanbe usedfor componentabeling. For example Jet
the imageto the left in Figure 6.2.1 be the binary sourceimage (pixel valuesequalto 1
areshownin black). Theimagein the centerrepresentshe labelingof 4-componentsThe
imageto the right representshe 8-componentsDifferentcolors (or gray levels) are often
usedto distinguishconnectedccomponentsThis is why componentabelingis alsoreferred
to asblob coloring. From the differentgray levelsin Figure6.2.1,we seethat the source
imagehasfive 4-connecteccomponentsand one 8-connecteccomponent.
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Figure6.2.1. Originalimage,labeled4-componenimage,andlabeled8-componenimage.

Image Algebra Formulation

Leta e {0, 1}* bethe sourceimage,whereX is anm x n grid. Let theimage
d be defined by
d(i,j)=(G—1)n+j,wherel <i<mand 1 <j<n.

The algorithm startsby assigningeachblack pixel a uniquelabel and usesc to
keep track of componentlabels as it proceeds. The neighborhoodVN is either the von
Neumannneighborhoodor 4-connectivityor the Moore neighborhoodor 8-connectivity.

When the loop of the pseudocodéelow terminates,b will be the image that
containsconnectedccomponeninformation. Thatis, pointsof X that havethe samepixel
valuein theimageb lie in the sameconnectedcomponentof X.

b:=0

c:=d-a

while b # ¢ loop
b:=c
c:=(bMN)-a
end loop.

Initially, eachfeaturepixel of a hasa correspondingunique label in the imagec. The
algorithm works by propagatingthe maximum label within a connectedcomponentto
every point in the connectedcomponent.

Alternate Image Algebra Formulations

Let d be asdefinedabove. Define the neighborhoodunction N(a) asfollows:
[N(@)l(y) ={y}U{x=y+(0,))ory+(i0):a(x)#0,:=1or —1}.
The componentf a arelabeledusingthe imagealgebrapseudocodehat follows. When
the loop terminatesthe image with the labeled componentswill be containedin image
variable b.
b:=
c:=d a
while ¢ # b loop
b:=c¢
c:=bMA N(a)
end loop.
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Note that this formulation propagateghe minimum value within a componentto every
point in the component. The variant neighborhoodV as definedaboveis usedto label
4-connecteccomponentslt is easyto seehow the transitionfrom invariantneighborhood
to varianthasbeenmade. The sametransitioncanbe appliedto the invariantneighborhood
usedfor labeling 8-components.

Variant neighborhoodsre not as efficient to implementas invariant neighbor-
hoods. However,in this implementationof componentlabeling there is one lessimage
multiplication for eachiteration of the while loop.

Although the abovealgorithmsare simple, their computationakostis high. The
numberof iterationsis directly proportionalto mn. A fasteralternatelabeling algorithm
[2] proceedsin two phases. The numberof iterationsis only directly proportional to
m+n. However,the price for decreasingomputationatomplexityis anincreasen space
complexity.

In thefirst phasethealternatealgorithmappliesthe shrinkingoperatiordeveloped
in Section6.4 to the sourceimagem + n times. The first phaseresultsin m + n binary
imagesap, a1, ..., antn—1. Eacha; representsnintermediatdmagein which connected
componentsare shrinking toward a unique isolatedpixel. This isolatedpixel is the top
left cornerof the component’sboundingrectangle,thus it may not be in the connected
component.The imagea,,+,—1 consistsof isolatedblack pixels.

In the secondphase,the fasteralgorithm assignslabelsto eachof the isolated
blackpixelsof theimagea,,+,_1. Theselabelsarethenpropagatedo the pixelsconnected
to themin a,, 1, _» by applyinga label propagatingperation,thento a,,+,_3, andsoon
until a, is labeled.In the processof propagatingabels,new isolatedblack pixels may be
encounteredn the intermediatdmages.Whenthis occurs,the isolatedpixels are assigned
unique labels and label propagationcontinues.

Notethatthelabel propagatingoperationsareappliedto theimagesin thereverse
orderthey are generatedy the shrinking operations.More thanoneconnecteccomponent
may be shrunkto the sameisolatedpixel, but at differentiterations. A uniquelabelassigned
to an isolatedpixel shouldincludethe iteration numberat which it is generated.

The templates usedfor imageshrinking and the neighborhoodunction P used
for label propagationare definedin following figure. The fasteralgorithm for labeling
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8-componentss as follows:
a; ‘= a
k=0
while a; # 0 loop
Ag+1 ‘= X{5,7,9,10,11,12,13,14,15} (ak (-DS)
k=k+1
end loop
Il = k-1
c = aj
while ! > 0 loop
c = (d-(m+n)+1) x=1(c)Ve
c = cVa_
c = (cM@P) a_
I =1-1
end loop.
When the last Loop terminatesthe labeledimage will be containin the variablec. If
4-componentabelingis preferred the characteristidunction in line 4 shouldbe replaced
with
X{7,9,11,12,13,14,15} -

Comments and Observations

The alternatealgorithm must storem + n intermediateémages. Thereare other
fast algorithmsproposedto reducethis storagerequirement2, 3, 4, 5]. It may also be
more efficient to replacethe characteristidunction x (57 5....,15) by alookup table.

6.3. Labeling Componentswith Sequential Labels

The componentabeling algorithmsof Section6.2 beganby assigningeachpoint
in the domain of the sourceimage the numberthat representsts positionin a forward
scanof the domaingrid. The label assignedto a componentis either the maximum or
minimum from the set of point numbersencompassetly the component(or its bounding
box). Consequentlylabel numbersarenot usedsequentiallythatis, in 1,2,3, ..., n order.

In this sectiontwo algorithmsfor labelingcomponentsith sequentialabelsare
presented Thefirst locatesconnectedcomponentandassigndabelssequentiallyandthus
takesthe sourceimageasinput. The secondtakesas input labeledimages,suchasthose
producedby the algorithmsof Section6.2, andreassignsiew labelssequentially.

It is easyto determinethe numberof connectedcomponentsn an image from
its correspondingequentialabelimage;simply find the maximumpixel value of the label
image. The set of label numbersis also known, namely {1,2,3,...,v}, wherev is the
maximumpixel value of the componenimage. If componentabelingis onestepin larger
image processingegimen,this information may facilitate later processingsteps.

Labelingwith sequentialabelsalsooffersa savingsin storagespace.Supposene
isworkingwith 17 x 17 graylevelimageswhosepixel valueshaveeightbit representations.
Up to 255 labelscanbe assignedf labelingwith sequentialabelsis used. It may not be
possibleto representhe labelimageat all if labelingwith sequentialabelsis not usedand
a label value greaterthan 255 is assigned.
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Image Algebra Formulation

Leta € {0, 1}X bethesourcamage,whereX isanmxn grid. Theneighborhood
N usedis eitherthe von Neumannneighborhoodor labeling 4-connecteccomponentsor
the Moore neighborhoodor labeling 8-connecteccomponents.

Whenthe algorithm below ends,the sequentialabel imagewill be containedin
image variable b.

[:=0
b:=a
c:=a

for ¢ in 1..m loop
for j in 1..n loop
if b(i,j) = 1 then
=141
b(i,j) :=b(:, ) +1{
while b # ¢ loop
c:=b
b:=(cMN) a
end loop
end if
end loop
end loop
b:=b —a.

Alternate Image Algebra Formulation

Thealternatémagealgebraalgorithmtakesasinput alabelimagea andreassigns
labelssequentially.Whenthe while loop in the pseudocodéelow terminatesthe image
variableb will containthe sequentialabel image. The componentconnectivity criterion
(four or eight) for b will be the samethat wasusedin generatinghe imagea.

1:=0

b:=0

m: = Va

while m # 0 loop
ti=1+1
b:=i x=-pn(a)+b
a:=(x<m(a))-a
m:= Va

end loop.

Comments and Observations
Figure 6.3.1showsa binary image(left) whosefeaturepixels are representedy

an asterisk.The pixel valuesassignedo its 4- and 8-componentsfter sequentialabeling
are seenin the centerand right images,respectively,of Figure 6.3.1.
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Figure 6.3.1. A binary image,its 4-labeledimage (center)and 8-labeledimage (right).

6.4. Counting ConnectedComponentsby Shrinking

The purposeof the shrinking algorithm presentedn this sectionis to countthe
connectedcomponentsn a Booleanimage. The idea, basedon Levialdi’'s approach[6],
is to shrink eachcomponento a point and then countthe numberof points obtained. To
expresshis ideaexplicitly, let a € {0, 1}X denotethe sourceimageandlet 2 denotethe
Heavisidefunction defined by

(0 ift<0
h(t)_{1 if t > 0.

One of four windows may be chosenas the shrinking pattern. Eachis distinguishedby
the direction it compresseshe image.

Shrinking toward top right —

a(i,j) = h[h(a(i,j — 1) +a(i,j) +ai +1,5) — 1) + h(a(i,j) +a(i + 1,5 — 1) — 1)].
Shrinking toward top left —

a(i,j) := hlh(a(i,j)+a(i,j+1)+a(i+1,5)— 1)+ h(a(i,j)+ali+1,7+1)—1)].
Shrinking toward bottom left —

a(i,j) = h[h(a(i,j) +a(i —1,7) +a(i,j+1) - 1)+ h(a(i, j) +ali - 1,7+ 1) - 1)].
Shrinking toward bottom right —

a(i,j) = hlh(a(i,j) +a(i,j — 1) +a(i — 1,5) — 1)+ h(a(i, j) +ai — 1, — 1)~ 1)].

Each iteration of the algorithm consistsof applying, in parallel, the selected
shrinking window on every elementof the image. Iteration continuesuntil the original
image has beenreducedto the zeroimage. After eachiteration the numberof isolated
points is countedand addedto a running total of isolated points. Each isolated point
correspondgo an 8-connecteccomponentof the original image.

This shrinkingprocesss illustratedin the series(in left to right andtop to bottom
order) of imagesin Figure 6.4.1. The original image (in the top left corner) consistsof
five 8-connectegatterns.By thefifth iterationthe componenin the upperleft cornerhas
beenreducedto an isolatedpixel. Thenthe isolatedpixel is countedand removedin the
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following iteration. This processcontinuesuntil eachcomponenthasbeenreducedto an
isolatedpixel, counted,and then removed.

Figure 6.4.1. The parallel shrinking process.

Image Algebra Formulation

Let a € {0, 1}X be the sourceimage. We will illustrate the image algebra
formulationusingthe shrinkingwindow that compressesoward the top right. This choice
of shrinkingwindow dictatesthe form of neighborhoods\/ and N below. The template
u is usedto find isolated points.

Theimagevariablea is initialized with the original image. The integervariable
p is initially setto zero. The algorithm consistsof executingthe following loop until the
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imagevariable a is reducedto the zero image.

while a # 0 loop
pi=p+y_ (ar(l-(a@0)))

a = xsolx>1(@a@®M) + xs1(a@PN))
end loop.

When the algorithm terminates the value of p will representhe numberof 8-connected
componentf the original image.

Alternate Image Algebra Formulation

The aboveimagealgebraformulation closely parallelsthe formulation presented
in Levialdi [6]. However,it involvesthreeconvolutionsin eachiteration. We canreduce
numberof convolutionsin eachiterationto only oneby usingthefollowing censugemplate.
A binary censugemplate(whoseweightsare powersof 2), whenappliedto a binaryimage,
encodeshe neighborhooatonfigurationf targetpixels. Fromthe corfigurationof a pixel,
we can decidewhetherto changeit from 1 to 0 or from 0 to 1, and we can also decide
whetherit is an isolated pixel or not.

16 | 32 | 64
S = 8 1 )128
4 2 | 256

The algorithmusing the binary censugemplateis expresseds follows:

while a # 0 loop

a = a@s

p = p+X(x=1(a))
a = f(a)

end loop.

In orderto count 8-componentsthe function f shouldbe ddfined as

N_ J1 ifrmodl6e {3,57,9,10, 611,13 14 15}
f(r) = )
0 otherwise.

The 4-component®f the image can be countedby defining f to be

fr) = { 1 ifrmod 16 € {3,7,9,11,13, 14, 15}
0 otherwise.

In either case,the movementof the shrinking componentis toward the pixel at the top
right of the component.
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Comments and Observations

The maximum numberof iterationsrequiredto shrink a componentto its cor-
respondingsolatedpoint is equalto the d; distanceof the elementof the region farthest
from top rightmostcornerof the rectanglecircumscribingthe region.

6.5. Pruning of Connected Components

Pruningof connecteccomponentss a commonstepin removingvariousunde-
sirableartifactscreatedduring precedingmageprocessingsteps. Pruningusuallyremoves
thin objectssuchasfeelersfrom thick, blob-shape@omponentsThereexistsa wide variety
of pruningalgorithms. Most of thesealgorithmsare usually structuredto solvea particular
task or problem. For example,after edge detectionand thresholding,various objectsof
interestmay be reducedto closedcontours.However,in real situationstheremay also be
many unwantededgepixels left. In this casea pruning algorithm can be tailored so that
only closedcontoursremain.

In this sectionwe presenta pruning algorithm that removesfeelersand other
objectsthat are of single-pixelwidth while preservingclosedcontoursof up to single-pixel
width as well as 4-connectivityof componentsconsistingof thick bloblike objectsthat
may be connectedoy thin lines. In this algorithm, a pixel is removedfrom an objectif it
containsfewer thantwo 4-neighbors.The procedurds iterative and continuesuntil every
object pixel hastwo or more 4-neighbors.

Image Algebra Formulation

Leta € {0, 1}X be the sourceimageand N denotethe von Neumannneigh-
borhood. The following simple algorithmwill producethe prunedversionof a described
above:

b:=0
while b # a loop
b:=a
a:= x>sla-(a@N)]
end loop.
The resultsof applying this pruning algorithmare shownin Figure 6.5.1.

= nﬂ
+

Figure 6.5.1. The sourceimage a is shownat
the left and the prunedversionof a on the right.

© 2001 by CRC PressLLC



Comments and Observations

The algorithm presentedabovewasfirst usedin an autonomougarget detection
schemefor detectingtanks and military vehiclesin infrared images[7]. As such, it
represents specificpruning algorithmthat removesonly thin feelersand non-closedhin
lines. Differentsize neighborhoodsnustbe usedfor the removalof larger artifacts.

Since the algorithm presentedhereis an iterative algorithm that usesa small
neighborhood,removal of long feelers may increasecomputationaltime requirements
beyondacceptabldevels, especiallyif processings doneon sequentialarchitectures.In
suchcasesmorphologicalfilters may be more appropriate.

6.6. Hole Filling

As its nameimplies, the holefilling algorithmfills holesin binaryimages.A hole
in this contextis a region of 0-valuedpixels boundedby an 8-connectedset of 1-valued
pixels. A holeis filled by changingthe pixel value of pointsin the hole from 0 to 1. See
Figure 6.6.1 for an illustration of hole filling.

Figure 6.6.1. Original image (left) and filled image (right).

Image Algebra Formulation

Leta € {0, 1}X bethe sourcemage,andlet thetemplates andtheneighborhood
N be picturedbelow. The holefilling imagealgebracodebelow is from the codederived
by Ritter [8].
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c:=0
b:=a
while b # ¢ loop
c:=b;
b =b + x{14,20; (b Ds)
end loop
c:=0
while b # ¢ loop
c:=b
b:=(bAN)Va
end loop.
When the first while loop terminates,the image variable b will containthe
objectsin the originalimagea filled with 1's andsomeextral’s attachedo their exteriors.
The secondwhile loop “peelsoff” the extraneoudl’s to producethe final outputimage

b. The algorithm presentedaboveis efficient for filling small holes. The alternateversion
presentechext is more efficient for filling large holes.

Alternate Image Algebra Formulation

Let a € {0, 1}X be the sourceimage and N the neighborhoodas previously
defined. The holesin a arefilled usingthe imagealgebrapseudocodédelow.

b:=0
c:=1
while ¢ # b loop
b:=c
c:=(bAN)Va
end loop.
Whenthe loop terminateghe “filled” imagewill be containedn theimagevariablec. The
secondmethodfills the whole domainof the sourceimagewith 1's. Then, startingat the
edgeof thedomainof theimage,extraneoud’s arepeeledawayuntil theexteriorboundary

of the objectsin the sourceimageare reached.Dependingon how A is implementedjt
may be necessanto add the line

c(0,0) =0

immediatelyafter the statementhatinitializes ¢ to 1. This is becausdemplatet needsto
encountera 0 beforethe peeling processcan begin.

6.7. Exercises

1. Rewritethe connecteccomponentabelingalgorithmsusingthe operationsof ) and
@ insteadof M and A .
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2. As mentionedin Section6.2, there exist other fast connectedcomponentlabeling
algorithms.Using the referencegprovided,give an imagealgebraspecificationof onesuch
algorithm.

3. Given a Booleanimagea € {0, l}x, let Y C X be the setof points having pixel
valuelin a. Letb € {0,1,2}* be defined by

b(x)_{z if M(x) C Y

a(x) otherwise.
Specify an algorithm in image algebrathat computesb.

4. A binaryimageoverarectangulatm x n arrayis equivalentto a binarym x n matrix.
Both the image and the matrix are bulky and can be easily compressed.For example,
given an 8 x 8 booleanimage of the form

M 1 0 0 0 1 0 0
0010010 01
000010 00
00111100
001 00100
00100100
00111100
o 0 1 1 1 1 0 OJ

then the first row is equivalentto the binary number01000100= 68. Hencethe matrix
can be written as a single column vector

681
36
8
60
36
36
60
L60

It follows that the binary image can be written as a simple string “68 36 8 60 36 36
60 60" and the image value a(z, j) can be easily recoveredfrom the condensedstring
by using a decimal-to-binaryconversionfunction. Specify an image algebraalgorithm
that compresses binary imageinto a columnvector or string. Providea decompression
algorithm specifiedin image algebra.

5. Leta € {0, 1}X andY C X denotethe set of points correspondingo one of the
connectedcomponentsh of a. Note thatb = a|y. Let N(Y) C X be the smallest
rectangulararray containing’Y. A pixel (y,b(y)) is called an extemal point of the
componenb of a if y is on the boundaryof N(Y). Providean algorithmthat labelsthe
extremalpoints of connectedcomponent®of a. Specify your algorithmin imagealgebra.
Canyour algorithm be implementedin parallel?

6. As mentionedin this chapter,componentiabeling algorithmsform a computational
bottleneckin many algorithms. Can you develop a more efficient algorithm to label
connecteccomponentghanthe onespresentedn this chapter?Canyou specify a parallel
algorithm?
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7.

Specify an alternatepruning algorithm. Can you specify a pruning algorithm that

removeslong feelerswithout significantly increasingcomputationtime? Can you specify
a parallel pruning algorithm?
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CHAPTER 7
MORPHOLOGICAL TRANSFORMS AND TECHNIQUES

7.1. Introduction

Mathematicamorphologyis thatpartof digital imageprocessinghatis concerned
with imagefiltering andgeometricanalysisby structuringelements.lt grew out of the early
work of Minkowski andHadwigeron geometricmeasuregheoryandintegralgeometry[1,
2, 3], and enteredthe modernera throughthe work of Matheronand Serraof the Ecole
desMines in FontainebleaufFrance[4, 5]. Matheronand Serranot only formulatedthe
modernconceptsof morphologicalimagetransformationsbut also designedand built the
Textue AnalyzerSystema parallelimage processingarchitecturebasedon morphological
operationg6]. In theU.S.,researchnto mathematicamorphologybeganwith Sternbeg at
ERIM. Serraand Sternbeg werethefirst to unify morphologicalconceptaandmethodsnto
a coherentalgebraictheory specificallydesignedor imageprocessingandimageanalysis.
Sternbeg was also the first to usethe termimagealgebra[7, 8].

Initially the mainuseof mathematicainorphologywasto describeBooleanimage
processingin the plane, but Sternbeg and Serraextendedthe conceptsto include gray
valuedimagesusingthe cumbersomeaotion of anumbra During this time a divergenceof
definition of the basicoperation=of dilation anderosionoccurredwith Sternbeg adhering
to Minkowski’s original definition. Sternbeg’s definitionshave beenusedmore regularly
in the literature,and,in fact, areusedby Serrain his bookon mathematicamorphology[5].

Since those early days, morphological operationsand techniqueshave been
appliedfrom low-level, to intermediateto high-levelvision problems.Among somerecent
researctpaperson morphologicalimageprocessingre CrimminsandBrown [9], Haralick,
etal. [10, 11], MaragosandSchafe{12, 13, 14], Davidson[15, 16, 17], Dougherty{18, 19],
Koskinenand Astola [20], and Sivakumarand Goutsias[21]. The rigorous mathematical
foundation of morphologyin terms of lattice algebrawas independentlyestablishedby
Davidsonand Heijmans[22, 23, 24]. Davidson’swork differs from that of Heijmans’in
thatthe foundationprovidedby Davidsonis moregeneralandextendsclassicaimorphology
by allowing for shiftvariant structuringelements.FurthermoreDavidson’swork establishes
a connectionbetweenmorphology,minimax algebra,and a subalgebraof imagealgebra.

7.2. Basic Morphological Operations: Boolean Dilations and Erosions

Dilation anderosionarethe two fundamentabperationghat definethe algebraof
mathematicamorphology. Thesetwo operationscan be appliedin differentcombinations
in orderto obtainmore sophisticatedperations.Noise removalin binary imagesprovides
one simple applicationexampleof the operationsof dilation and erosion(Section7.4).

The languageof Booleanmorphologyis that of settheory. Thosepointsin a set
being morphologicallytransformedare consideredhe selectedset of points, and thosein
the complementset are consideredo be not selected.In Boolean(binary) imagesthe set
of pixels selectedis the foregroundand the set of pixels not selectedis the background.
The selectedsetof pixelsis viewed asa setin Euclidean2-space.For example the setof
all black pixelsin a Booleanimageconstitutesa completedescriptionof the imageandis
viewed as a setin Euclidean2-space.
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A dilation is a morphologicaltransformationthat combinestwo setsby using
vector addition of setelements. In particular, a dilation of the set of black pixels in a
binary image by anotherset (usually containingthe origin), say B, is the set of all points
obtainedby addingthe pointsof B to the pointsin the underlyingpoint set of the black
pixels. An erosioncanbe obtainedby dilating the complemenbf the black pixelsandthen
taking the complementof the resulting point set.

Dilations and erosionsare basedon the two classicaloperationsof Minkowski
addition and Minkowskisubtractionof integral geometry. For any two setsA C R™ and
B C R?, Minkowski addition is defined as

AxB={a+b:acA beB}
and Minkowski subtractionas
A/B = (A’ x B*),
whereB* = {~b : be B} andA’ = {x € R" : x ¢ A}, i.e.,, B* denoteshe reflection

of B acrossthe origin 0 = (0,0,...,0) € R™, while A’ denotesthe complementof A.
Here we have usedthe original notationemployedin Hadwiger'sbook [3].

Defining A, = {a+ b : a € A}, onealsoobtainsthe relations

AxB=|]As={p:B;nA+2} (7.2.1)
beB
and
A/B= (] Ap={p:B, CA}, (7.2.2)
beB*

whereB,, = {b + p : b € B}. It is theselast two equationsthat makesmorphologyso
appealingto many researchers.Equation7.2.1 is the basis of morphologicaldilations
while Equation7.2.2 providesthe basisfor morphologicalerosions. SupposeB contains
the origin 0. ThenEquation7.2.1saysthat A x B is the setof all pointsp suchthat the
translateof B* by the vectorp intersectsA. Figures7.2.1and7.2.2illustratethis situation.

A

Figure 7.2.1. The set A C R? with structuringelementB.
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A xB

Figure 7.2.2. The dilated set A x B.
Note: original set boundariesshownwith thin white lines.

ThesetA/B, onthe otherhand,consistsof all pointsp suchthatthe translateof B
by thevectorp is completelycontainednsideA. This situationis illustratedin Figure7.2.3.

p

A/B

Figure 7.2.3. The erodedset A/B.
Note: original setboundariesshownwith thin black lines.

In the terminologyof mathematicamorphologywhendoing a dilation or erosion
of A by B, it is assumedhatA is the setto be analyzedandthatB is the measuringstick,
calleda structuringelement.To avoid anomalieswithout practicalinterest,the structuring
elementB is assumedo includethe origin, andboth A andB areassumedo be compact.
The set A correspondgo either the supportof a binary imagea € {0, 1}X or to the
complementof the support.

The dilation of the image a using the structuringelementB resultsin another
binary imageb € {0,1}™ which is definedas

_J1 ifxeXn(A x B)
b(x) = / 7.2.3
(x) { 0 otherwise. ( )
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Similarly, the erosion of the imagea € {0, l}x by B is the binary image
b € {0,1}* definedby

b(x)={! ifx€A/B (7.2.4)
0 otherwise.

The dilation and erosionof imagesas definedby Equations7.2.3and 7.2.4can
be realizedby using max and min operationsor, equivalently,by using OR and AND
operations.In particular,it follows from Equations7.2.3and7.2.1that the dilatedimage
b obtainedfrom a is given by

b(x) = maz{a(x+y) : y € B*}.
Similarly, the erodedimageb obtainedfrom a is given by

b(x) = min{a(x+y) : y € B}.

Image Algebra Formulation

Leta € {0, 1}X denotea sourceimage (usually, X C 72 is a rectangulararray)
andsupposeave wishto dilate A C X, whereA denoteghe supportof a, usinga structuring
elementB containingthe origin.

Define a neighborhoodN : X — 2% by
Ny)={xeX:x—-yeB"'}

The image algebraformulation of the dilation of the imagea by the structuringelement
B is given by

b:=aMN.

The image algebraequivalentof the erosionof a by the structuringelementB
is given by

b:=aA N*.

Replacinga by its Booleancomplementa® in the aboveformulationfor dilation
(erosion)will dilate (erode)the complementof the supportof a.

Alternate Image Algebra Formulations

We presentan alternateformulationin termsof image-templat@perations.The
main rationalefor the alternateformulationis its easyextensiornto the gray level case(see
Section7.6).

Let F denotethe 3-elementboundedsubgroup{—oo, 0, oo} of Ry.,. Definea

templatet € (F22)22 by

1 fx=y+p, peB*
t :{ 4 !
y(x) —o0o otherwise.
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The image algebraformulation of the dilation of the imagea by the structuringelement
B is given by

b:=aMt.

The image algebraequivalentof the erosionof a by the structuringelementB
is given by

b:=a[t*.

With aminor changen templatedefinition, binary dilationsanderosionscanjust
aswell be accomplishedisingthe lattice convolutionoperations) and @®, respectively.
2

5 7
In particular,let F = {0, 1, oo} and definet € (IFZ ) by

1 fx=y+p, peB*
0 = .
y(%) 0 otherwise.

The dilation of the imagea by the structuringelementB is now given by
b =a@t
and the erosionof a by B is given by

b:=a@®t.

Comments and Observations

It can be shown that

A C (A x B)/B,

(A/B)x B C A,

(A/B)/C = A/(B x C),

A x (B/C) C (A xB)/C,
Ax(BUC)=(AxB)U(A x C), and
A/(BUC)=(A/B)N(A/C).

Theseequationsconstitutethe basiclaws thatgovernthe algebraof mathematicamorphol-
ogy and provide the fundamentatools for geometricshapeanalysisof images.

The current notation usedin morphologyfor a dilation of A by B is A @B,
while an erosionof A by B is denotedby A S B. In orderto avoid confusionwith the
linear image-templategproduct @, we use Hadwiger’'s notation [3] in order to describe
morphologicalimagetransforms.In addition, we usethe now more commonlyemployed
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definitions of Sternbeg for dilation and erosion. A comparisonof the different notation

and definitionsusedto describeerosionsanddilationsis providedby Table 7.2.1.

Table 7.2.1 Notation and Definitions Usedto DescribeDilations and Erosions

Minkowski Addition Subtraction
AxB= ] A, A/B= () Ap=(A'xB")
beB beB*
Serra Dilation of A by B Erosionof A by B
Maragos
A®B = ] A, AcB* = (] Ap=(A'@®B)
beB* beB*
Sternbeg Dilation of A by B Erosionof A by B
AQB = | J Ay AcB= () A,=(A"@®B")
beB beB*

7.3. Opening and Closing

Dilations and erosionsare usually employedin pairs; a dilation of an imageis
usually followed by an erosionof the dilated result or vice versa. In either case,the
result of successivelapplieddilations and erosionsresultsin the elimination of specfic
image detail smallerthan the structuringelementwithout the global geometricdistortion
of unsuppressedeatures.

An openingof animageis obtainedby first erodingthe imagewith a structuring
elementandthendilating the resultusingthe samestructuringelement. The closingof an
imageis obtainedby first dilating the imagewith a structuringelementand then eroding
the result using the samestructuringelement. The next sectionshowsthat openingand
closing provide a particularly simple mechanisnfor shapéefiltering.

The operationsof openingandclosing areidempotenttheir reapplicationeffects
no further changesto the previously transformedresults. In this senseopeningsand
closingsareto morphologywhatorthogonabrojectionsareto linearalgebra.An orthogonal
projectionoperatoiis idempotentndselectghe partof avectorthatliesin agivensubspace.
Similarly, openingandclosingprovidethe meansby which given subshapeer supershapes
of a complexgeometricshapecan be selected.

The openingof A by B is denotedby A o B anddefined as
AoB=(A/B)xB.

The closingof A by B is denotedby A e B and ddfined as

AeB=(AxB)/B.
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Image Algebra Formulation

Leta € {0, 1}X denotea sourceimage and B the desiredstructuring element
containingthe origin. Define N : X — 2% is definedby

Ny)={xeX:x—-yeB"'}

The image algebraformulation of the openingof the imagea by the structuringelement
B is given by

b:=(a@AN*)M N.

The image algebraequivalentof the closing of a by the structuringelementB
is given by

b:=(aMN)AN*.

Comments and Observations

It follows from the basictheoremghatgovernthealgebraof erosionsanddilations
that AoB C A, (AocB)oB=AoB,AC AeB,and(AeB)eB = A ¢B. This
showsthe analogybetweenthe morphologicaloperationsof openingand closing andthe
specfication of afilter by its bandwidth. Morphologicallyfiltering animageby an opening
or closingoperationcorrespondso the ideal nonrealizabldbandpasdilters of conventional
linearfilters. Onceanimageis ideal bandpas#iltered, furtherideal bandpassiltering does
not alter the result.

7.4. Salt and Pepper Noise Removal

Openinganimagewith a disk-shapedstructuringelementsmoothsthe contours,
breaksnarrowisthmusesandeliminatessmallislands. Closinganimagewith a disk struc-
turing elementsmoothsthe contours,fusesnarrow breaksand long thin gulfs, eliminates
small holes,andfills gapsin contours.Thus,a combinationof openingsand closingscan
be usedto removesmall holesandsmall specklesor islandsin abinaryimage. Thesesmall
holesand islandsare usually causedby factorssuchas systemnoise, thresholdselection,
and preprocessingnethodologiesand are referredto as salt and peppermoise.

Considerthe image shownin Figure 7.4.1. Let A denotethe set of all black
pixels. Choosingthe structuringelementB shownin Figure 7.4.2,the openingof A by B

AoB=(A/B)x B,

removesall the peppernoise (small black areas)from the input images. Doing a closing
on A oB,

(AoB)eB =[(AoB)x B|/B,

closesthe small white holes(salt noise)andresultsin the imageshownin Figure7.4.3.
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Figure 7.4.1. SR71with salt and peppernoise.

+

Figure 7.4.2. The structuringelementB.

Figure 7.4.3. SR71with salt and peppernoise removed.

Image Algebra Formulation

Leta € {0, 1}X denotea sourceimageand N the von Neumannneighborhood.
The image b derived from a using the morphological salt and pepper noise removal
techniqueis given by

b:=((aB@N)¥N)EN)EN .
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Comments and Observations

Salt and peppernoise removal can also be accomplishedwith the appropriate
medianfilter. In fact, thereis a close relationshipbetweenthe morphologicaloperations
of openingand closing (gray level aswell as binary) and the medianfilter. Imagesthat
remainunchangedafter being medianfiltered are called medianroot images To obtainthe
medianroot image of a given input image one simply repeatedlymedianfilters the given
imageuntil thereis no change.An imagethat is both openedand closedwith respectto
the samestructuringelementis a medianroot image.

7.5. The Hit-and-Miss Transform

The hit-and-misstransform(HMT) is a naturaloperationto selectout pixels that
have certaingeometricpropertiessuch as corner points, isolatedpoints, boundarypoints,
etc. In addition,the HMT performstemplatematching,thinning, thickening,and centering.

Sinceanerosionor adilation canbeinterpretedasspecialcase®f the hit-and-miss
transform,the HMT is consideredo be the mostgeneralimagetransformin mathematical
morphology. This transformis often viewedasthe universalmorphologicaltransformation
upon which mathematicaimorphologyis based.

Let B = (D, E) bea pair of structuringelements.Thenthe hit-and-misgsransform
of the set A is given by the expression

A®B={p: D,CA and E, CA'}. (7.5.2)

For practicalapplicationst is assumedhatD N E = & . Theerosionof A by D is obtained
by simply letting E = &, in which caseEquation7.5.1 becomes

A®B=A/D.

Sincea dilation can be obtainedfrom an erosionvia the duality A x B = (A’/B*), it
follows that a dilation is also a specialcaseof the HMT.

Image Algebra Formulation
2 Zz
Leta € (Zy)* andB = (D, E). Definet € ([FZ ) , whereF = R4, by

_JO0 fx=y+p, peD*
ty(x)_{l ifx=y+p, peE*~.

The image algebraequivalentof the hit-and-misstransformappliedto the imagea using
the structuringelementB is given by

Alternate Image Algebra Formulation
Let the neighborhoodsV, M : X — 2% be definedby
N(y)={xeX:x—ye D"}

and
My)={xeX:x—yeE"}.

An alternateformulationimagealgebrafor the hit-and-misstransformis given by

c:= (@@ N") - (x,(a) @ M").
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Comments and Observations

Davidsonprovedthat the HMT canalso be accomplishedising a linear convo-

lution followed by a simplethreshold22]. Let {xi(y), X2(y), ... , Xn(y)} = Seo (t}) U
Seo (%), wherethe enumeratioris suchthat {x1(y), x2(y), ... . x(y)} = S (t}) and
{xe41(y), Xe42(y), .-, Xn(y)} = Seo(s}). Definean integer-valuedemplater from
7* to 7% by

2 x = x4(y)
I.y(x)_{[) if x#xi(y)i=1,...,n.

Then

k
c:=yx, (a@r), where m = ZQi_l
i=1

is anotherimage algebraequivalentformulation of the HMT.

Figure 7.5.1 showshow the hit-and-misstransformcan be usedto locate square
regionsof a certainsize. The sourceimageis to the left of the figure. The structuring
elementB = (D, E) is madeup of the 3 x 3 solid squareD andthe 9 x 9 squareborder
E. In this example,the hit-and-misstransformis designedo “hit” regionsthat cover D
and“miss” E. The two smallersquareregionssatisfy the criteria of the exampledesign.
This is seenin the imageto the right of Figure7.5.1.

The templateusedfor the image algebraformulation of the exampleHMT is
shownin Figure7.5.2. In a similar fashion,templatescanbe designedo locateany of the
region configurationseenin the sourceimage.

P i
b

E

Figure 7.5.1. Hit-and-misstransformusedto locate squareregions. Region A
(correspondingo sourceimagea) is transformedo regionB (imageb) with the
morphologicalhit-and-misstransformusing structuringelementF' = (D, E) by
B = A ®F. In imagealgebranotation,b = a[A t with t asshownin Figure7.5.2.
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Figure 7.5.2. Templateusedfor the image algebraformulation of
the hit-and-misstransformdesignedto locate squareregions.

7.6. Gray Value Dilations, Erosions, Openings, and Closings

Although morphologicaloperationson binary imagesprovide useful analytical
tools for image analysis and classification, they play only a very limited role in the
processingand analysisof gray level images.In orderto overcomethis severelimitation,
Sternbeg and Serraextendedbinary morphologyin the early 1980sto gray scaleimages
via the notion of an umbra As in the binary case,dilations and erosionsare the basic
operationsthat definethe algebraof gray scalemorphology.

While therehavebeenseveralextension®f the Booleandilation to the graylevel
case,Sternbeg’s formulaefor computingthe gray value dilation and erosionare the most
straightforwardeven though the underlying theory introducesthe somewhatextraneous
conceptof anumbra. Let X C R” and f : X — R be a function. Thenthe umbraof f,
denotedby U(f), is the seti/(f) C R**!, definedby

zy, T2, ..., &p) € X and
U(f)=<(z1, T2, ..., Tn, Ty ER”‘H:( Y ’ }
(f) {( ! ? +1) xﬂ-l-]. S f(xl) x2) R | xn)

Note that the notion of an unboundedsetis exhibitedin this definition; the valueof z,,
can approach—oo.

SinceU(f) c R™*!, we candilate U(f) by any other subsetof R**!. This
observationprovidesthe clue for dilation of gray-valuedimages. In general,the dilation
of afunction f : R® — R by a functiong : X — R, whereX C R”, is definedthrough
the dilation of their umbrasl/(f) x U(g) asfollows. Letx = (z;, ..., z,) € R” and
definea functiond : R® — R by d(x) = maz{z e R : (x,2) eU(f) x U(g)}. We now
define f x ¢ = d. The erosionof f by g is definedas the function f/g = e , where
e = —[(—f)x ] and§(x) = g(—x).

Openingsandclosingsof f by g aredefinedin the samemannerasin the binary
case.Specifically,the openingof f by g is definedas f o ¢ = (f/g) x g while the closing
of f by gis ddfinedasfeg = (f x g)/g.

When calculatingthe new functionsd = f x ¢ ande = f/g, the following
formulasfor two-dimensionaldilations and erosionsare actually being used:

d(y) = mgz {f(y +x) +9(x)}
for the dilation, and

e(y) =min {f(x+y) - g"(x)} (7.6.1)
for the erosion,whereg* : X* — R is definedby ¢*(x) = ¢(—x) Vx € X*. In practice,

the function f representghe image,while g representghe structuringelement,wherethe
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supportof g corresponddo a binary structuringelement. That is, one startsby defininga
binary structuringelementB in Z2 aboutthe origin, andthenaddsgray valuesto the cells
in B. This definesa real-valuedfunction g whosesupportis B. Also, the supportof g is,
in generalmuchsmallerthanthe arrayon which f is defined. Thus,in practice,the notion
of an umbraneednot be introducedat all.

Sincethereare slight variationsin the definitions of dilation and erosionin the
literature, we againremind the readerthat we are using formulationsthat coincide with
Minkowski's addition and subtraction.

Image Algebra Formulation

Let a € RX denotethe gray scalesourceimage and g the structuringelement
whosesupportis B. Define an extendedreal-valuedtemplatet from Z? to Z> by

¢ _J9ly—x) if y—xeB”
y (%) {oo otherwise.

Note that the conditiony — x € B* is equivalentto —x € Bj,, where B} denotesthe
translationof B* by the vectory.

The image algebraequivalentsof a gray scaledilation and a gray scaleerosion
of a by the structuringelementg are now given by

b:=aMt
and

b:=aRt*,
respectively. Here

& _J)9(y-x) ify-x€eB
v (%) { +0o0 otherwise.

The openingof a by g is given by
b:=(a@t")Mt
and the closing of a by g is given by

b:=(aMt)At".

Comments and Observations

Davidson has shown that a subalgebraof the full image algebra, namely
A= (Ri‘m , (Ri‘m)Y; M, W, V,A, +, 7>, containsthe algebraof gray scalemathe-
maticalmorphologyasa specialcase22]. It follows thatall morphologicakransformations
can be easily expressedn the languageof image algebra.

Thatthe algebraA is more generalthan mathematicamorphologyshouldcome
as no surpriseas templatesare more generalobjects than structuring elements. Since
structuringelementscorrespondo translationinvariant templates, morphologylacks the
ability to implementtranslationvariantlattice transformseffectively. In orderto implement
such transformseffectively, morphology needsto be extendedto include the notion of
translationvariantstructuringelements.Of course this extensionis alreadya partof image
algebra.
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7.7. The Roalling Ball Algorithm

As was made evidentin the previous sections,morphological operationsand
transformscanbe expressedn termsof imagealgebraby usingthe operators& and A .
Converselyany imagetransformthat is basedon theseoperatorsand usesonly invariant
templatesanbe consideredh morphologicatransform. Thus,manyof thetransformdisted
in this synopsissuchas skeletonizingand thinning, are morphologicalimage transforms.
We concludethis chapterby providing an additional morphologicaltransformknown as
the rolling ball algorithm

The rolling ball algorithm, also known as the top hat transform is a geometric
shapefilter that corresponddo the residueof an openingof animage|[5, 7, 8]. The ball
usedin this image transformationcorrespondgo a structuringelement(shape)that does
notfit into the geometricshapeg(mold) of interest,but fits well into the backgrouncclutter.
Thus, by removingthe objectof interest,complementatiowill provideits location.

In orderto illustrate the basicconceptbehindthe rolling ball algorithm,let a be
asurfacein 3-space.For example,a could be a functionwhosevaluesa(x) represensome
physicalmeasuremerguchasreflectivity at pointsx € R2. Figure7.7.1represents one-
dimensionaknalogudn termsof a two-dimensionaklice perpendiculato the (z, y)-plane.
Now supposes is a ball of someradiusr. Rolling this ball beneaththe surfacea in such
a way that the boundaryof the ball, and only the boundaryof the ball, alwaystouches
a, resultsin anothersurfaceb which is determinedby the set of points consistingof all
possiblelocationsof the centerof the ball asit rolls below a. The tracing of the ball's
centerlocationsis illustratedin Figure 7.7.2.

\J

Figure 7.7.1. The signal a.

It may be obviousthatthe generatiorof the surfaceb is equivalentto anerosion.

To realize this equivalencejet s : X — R be definedby s(x) = /7% — ||x||, where

X = {x €R? : ||x|| < r}. Obviously, the graphof s correspondso the uppersurface
(upperhemispherepf a ball s of radiusr with centerat the origin of R3. Using Equation
7.6.1,it is easyto showthatb = a/s.
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Figure 7.7.2. The surfacegeneratedy the centerof a rolling ball.

Next, let s roll in the surfaceb suchthat the centerof s is alwaysa point of b
and suchthat every point of b getshit by the centerof s. Thenthe top point of s traces
anothersurfacec aboveb. If a is flat or smooth,with local curvatureneverlessthanr,
thenc = a. However,if a containscrevasseto which s doesnot fit — thatis, locations
at which s is not tangentto a or pointsof a with curvaturelessthanr, etc. — thenc # a.
Figure 7.7.3illustratesthis situation. It shouldalso be clearby now that ¢ correspondso
a dilation of b by s. Therefore,c is the openingof a by s, namely

c=(a/s)xs=aos.

Hence, ¢ < a.

y

Figure 7.7.3. The surfacegeneratedy the top of a rolling ball.

In orderto removethe backgroundof a — that s, thoselocationswhere s fits
well beneatha — one simply subtractsc from a in orderto obtainthe imaged = a — ¢
containingonly areasof interest(Figure 7.7.4).
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A A

Figure 7.7.4. The result of the rolling ball algorithm.

Let a € R* denotethe digital sourceimage and s a structuringelementrep-
resentecby digital hemisphereof somedesiredradiusr aboutthe origin. Note that the
supportof s is a digital disk S of radiusr. The rolling ball algorithmis given by the
transformationa — d which is definedby

d=a—[(a/s) x s].

Image Algebra Formulation

Let a € RX denotethe sourceimage. Define an extendedreal-valuedtemplate
s from 72 to 72 by

sy(x):{s(yx> if y x €8

—00 otherwise.

The imagealgebraformulation of the rolling ball algorithmis now given by

d:=a— (a@ls")s.

Comments and Observations

It shouldbe clearfrom Figure 7.7.4that suchan algorithm could be usedfor the
easyand fast detectionof hot spotsin IR images. There are many variantsof this basic
algorithm. Also, in many applicationsit is advantageouw usedifferentsize balls for the
erosionand dilation steps,or to use a sequenceof balls (i.e., a sequenceof transforms
a—d;, ¢ = 12,...,k) in orderto obtain different regions (different in shape)of
interest. Furthermorethereis nothingto preventan algorithmdeveloperffrom usingshapes
differentfrom disksor ballsin the abovealgorithm. The shapeof the structuringelement
is determinedby a priori information and/orby the objectsone seeks.

7.8. Exercises
1. Provethe six basiclaws of the algebraof mathematicamorphology(Section7.2).
2. a. Expressthe algorithm (aMt)M s in termsof a single templater. How is r

defined?

b. Canthe algorithm (aM t) A s be expressedn terms of a single templater?
Explain your answer.
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3. Leta,beRX andec = a —b. Defineatemplates € (R*_,) sothataMs = c.

4. In Chapter3 (Section3.2) morphologicaloperationsvere usedto find edgein binary
images. Specify a morphology-baseeddgedetectorfor gray-levelimages. Comparethe
performanceof your edgedetectorwith the performanceof the Prewitt and Sobel edge
detectors.

5. RepeatExercise4 usingthe operationsof @ and @® insteadof M and @A .

6. Specifyamorphology-basetolefilling algorithmthatis differentfrom thosepresented
in Chapter®6.

7. Constructseveralbinary imagescontainingvarious digitized objectsof interestsuch
ascoins,rectanglesand pencilsaswell asotherobjectsof no interestsuchasamorphous
blobs, noise, trapezoidsetc. Specify a morphology-basedecognitionalgorithm that will
identify all objectsof interestandignore or eliminateall objectsof no interest.

8. Leta bea32 x 32 binary image containinga single black pixel.

a. Defineatemplatet suchthattheiteration(...((aMt)Mt)... M t) resultsin a
chessboardmage (i.e., eachwhite pixel's horizontal and vertical neighborsare
black and vice versa).

b. Specify an iterative morphology-basea@lgorithm suchthat applicationto image
a resultsin a herringbonepattern(i.e., alternatingzigzaglines of blackandwhite
pixels).

9. Themedialaxistransform(Section5.3)is a morphologicatransformbasedn erosions
anddilationsusinga ball shapeceighborhood Implementthe medialaxis transformusing
different templateshapessuch as rectanglestriangles,and line segments. Comparethe
resultsfor various objects.
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CHAPTER 8
LINEAR IMAGE TRANSFORMS

8.1. Introduction

A large classof image processingransformationss linear in nature;an output
imageis formed from linear combinationsof pixels of an input image. Suchtransforms
includeconvolutions correlationsandunitarytransforms.Applicationsof lineartransforms
in imageprocessingarenumerous.Lineartransformshavebeenutilized to enhancémages
andto extractvariousfeaturesfrom images. For example,the Fourier transformis used
in highpassand lowpassfiltering (Chapter2) as well as in texture analysis. Another
applicationis image coding in which bandwidthreductionis achievedby deleting low-
magnitudetransform coeficients. In this chapterwe provide sometypical examplesof
linear transformsand their reformulationsin the languageof image algebra.

8.2. Fourier Transform

The Fourier transformis one of the most useful tools in image processing. It
providesa realizationof animagethatis a compositionof sinusoidalfunctions over an
infinite bandof frequencies.This realizationfacilitatesmanyimageprocessingechniques.
Filtering, enhancementencoding,restoration,texture analysis,feature classification,and
patternrecognitionare but a few of the many areasof image processinghat utilize the
Fourier transform.

The Fouriertransformis definedover a function space.A functionin thedomain
of the Fourier transformis said to be definedover a spatial domain The corresponding
elementin the rangeof the Fouriertransformis saidto be definedover a frequencydomain
We will discusghe significanceof the frequencydomainafter the one-dimensionafFourier
transformand its inversehave beendefined.

The Fouriertransform3(f) = f of the function f € C(R") is definedby

o0

F(u) = [B(H)(w) = / Flz)e > d,

— 00
wherei = /—1. Given f then f canberecoveredy usingthe inverseFourier transform
$~1 which is given by the equation

o]

fle) = [F7HE(H))](z) = / Flu)e™ e gy,

The functions f andf are called a Fourier transformpair.

Substitutingthe integral definitionsof the Fouriertransformand its inverseinto
the aboveequation,the following equality is obtained

00 00
f(CL‘):/ f(x)e—Zm'u;vdl, 627rz'u;vdul
-0 oo
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The inner integral (enclosedby squarebrackets)is the Fourier transformof f. It is a
function of « alone. Replacingthe integral definition of the Fourier transformof f by

f(u) we get
f@) = [ fwema,

Euler's formulaallows e2™4* to be expresseds cos(2ruz) + i sin(27uz). Thus,e?™ue
is a sumof a real and complexsinusoidalfunction of frequencyu. The integralis the
continuousanalogof summingover all frequencies:. The Fouriertransformevaluatedat
u, f(u), can be viewed as a weight appliedto the real and complexsinusoidalfunctions
at frequencyu in a continuoussummation.

Combiningall theseobservationsthe original function f(z) is seenasa contin-
uousweightedsum of sinusoidalfunctions. The weight appliedto the real and complex
sinusoidalfunctionsof frequencyu is given by the Fouriertransformevaluatedat «. This
explainsthe use of the term “frequency” as an adjectivefor the domain of the Fourier
transformof a function.

For image processingan image can be mappedinto its frequencydomainrep-
resentatiorvia the Fouriertransform. In the frequencydomainrepresentatiothe weights
assignedo the sinusoidalcomponentf the image becomeaccessiblgor manipulation.
After the imagehasbeenprocessedn the frequencydomainrepresentatiorthe represen-
tation of the enhancedmagein the spatial domain can be recoveredusing the inverse
Fourier transform.

The discreteequivalentof the one-dimensionatontinuous~ouriertransformpair
is given by
n—1 o
a(j) = [F@)]0) = Y a(k)e >k
k=0

and -
alk) = [§7 @) () = - 3 ()

Jj=

o

wherea € RZ» anda € CZ~. In digital signal processinga is usually viewed as having
beenobtainedfrom a continuousfunction f € C(Hl) by samplingf at somefinite number
of uniformly spacedpoints {zg, z1,...,2,_1} C R andsettinga(k) = f(z).

For f € C(IR2), the two-dimensionatontinuousFourier transformpair is given
by

o0 oo
f(U)U):/ /f(x,y)e'%i(”x‘*'“y)dxdy
o0 o0

and

f(z,y) = / /f(u,v)e”i(”"'y”)dudv.

For discretefunctionsa : Z,, x Z,, — R we havethe two-dimensionaldiscrete
Fourier transform

)

é(u, U) = [S(a)](u, U) = v a(]') k.)e—27ri(j%+k%)
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with the inversetransformspecifiedby

3

n—

1

é(u v)627ri(u %+v %)
nm

a(i,j) = [§7'(a)] (i, j) = ,
0

0

[~4
1l
<
I

Figure8.2.1showstheimageof ajet andits Fouriertransformimage. The Fourier
transformimageis complex-valuedand, therefore,difficult to display. The value at each
pointin Figure8.2.1is actuallythe magnitudeof its correspondingomplexpixel valuein
the Fouriertransformimage. Figure8.2.1doesshowafull periodof thetransform however
the origin of the transformdoesnot appearat the centerof the display. A representationf
onefull periodof thetransformimagewith its origin shiftedto the centerof the displaycan
be achievedby multiplying eachpoint a(z,y) by (—1)"*? beforeapplyingthe transform.
The jet's Fourier transformimage shown with the origin at the centerof the display is
seenin Figure 8.2.2.

Figure8.2.1. Theimageof a jet (left) andits Fouriertransformimage (right).

Figure 8.2.2. Fourier transformof jet with origin at centerof display.
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Image Algebra Formulation

The discreteFourier transformof the one-dimensionaimagea € R’~ is given
by the image algebraexpression

a=a@f,
wheref ¢ (Czn)z" is the templatedefinedby
fj(k) — e—27rka'/n.

The templatef is called the one-dimensionaFourier template It follows directly from
the definition of f thatf’ = f and (f*)' = f*, wheref* denotesthe complexconjugateof
f definedby £ (k) = (f;(k))" = 2™/ Hence,the equivalentof the discreteinverse
Fourier transformof a is given by

a= %(a DF).

Theimagealgebraequivalenformulationof the two-dimensionatliscreteFourier
transform pair is given by

a=ad®f
and |
a=_——(adf’),
wherethe two-dimensionaFourier templatef is definedby

fuv)(d k) = e 2mi(i kL)

)

andX = Z7Z,, x Z,.

8.3. Centering the Fourier Transform

Centeringthe Fourier transformis a common operationin image processing.
CenteredFourier transformsare useful for displaying the Fourier spectraas intensity
functions,for interpretingFourier spectra,andfor the designof filters.

The discreteFourier transformandits inverseexhibit the periodicity
a(u,v) =a(u+m,v) =a(u,v+n) =alu+m,v+n)

for anm x n imagea. Additionally, sincea(u,v) = a*(—u, —v), the magnitudeof the
Fourier transformexhibits the symmetry

|a(u, v)| = |a(-u, —v)|.

Periodicity and symmetry are the key ingredientsfor understandinghe need
for centeringthe Fourier transformfor interpretationpurposes. The periodicity property
indicatesthat a(u, v) hasperiod of length m in the u direction and of lengthn in the v
direction,while the symmetryshowsthat the magnitudeis centeredaboutthe origin. This
is shownin Figure 8.2.1where the origin (0, 0) is locatedat the upperleft hand corner
of the image. Sincethe discreteFourier transformhasbeenformulatedfor valuesof u in
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theinterval [0, m — 1] andvaluesv in theinterval [0, n — 1], the resultof this formulation
yieldstwo half periodsin theseintervalsthatarebackto back. This is illustratedin Figure
8.3.1(a), which showsa one-dimensionaslice alongthe u-axis of the magnitudefunction
|a(u, 0)|. Therefore,in order to display one full periodin both the u and v directions,
it is necessaryo shift the origin to the midpoint (% 2) and add points that shift to the
outsideof theimagedomainbackinto theimagedomainusingmodulararithmetic. Figures
8.2.2and8.3.lillustratethe effect of this centeringmethod. The reasonfor usingmodular
arithmeticis that, in contrastto Figure 8.3.1 (a), when Fourier transforminga € RX,
whereX = Z,, x Z,, thereis no informationavailableoutsidethe intervals[0, m — 1] and
[0,n — 1]. Thus,in order to display the full periodicity centeredat the midpoint in the
interval [0, m — 1], the intervals [0, 2] and [2 + 1,m — 1] needto be flipped and their
endsgluedtogether. The samegluing procedureneedsto be performedin the v direction.
This amountsto doing modulararithmetic. Figure 8.3.2illustratesthis process.

@ o |
-m/2 0 m;Z m
Li one period 44
(a)
| A (uo) |
| ; N
0 m/2 m
‘47 one period 44
(b)

Figure 8.3.1. Periodicity of the Fouriertransform. Figure (a) showsthe two half periods,
oneon theinterval [0, 2] andthe otheron the interval [ 2, m]. Figure (b)
showsthe full period of the shifted Fourier transformon the interval [0, m].

Image Algebra Formulation

Let 4 € CX, whereX = Z,, x Z, andm andn are evenintegers. Define the
centeringfunction center : X — X by
m n

center(p) = [p + ( 5 §>]mod(m, n).

Notethatthe centeringfunctionis its owninversesincecenter(center(p)) = p. Therefore,
if ¢ denotesthe centeredversionof &, thenc is given by

¢ = ao center.
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Figure8.3.2illustratesthe mappingof pointswhenapplyingcenterto anarrayX.

center

I y
Figure 8.3.2. The centeringfunction appliedto a 16 x 16 array. The
different shadingsndicatethe mappingof points underthe centerfunction.

Comments and Observations

If X is somearbitraryrectangulaisubsebf Z,, thenthe centeringfunction needs
to take into accountthe location of the midpoint of X with respectto the minimum of X,
whenevermin(X) # (0,0). In particular,by defining the function

maz(X) — min(X) + 1

mid(X) = . ,

the centeringfunction now becomes

center(p) = [p — min(X) + mid(X)]mod(2mid(X)) + min(X) .

Note that mid(X) doesnot correspondto the midpoint of X, but gives the
midpoint of the setX — min(X). Theactualmidpointof X is givenby center(min(X)).
Thisis illustratedby the exampleshownin Figure8.3.3. In this examplemin(X) = (4,5),
maz(X) = (13, 18), andmid(X) = (5,7). Also, if X =Z,,, x Z,,, thenmin(X) = (0, 0),
maz(X) = (m —1,n — 1), andmid(X) = (%, %). This showsthat the generalcenter
function reducesto the previouscenterfunction.
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Figure 8.3.3. The shift X — min(X) of a 10 x 14
array X. The point mid(X) = (5,7) is shownin black.

If X is asquarearrayof form X = Z,, x Z,,, thencenteringcanbe accomplished

by multiplying the imagea by the imageb definedby b(z,y) = (71)“’3’ prior to taking
the Fouriertransform. This follows from the simple fact expressedy the equation

e27rz'(uoéb‘+v0y)/” — €7ri(:c+y) = (_1)x+y’

which holds whenever(ug, vo) = (%, 2). Thus,in this casewe cancompute¢ by using
the formulation

¢ = §(a-b).
84. Fast Fourier Transform

In this sectionwe presentthe image algebraformulation of the Cooley-Tikey
radix-2 fast Fouriertransform(FFT) [1, 2]. The imagealgebraexpressiorfor the Fourier
transformof a € C%» is givenin Section8.2 by

a=a@®f,
wheref is the Fourier templatedefinedby
f](k‘) — 6—27rkji/n'

Expandinga @f, we get the following equationfor a:

=
—

é(]) — a(k)e—Zm'jk/n.
0

a5
I

In this form it is easyto seethatO(n?) complexaddsand multiplicationsare requiredto
computethe Fouriertransformusingthe formulationof Section8.2. Foreach) < j < n-—1,
n complex multiplications of a(k) by e~2"7%/" are requiredfor a total of n> complex
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n—1
multiplications. For each0) < j < n — 1 the sum }_ requiresn — 1 complexaddsfor
k=0
atotal of n? — n complexadds. The complexarithmeticinvolved in the computationof
the e =274 /" terms doesnot enterinto the measureof computationalcomplexity that is
optimized by the fast Fourier algorithm.

The numberof complexaddsand multiplicationscanbe reducedto O(n log2 n)
by incorporatingthe Cooley-Tukey radix-2 fast Fourier algorithm into the image algebra
formulation of the Fourier transform. It is assumedor the FFT optimizationthat » is a
power of 2.

The separabilityof the Fourier transformcan be exploitedto obtain a similar
computationalsavingson higher dimensionalimages. Separabilityallows the Fourier
transformto be computedover an image as a successionof one-dimensionalFourier
transformsalong eachdimensionof the image. Separabilitywill be discussedn more
detail later.

For the mathematicafoundationof the Cooley-Tukey fast Fourier algorithmthe
readeris referredto Cooley, et al. [1, 2, 3]. A detailedexpositionon the integrationof
the Cooley-Tukey algorithminto the imagealgebraformulationof the FFT canbe foundin
Ritter [4]. The separabilityof the Fourier transformand the definition of the permutation
functionp,, : Z,, — Z,, usedin theimagealgebraformulationof the FFT will be discussed
here.

The separabilityof the Fouriertransformis key to the decompositiorof the two-
dimensionalFFT into two successiveone-dimensionaFFTs. The structureof the image
algebraformulation of the two-dimensionaFFT will reflectthe utilization of separability.

The discreteFouriertransform,as definedin Section8.2, is given by

—

n—1m-—

a(u,v) = a(j, k)e_%i(j%"'k%).
0 ;=0

£
1l

The double summationcan be rewritten as

n—1 ] m—1 3
é(u, U) _ Z (6—27rzk%) a(j, k)e—Zmyﬁ
k=0 j=0
or )
n—
a(u,v) = é(u,k)e_m”ki,
k=0
where .
m—
a(u, k) = a(j, k)e ™ m
j=0

Foreach0 < k < n— 1, a(u, k) is the one-dimensionaFourier transformof the kth
columnof a. Foreach0 < u < m — 1,

a(u,v) = a(u, k

is the one-dimensionaFourier transformof the uth row of a(u, k).

From the aboveit is seenthat a two-dimensionalFourier transform can be
computedby a two-stageapplicationof one-dimensionakFouriertransforms.First, a one-
dimensionaFouriertransformis appliedto the columnsof theimage. In the secondstage,
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anotherone-dimensionaFourier transformis appliedto the rows of the resultof the first
stage.The sameresultis obtainedif the one-dimensionaFouriertransformis first applied
to the rows of the image, then the columns. Computingthe two-dimensionalFourier
transformin this way has“separated’it into two one-dimensionaFourier transforms.By
usingseparability any savingin the computationatomplexity of the one-dimensionaFFT
can be passedn to higher dimensionalFourier transforms.

Forn = 2%, the permutationp,, : Z,, — Z,, is the function that reverseshe bit
orderof the k-bit binary representatiowf its input, and outputsthe decimalrepresentation
of thevalueof thereversedit order. For examplethetablebelowrepresentgs : Zs — Zs.
The permutationfunction will be usedin the image algebraformulation of the FFT. The
algorithmusedto computethe permutationfunction p,, is presentechext.

Table 8.4.1 The Permutatiorps andIts CorrespondingBinary Evaluations

i Binary @ Reversedinary|  ps(?)
4
0 000 000 0
1 001 100 4
2 010 010 2
3 011 110 6
4 100 001 1
5 101 101 5
6 110 011 3
7 111 111 7
Forn = 2¥ andi = 0,1,...,n — 1 computep, (i) asfollows:
begin

7:=0

m:=1

for [:=0 to logs(n) — 1 loop

m

hi=| 3]

7 =27+ (m—2h)

m:=h

end loop

return )

end.
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Image Algebra Formulation

One-Dimensional FFT

’ Let a € C’=, wheren = 2% for some positive integer k. Let P =
{20 :i=0,1,...,logon — 1} andfor p € P, definethe parameterizedemplatet(p) by

1 if |j/p]isevenandl =
w(j,p) if |j/p]isevenandl=j+p
t(p);(1) = § —w(j,p) if [j/p]isoddandl =

1 if |j/p]isoddandl=j—p

0 otherwise,
where w(j,p) = e‘—"i(j o . The following image algebraalgorithm computesthe
Cooley-Tukey radix-2 FFT.

a:=aopy

for i :=1 to logan loop
a:=a@dt (Qi_l)

end loop.

The function p,, is the permutationfunction definedearlier.
By the definition of the generalizecdtonvolutionoperatora @t (22" 1) is equalto

a(i)= > a(l)-t(p);().

leS(t(p);)

Notice that from the definition of the templatet there are at most 2 valuesof [ in the
supportof t for every0 < j < n — 1. Thus, only 2n complex multiplications and n
complexaddsare requiredto evaluatea Pt (2:~!). Sincethe convolutiona @t (2°~!) is
containedwithin aloop thatconsistsof logsn iterations,thereareO(n log n) complexadds
and multiplicationsin the image algebraformulation of the FFT.

One-Dimensional Inverse FFT

The inverseFouriertransformcanbe computedn termsof the Fouriertransform
by simple conjugation. Thatis, a = (%S(é*))*. The following algorithm computesthe
inverseFFT of a € CZ» usingthe forward FFT and conjugation.

a:=4a" op,
for i:=1 to logyn loop

a:=a@t (Qi_l)

end loop
1 *
a:= (—a) .
n
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Two-Dimensional FFT

In our earlier discussionof the separabilityof the Fourier transform,we noted
thatthe two-dimensionaDFT can be computedin two stepsby successivapplicationsof
the one-dimensionaDFT; first along eachrow followed by a one-dimensionaDFT along
eachcolumn. Thus,to obtaina fast Fouriertransformfor two-dimensionalmageswe need
to apply the image algebraformulation of the one-dimensionaFFT in simple succession.
However,in orderto performthe operationsao p,, anda @t(p) specifiedby the algorithm,
it becomesecessaryo extendthe function p,, andthe templatet(p) to two-dimensional
arrays. For this purpose,supposethat X = Z,, x Z,, wheren = 2" andn = 2%, and
assumewithout loss of generalitythatn < m.

LetP={2:i=0,1,...,logam — 1} andfor p € P definethe parameterized
row templatet(p) : X — CX by

1 if |u/p] is even and (z,y) = (u,v)
w(u,p) if|u/p] is even and (z,y) = (u + p, v)
t(p)(uju)(x, y) =< —w(u,p) if|u/p|isoddand (z,y) = (u,v)
1 if|u/p] is odd and (z,y) = (v — p, v)
0 otherwise,
wherew(u, p) = e~ =5 Note that for eachp € P, t(p) is a row templatewhich is

essentiallyidentical to the templateusedin the one-dimensionatase.

The permutationp is extendedo a function » : X — X in a similar fashionby
restrictingits actionsto the rows of X. In particular, define

rm X — X
by rm(i,7) = (pm (i), 7).

With the definitionsof » andt completed,we are now in a positionto specify the two-
dimensionalradix-2 FFT in termsof image algebranotation.

If X, »,, andt arespecifiedasaboveanda € C*, thenthe following algorithm
computesthe two-dimensionalfast Fourier transformof a.

a:=aory

for ::=1 to logom loop
a:=a (—Bt(?i_l)

end loop

a:=a'or,

for::=1 to logan loop
a:=a®t (25_1)

end loop

a .= a'.

Two-Dimensional Inverse FFT

Asin theone-dimensionatase thetwo-dimensionainverseFFT is alsocomputed
using the forward FFT and conjugation. Let a € CX. The inverseFFT is given by the
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following algorithm:

a:=a*

Apply forward FFT
1 *
a:.= (—a) .
mn

Alternate Image Algebra Formulation

The formulation of the fast Fourier transform above assumeghat the image-
templateoperation @ is only applied over the supportof the template. If this is not the
casethe“fast’ formulationusingtemplateswill resultin muchpoorerperformancehanthe
formulationof Section8.2. The alternateimagealgebraformulationfor the fast transform
usesspatialtransformsratherthantemplates.The alternateformulationis moreappropriate
if the implementationof @ doesnot restrictits operationgo the template’ssupport.

For the alternateformulation, let the variablesof the two-dimensionaFFT above
remainas defined. Define the functions f;, g; : X — X asfollows:

filz,y) = { (z+271y) if [52r] is even

(z,9) otherwise
. [ (z—27Yy) if |5&c] is odd
gz(l‘, y) = { (:C’ y) otherwise.

Theimagesw; € CX usedin the alternateformulation are definedas

| B w(x’Qi—l) if[ fljis even
Wz(f;y)—{_w(x,zi—l) if (22 is odd.

21—1

The alternateformulation for the fast Fourier transformusing spatialtransforms
is given by

a:=aory,

fori:=1to logam loop
a:=aog;+w; (aof;)

end loop

a:=a or,

for i:=1to logyn Loop
a:=aog;+w; (aof;)

end loop

a.=a'.

Note thatthe useof the transpose’ beforeandafterthe secondLoop in the code
aboveis usedfor notationalsimplicity, not computationakfficiency. The useof transposes
canbe eliminatedby using analoguef the functions f;, g;, andw; in the secondloop
that are functions of the column coordinateof X.

© 2001 by CRC PressLLC



Comments and Observations

The discussionpresentechere concernsa generalalgebraicoptimization of the
Fouriertransform.Many importantissuesarisewhenoptimizingthe formulationfor specific
implementationsand architectureq4].

The permutationfunction is not neededin the formulation of the Fouriertrans-
form of Section8.2. The computationof the permutationfunction p,, doesadd to the
computationalcost of the FFT. For eachi € {0,1,...,n — 1}, p,(¢) requiresO(logan)
integer operations. Thus, the evaluationof p,, will requirea total of O(nlog,n) integer
operations.The amountof integerarithmeticinvolvedin computingp,, is of the sameorder
of magnitudeas the amountof floating point arithmeticfor the FFT. Hencethe overhead
associatedvith bit reversalis nontrivial in the computationof the FFT, often accounting
for 10% to 30% of the total computationtime.

8.5. Discrete Cosine Transform

Let a € R?». The one-dimensionatliscrete cosinetransform€(a) is defined by

n—1
[C(a)](u) = %Za(x)-cos(%) u=0,1,...,n—1,

z=0

1 ify=0
= \/2 !
(u) {1 fu=1,2 . n—1

where

The inverseone-dimensionatliscrete cosinetransform €=1(a) is given by

et @) (@) = 3 e(w) -a(u) - (@)

u=0

The cosinetransform provide the meansof expressingan image as a weighted sum of
cosinefunctions. The weightsin the sumare given by the cosinetransform. Figure 8.5.1
illustratesthis by showing how the squarewave

=il f0<e<]
-1 ifl<e<?

is approximatedusing the first five termsof the discretecosinefunction.
Fora € RZ~*Z= thetwo-dimensionatosinetransformandits inversearegivenby

o) = LD ST gy (BT (D)

n == 2n 2n
and
n—1n-1
. B g . . . (22 4+ Dum . (2y + Lyvw
[C (a)] (z,y) = " UZ:% UZZ:O e(u) - e(v) - a(u, v) - cos ) eos| ),
respectively.

Figure 8.5.2 showsthe imageof a jet and the imagewhich representghe pixel
magnitudeof its cosinetransformimage.
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Square wave
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Figure 8.5.1. Approximationof a squarewave using
the first five termsof the discretecosinetransform.

Image Algebra Formulation

The templatet usedfor the two-dimensionakosinetransformis specifiedby

tluw) (2, y) = c(u) - ¢(v) - cos (W) ,COS(W>

The imagealgebraformulationsof the two-dimensionakransformandits inverseare

(a) = %(a ®t)

and
respectively.
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Figure 8.5.2. Jetimage (left) and its cosinetransformimage.

The one-dimensionalransformsare formulatedsimilarly. The templateusedfor
the one-dimensionataseis

tu(z) = c(u) .COS(W).

The image algebraformulationsof the one-dimensionadliscretecosinetransformand its
inverseare

C(a):= %(a ®t)

and
¢H(a) = (a@t),
respectively.

In [5], a methodfor computingthe one-dimensionatosinetransformusing the
fast Fouriertransformis introduced. The methodrequiresonly a simple rearrangemendf
theinput datainto the FFT. The evenandoddtermsof the originalimagea € RZ», n = 2*
arerearrangedo form a new imageb accordingto the formula

b(z) = a(2z) n
and :1::0,1,...,571.
b(n—-1-z)=a(2z +1)

Using the new arrangemenbf termsthe cosinetransformcan be written as

[€(a)](u) = 2c(u)[z b(z) - cos(M>

n 2n

1

+ Y bn—1- x’).cos<w>].

z!'=0

Substitutingz = n — 1 — 2’ into the secondsumandusing the sumof two anglesformula
for cosinefunctionsyields

[€(a)](u) = 2¢(u) ib(x) ,COS(W)
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The abovecanbe rewrittenin termsof the complexexponentialfunction as

n

= 2¢(u) - Re <6u7ri/2n i %nil (b(a:) _eu:c27ri/n))

r=

8
I
=}

= 2¢(u) - e (72" - [ 37 ()] ()

where§~! denotesthe inverse Fourier transform.
Letd = e“™/27.F-1(b). Sinceb is real-valuedve havethatd(n — u) = id*(u).
Consequently,
[€(2)](u) = 2 ¢(u) - Re(d(u))
and u=20,1,.
[E(a)](n —u) =2 Im(d(u))
Thereforejt is only necessaryo computes termsof theinverseFouriertransformin order
to calculate[€(a)](u) for w = 0,1,...,n— 1.

The inversecosinetransformcan be obtainedfrom the real part of the inverse
Fourier transform of

n
g

c(u) - a(u) - evmi/?n,

Let the imagesc and e be definedby

e(u) = eumi/n u=0,1,...

The evenindexedterms are calculatedusing

(€ (a)](22) = Re

Ti:l (c(u) ~a(u) - eum’/?n) .eu:v27ri/n‘|

u=0
= Re([F7'(c a-e)](z)) x:O,l,...,%—l.
The odd indexedterms are given by
n—1
[Q—l(a)] (Qx + 1) = Re Z (c(u) . a(u) . euwi/Zn) . eu:ch’/n]
u=0
=Re([37Hc-a-e)(n—1-2)) 1::0,1,...,%—1.

With the information above it is easyto adaptthe formulations of the one-
dimension fast Fourier transforms (Section 8.4) for the implementationof fast one-
dimensional cosine transforms. The cosine transform and its inverse are separable.
Therefore,fast two-dimensionaltransformsimplementationsare possibleby taking one-
dimensionaltransformsalong the rows of the image,followed by one-dimensionatrans-
forms along the columns|[5, 6, 7].
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8.6. Walsh Transform

The Walsh transformwas first definedin 1923 by Walsh[8], althoughin 1893
Hadamard9] hadachievedasimilar resultby the applicationof certainorthogonamatrices,
generallycalled Hadamardmatrices,which containonly the entries+1 and—1.

In 1931 Paley provided an entirely different definition of the Walsh transform,
which is the one usedmostfrequentlyby mathematician$10] andis the one usedin this
discussion.

The one-dimensional\alsh transformof a € RZ», wheren = 2%, is given by

n—

1 k-1
(@) = =3 a(@) [T (-1 0w <n
i=0

r=0
Theterm b;(z) denotesthe jth bit in the binary expansiorof z. For example,
b0(17) = 1, bl(]-?) = 0, 62(17) = 0, bg(].?) = 0, and b4(17) = 1.

The inverseof the Walsh transformis

n—-1 k-1

2 @)] () = 3 alw) [ (— )",

u=0 i=0
The set of functions createdfrom the product

k
gu(z) =

|
—

(7 l)bl(x)bk_l_,-(u)

=0

form the basisof the Walshtransformandfor eachpair (z, u), g, (z) representshe (z, u)
entry of the Hadamardmatrix mentionedabove. Rewriting the expressiorfor the inverse
Walsh transform as

it is seenthata is a weightedsum of the basisfunctionsg, (z). The weightsin the sum
aregiven by the Walshtransform. Figure 8.6.1 showsthe Walsh basisfunctionsfor n = 4
and how an imageis written as a weightedsum of the basisfunctions.
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Figure 8.6.1. The Walsh basisfor n = 4.

Thus,the Walshtransformandthe Fouriertransformare similar in that they both
provide the coeficients for the representatiorof an image as a weighted sum of basis
functions. The basisfunctionsfor the Fouriertransformare sinusoidalfunctionsof varying
frequencies. The basisfunctionsfor the Walsh transformare the elementsof {—1, 1}
definedabove. The rate of transitionfrom negativeto positive value in the Walsh basis
function is analogougo the frequencyof the Fourier basisfunction. The frequenciesof
the basisfunctionsfor the Fouriertransformincreaseas« increasesHowever,the rate at
which Walsh basisfunctionschangesignsis not an increasingfunction of w.

Fora € RZ»*Z~  the forward andreverseWalshtransformsare given by

1 n—1ln-1 k—1 ‘ ‘ ) ‘
_ ~ \i(@)br—a—i(w)+bi(y)br—1-:(v)]
W)= 3 3 aen) [[ (1)
r=0y=0 =0
and
1 n—1ln-—1 k—1 ) ) )
(@) (2,9) = — 3 3 a(u,v) J] (=Dt Fhbe )]
n
u=0v=0 i=0

respectively.Hereagain,a canbe representedsa weightedsum of the basisfunctions

k-1

g(u,v)(l’, y) = H (_1)[bz(x)bk—1—z(u)+bz(y)bk—1—i(v)]
i=0

with coeficients given by the Walsh transform. Figure 8.6.2 showsthe two-dimensional
Walshbasisfor n = 4. The function g, ,(z, y) is representethy theimageg.,, in which
pixel valuesof 1 arewhite and pixel valuesof —1 are black.
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Figure 8.6.2. Two-dimensionaMWalsh basisfor n = 4.

Figure 8.6.3 showsthe magnitudeimage (right) of the two-dimensionalWalsh
transformof the image of a jet (left).

Figure 8.6.3. Jetimageandthe magnitudeimage of its Walshtransformimage.

Image Algebra Formulation

The imagealgebraformulation of the fast Walshtransformis identicalto that of
the fast Fourier formulation (Section8.4), with the exceptionthat the templatet usedfor
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the Walsh transformis

1 if |u/p| is even and (z,y) = (u,v)

1 if |u/p| iseven and (z,y) = (u + p,v)
t(P) (@ y) =49 =1 if [u/p] isodd and (z, (u,v)

1 if |u/p| is odd and (z, (u—p,v)

0  otherwise.

y) =
y) =

TheWalshtransformsharegheimportantpropertyof separabilitywith the Fourier
transform. Thus, the two-dimensionaWalshtransformcanalsobe computedby taking the
one-dimensionalValshtransformsalongeachrow of the image,followed by anotherone-
dimensionalWalsh transformalong the columns.

Alternate Image Algebra Formulations

If the convolution @ doesnot restrictits operationsto the template’ssupport,
the spatialtransformapproachwill be muchmore efficient. The only changethat needsto
be madeto the alternatefast Fouriertransformof Section8.2 is in the definition of the w;
images.For the spatialtransformimplementationof the fast Walshtransform,the images
w; € {~1,1}* aredefinedas

1 ifLQiL_lJis even

wi(z,y) = {_1 if | 555 |is odd.

2i-1

In [11, 12], Zhu providesa fast version of the Walsh transformin terms of
the p-product. Zhu’s methodalso eliminatesthe reorderingprocessrequiredin mostfast
versionsof the Walsh transform. Specifically, given a one-dimensionasignala € RZ~,
wherem = 2%, the Walsh transformof a is given by

W(a) = L, @ylwa @l (we D))

wherew; = (1,1,1, =1)fori =1, ..., k.

Note thatthe 2-productformulationof the Walshtransforminvolvesonly theval-
ues+1 and-1. Thereforethereis no multiplicationinvolved exceptfor final multiplication
by the quantity L.

For a € RIm*Z» \wherem = 2F andn = 2!, the two-dimensionalWalsh
transformof a is given by

b = Y [Wi @a(W2 s - (wy, Da")))]
Wia) = —vlwi Dalwe Bl (wi b))

wherepy, : F" — Fyxn, With r = ¢ - h, is definedby

bl g SRR it

f f e f
@h(fl)f?)"')fr): h-+1 h-+2 . Z:h
Ja—vrer Fg—vne2 0 fon

Thus, the function ¢,,, convertsthe vector [w; @,(wa @,(- - - (Wi P,a’)))] backinto
matrix form.

Additional p-product formulationsfor signalswhoselengthsare not powersof
two can be found in [11, 12].
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8.7. The Haar Wavelet Transform

The simplestexampleof a family of functionsyielding a multiresolutionanalysis
of the spaceL?[R] of all square-integrabléunctionson the real line is given by the Haar
family of functions. Thesefunctionsarewell localizedin spaceandarethereforeappropriate
for spatialdomainanalysiof signalsandimages.FurthermoretheHaarfunctionsconstitute
an orthogonalbasis. Hence,the discreteHaar transformbenefitsfrom the propertiesof
orthogonaltransformations. For example,thesetransformationgpreserveinner products
wheninterpretedaslinearoperatorg§rom onespaceo another. Theinverseof anorthogonal
transformatioris alsoparticularlyeasyto implement,sinceit is simply the transposef the
directtransformation.Andrews[13] pointsout that orthogonaltransformationsre entropy
preservingin an information theoreticsense.A particularly attractivefeatureof the Haar
wavelettransformis its computationatomplexity,which is linearwith respecto thelength
of the input signal. Moreover,this transform,aswell as otherwaveletrepresentationsf
images(seeMallat [14]), discriminatesorientededgesat differentscales.

The appropriatetheoretical backgroundfor signal and image analysisin the
contextof a multiresolutionanalysisis given by Mallat [14], wheremultiresolutionwavelet
representationare obtainedby way of pyramidalalgorithms.Daubechiegprovidesa more
generaltreatmentof orthonormalwavelet basesand multiresolutionanalysis[15], where
the Haar multiresolutionanalysisis presented.The Haar function, definedbelow, is the
simplestexampleof an orthogonalwavelet. It may be viewed asthe first of the family of
compactlysupportedwaveletsdiscoveredby Daubechies.

The discreteHaar wavelettransformis a separabldineartransformthat is based
on the scaling function

(z) = { 1 o0<z<l
I =10 otherwise,

andthe dyadic dilations and integertranslationsof the Haar function

1 0<z<}
hiz)=1< -1 % <z<l1
0 otherwise.

A matrix formulation of the Haar transformusing orthogonalmatricesfollows.
A convenientfactorizationof thesematricesleadsto a pyramidalalgorithm,which makes
useof the generalizednatrix productof ordertwo. The algorithm hascomplexityO(n).

Letn = 2% k € Z+, anda € R’» be a real-valued,one-dimensionasignal.
Associatewith a the columnvector (aq, ay,...,a,_1), wherea; = a(i) for i € Z,,. To
determinean orthonormalbasis{u; | i € Z,,} for the vector spaceR?~, define

hpe(x) = h(2P2 — q)

for the rangeof integerindicesp € N and0 < ¢ < 27. For fixed p and ¢, the function
hye(2) is atranslationby ¢ of the function (27 ), which is a dilation of the Haarwavelet
function h(z). Furthermorep,,(z) is supportedn aninterval of length2=?. Theinfinite

family of functions{h,,(z) | p € N,0 < ¢ < 27} togetherwith the scaling function g(x)

constitutean orthogonalbasis,known asthe Haar basis for the spaceL?[0, 1] of square-
integrablefunctionson the unit interval. This basiscan be extendedo a basisfor L%[R].

The Haar basiswas first describedin 1910 [16].

To obtain a discreteversion of the Haar basis, note that any positive integer i
can be written uniquely as

i=2"+gq,
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wherep € N and0 < ¢ < 27. Using this fact, define

w(j) = % forall j € Z,
and
u(j) = @ hyq <%) = 2(P=B)/2p, (27F5) forall j € Z,, (8.7.1)
wherei =27 +qfori=1,2,...,n—1 . Thefactor2(?=%)/2 in Equation8.7.1normalizes

the Euclideanvector norm of the u;. Hence,||u;||, = 1 for all i € Z,, . The vectoru,
is a normalized,discreteversion of the scalingfunction g(z). Similarly, the vectorsu;
fori =1,2,...,n— 1 arenormalized,discreteversionsof the waveletfunctionsh,,(z).

Furthermore thesevectorsare mutually orthogonal,i.e., the dot product
u;eu; =0 whenever £ j.

Therefore,B,, = {u; | i € Z,} is an orthonormalbasisfor the vector spaceR%» of one-
dimensionalsignalsof length n.

Now define the Haar matricesH,, for n = 2%, k a positive integer, by letting
u; € B, betheith row vectorof H,,. Theorthonormalityof the row vectorsof H,, implies
that I, is an orthogonalmatrix, i.e., H H, = H,H] = I,, wherel, isthen x n
identity matrix. Hence,H,, is invertible with inverse ;! = H/. Settingn = 2-1/2, the
normalizationfactor may be written as

o(P=k)/2 — 9=(k=p)/2 — pk—p

The Haar matricesfor n = 2,4, and8 in termsof powersof n are

H2:<77 77)’
N

2 2 2 2

772 2 7 2 7 2
e A A A
n -7 0 0
0 0 i -7
and 3 3 3 3 3 3 3 3
n 1 7 1 Ui 1 1 n
7o = = - =
n” n -2 —n? 0 0 0 0
0 0 0 0 772 772 _772 _772
Hg =

n —-n 0 0 0 0 0 0
0 0 7 -7 0 0 0 0
0 0 0 0 7 -7 0 0
0 0 0 0 0 0 n -7

The signala may be written asa linear combinationof the basisvectorsu;:
n—1
a= Z cug, (8.7.2)
i=0

wherethe ¢; (for all i € Z,, ) are unknowncoeficientsto be determined.Equation8.7.2
may be written as

a=[ug,ug,. .., uy_1jc

e (8.7.3)
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wherec € R”» is the vectorof unknowncoeficients,i.e., ¢(i) = ¢; for eachi € Z,,. Using
H;' = H! andsolving for ¢, one obtains

c= H,a. (8.7.4)

Equation8.7.4 definesthe Haar transformHaar Tr ansf or mLD for one-dimensionasig-
nals of lengthn = 2%, i.e.,

HaarTransformiD(a, n) = H,a.

Furthermorean image may be reconstructedrom the vector ¢ of Haar coeficients using
Equation8.7.3. Hence,definethe inverseHaar transforml nver seHaar Tr ansf or mLD
for one-dimensionakignals by

InverseHaarTransformiD(c,n) = Hc.

To definethe Haartransformfor two-dimensionaimagesJet m = 2* andn = 2/,
with k,1 € Z*, andlet a € RZ»*Z~» pe a two-dimensionaimage. The Haar transformof
a yields anm x n matrix ¢ = [¢;;] of coeficients given by

C = Hm[aij]H;L, (8.7.5)

wherea;; = a(i, j) for all (¢, j) € Z,, x Z,. Equation8.7.5 definesthe Haar transform
Haar Tr ansf or n2D of a two-dimensionatn x n image:

HaarTransform2D(a, m,n) = Hy,[a;;]H),.

Theimagea canbe recoveredrom the m x n matrix ¢ of Haar coeficientsby
theinverseHaartransform,| nver seHaar Tr ansf or n2D, for two-dimensionaimages:

InverseHaarTransform2D(c, m,n) = H),[c;;]H,,

Equation8.7.6 is equivalentto the linear expansion

m—1n-1

a:E E Cij * Wi & Vj,

i=0 j=0

wherew; € B, forall : € Z,, andv; € B, for all j € Z,. The outer productu; @ v;
may be interpretedas the image of a two-dimensional discreteHaar wavelet. The sum
over all combinationsof the outerproducts,appropriatelyweightedby the coeficientsc;;,
reconstructghe original image a.
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Image Algebra Formulation

The image algebraformulation of the Haar transformis basedon a convenient
factorizationof the Haar matrices[13]. To factor H,, for n = 2,4, and8, let

n n 0 0
N )
K= n -n 0 0 )
0 0 n —n
and

n n 0 0 0 0 0 O
0O 0 »n n 0 0 0 O
0O 0 0 0 5 = 0 O
10 0 0 0 0 0 n =9
Ks = n -n 0 0 0 0 0 0
0 0 n.—=p 0 O 0 O
0 0 0 0 n —-p 0 O
0 0 0 0 0 0 n —n

The Haar matricesH,, H4, and Hg may be factoredas follows:

H2 = 1{2)

Ky Oy ,-
Hy = K
4 (02 I ) 4,

and
_(Hs Og4) -
HS = <O4 I4 >I\8
K, 0> |
| 04
0> L | Ki O4) ..
= — — — —i— — — — (04 I4 )IXS.
04 | I4
|

From this factorization,it is clearthat only pairwise sumsand pairwise differenceswith

multiplicationby » arerequiredto obtainthe Haarwavelettransformgdirectandinverse)of

animage. Furthermorethe one-dimensionaHaartransformof a signalof length2* maybe

computedin k£ stages.The numberof stagescorresponddo the numberof factorsfor the

Haar matrix H,x. Computationof the Haar transformof a signal of length n requires
4(n — 1) multiplications and 2(n — 1) sumsor differences. Hence, the computational
complexity of the Haar transformis O(n). Furtherremarksconcerningthe complexity
of the Haar transformcan be found in Andrews[13] and Strang[17].

The imagealgebraformulation of the Haar wavelettransformmay be expressed
in termsof the normalizationconstant) = 2-1/2, the Haar scalingvectorg = (7, 7)’, and
the Haar waveletvectorh = (1, —3)’, as describedbelow.
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One-Dimensional Haar Transform

Let a € RZ=, with n = 2%, k € Zt. The following pyramidal algorithm
implements

¢ := HaarTransformiD(a, n),

wherea is treatedas a row vector.
0

o’ —a
fori:=1to k loop
8 =o' @P,h
o =01 D,g
end loop
c:= (o || 681 ... |8Y).
Example: Leta = (ag,ay,...,a7). The Haartransform

c=(c%]6%16%|6")
(0-(3)1 63’ 68) 6%) 63)6%5 6%1 6%)

of a is computedin three stagesas shownin Figure 8.7.1.

Keg Ky Ky
e

a 0 r] C

1 n 2 ? n 3 > 3
ag g 00 |:|2 O'O O'0 O'0
g | ot N ety e e
a| |\ n| |9 55| \2 55
N ol a1 I
ay h 3% ! ] 55
as n 61 51
ag | M2 53 55
az 53 53

\

Figure 8.7.1. Pyramidalalgorithm data flow.
Note that the first entry of the resultingvectoris a scaledglobal sum, since
=Py a
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Two-Dimensional Haar Transform

Letm = 2¥ andn = 2', with k,{ € Zt, andleta € RZ~*Z~ peatwo-dimensional
image. The following algorithm implements

¢ := HaarTransform2D(a, m, n).

The one-dimensionaHaartransformof eachrow of a is computedfirst asanintermediate
imageb. The secondloop of the algorithm computeshe Haartransformof eachcolumn
of b. This procedureis equivalentto the computationc = H,, ([a;;]H]},).

0'0::a

fori:=1to !l loop
§ =o't @,h

ol =gl ! D,

end loop
b:=(o'|8" 6" ]8")
o’:=b

for j:=1to k loop
8 =h' @ho’ 1

jo._ t _j—1
o’ =g @sro

end loop
ok
6k

¢ = 6k_1
61

Example: Considerthe gray scalerendition of an input image of a 32 x 32 letter “A”
asshownin Figure8.7.2. In the gray scaleimagesshownhere, black correspondgo the
lowest value in the image and white correspondgo the highestvalue. For the original
image, black = 0 and white = 255.
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Figure 8.7.2. Input image.

The row-by-row Haar transformof the original imageis shownin Figure 8.7.3,
andthe column-by-columrHaartransformof the original imageis shownin Figure8.7.4.

Figure 8.7.3. Row-by-row Haar transformof the input image.

Figure 8.7.4. Column-by-columnHaar transformof the input image.

Computingthe column-by-columnHaar transformof the imagein Figure 8.7.3,
or computingthe row-by-row Haartransformof the imagein Figure 8.7.4,yields the Haar
transformof the originalimage. Theresultis shownin Figure8.7.5. Interpretatiorof Figure
8.7.5is facilitated by recognizingthatthe 2° x 2° matrix of coeficientsis partitionedinto
amultiresolutiongrid consistingof (5 + 1) x (5 4+ 1) subregionsasshownin Figure8.7.6.
Eachsubregioncorrespondso a particularresolutionor scalealongthe x- andy-axes.For
example,the labeledsubregions?? containsa 22 x 23 = 4 x 8 versionof the original
imageat a scaleof 1/8 alongthe x-axis and a scaleof 1/4 alongthe y-axis.
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Figure 8.7.5. Gray scaleHaar transformof the input image.

Ty
I Y v o I A o

62,3

Figure 8.7.6. Haar transformmultiresolutiongrid.

Thelargevaluein theupperleft-handpixel in Figure8.7.5correspondso a scaled
global sum. By eliminatingthe top row andthe left columnof pixels, the remainingpixels
arerenderedmore clearly. The resultis shownin Figure8.7.7. The bright white pixel in
the top row resultsfrom a dominantfeatureof the original image,namely,the right-hand
diagonalof theletter“A.” The Haarwavelettransformis thereforesensitiveto the presence
and orientationof edgesat different scalesin the image.
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Figure 8.7.7. Gray scaleHaar transformwithout top row and left column.

8.8. Daubechies Wavelet Transforms

The Daubechiesfamily of orthonormalwavelet basesfor the spaceL?[R] of
square-integrabléunctionsgeneralizethe Haarwaveletbasis. Eachmemberof this family
consistsof the dyadic dilations and integertranslations

Um n(x) = \/%-1/)(2%1"—11), m,n € Z,
of a compactlysupportedwaveletfunction(z). The waveletfunctionin turnis derived
from a scaling function ¢ (), which also hascompactsupport. The scaling and wavelet
functions have good localization in both the spatial and frequency domains [15, 18].
Daubechiesvasthe first to describecompactlysupportedorthonormalwaveletbaseq18].

The orthonormalwaveletbasesveredevelopedoy Daubechiesvithin the frame-
work of a multiresolutionanalysis.Mallat [14] hasexploitedthe featuresof multiresolution
analysigto developpyramidaldecompositiorandreconstructioralgorithmsfor images.The
imagealgebraalgorithmspresentechereare basedon thesepyramidalschemesand build
uponthe work by Zhu andRitter [12], in which the Daubechiesvavelettransformand its
inverseare expressedn termsof the p-product. The one-dimensionalvavelettransforms
(directand inverse)describedby Zhu and Ritter correspondo a single stageof the one-
dimensionabyramidalimagealgebraalgorithms. Computerroutinesandfurther aspectof
the computationof the Daubechiesvavelettransformsmay be found in Presset al. [19].

Foreveryy € Z*, a discretewaveletsystem,denotedby D,,, is definedby a
finite numberof coeficients, ap, a1, ..., az,—1. Thesecoeficients, known as scaling or
waveletfilter coeficients, satisfy specific orthogonality conditions. The scaling function
p(z) is definedto be a solution of

2g—-1
p(z) =Y app(2z — k).
k=0
Moreover, the set of coeficients
b= (—1)fasg_1x, k=0,1,...,29 - 1,

defineghewaveletfunction(xz) associateavith the scalingfunctionof thewaveletsystem:

2g-1

W)= 3 bep(2a )
k=0

© 2001 by CRC PressLLC



To illustratehow the scalingcoeficientsarederived,considerthe casey = 2. Let
s = (ao, a1, az, as)

and
w = (bo, by, b2, b3)
= (a3, —ag, ay, —agp).
Notethats andw satisfythe orthogonalityrelations e w = 0. The coeficientsay, a1, as,
and as are uniquely determinedby the following equations:

al4a?+ai+ai=1 (8.8.1a)
agas + ajaz =0 (8.8.1b)

az —as+a; —ag =0 (8.8.1¢c)

Oaz — las + 2a; — 3ap = 0. (8.8.1d)

Equations8.8.1a-dare equivalentto

lIs|l, =1 (8.8.2a)

(ap, a1, as,a3,0,0) e (0,0,ap,ar,as, az) =0 (8.8.2b)
Y w=0 (8.8.2¢c)

(0,1,2,3) e w = 0. (8.8.2d)

Solving for the four unknownsin the four Equations8.8.1a-dyields
a = (1+V3)/4v3
ay = (‘3 + \/5) /4\/5
ay = (3 - \/3) /42
as = (1-3) /aV2.

In general, the coeficients for the discretewavelet system D,, are determinedby 2g
equationsn 2¢g unknowns. Daubechieshastabulatedthe coeficientsfor ¢ = 2,3,...,10
[15, 18]. Higher-orderwaveletsare smootherbut have broadersupports.

(8.8.3)

Image Algebra Formulation

Let g € Z*. For thedirectandinverseD,, wavelettransforms Jet
S = (ao ay e a2g—1 )/

and
W:(bo by - ng—1),

denotethe scaling vector and the waveletvector, respectively,of the wavelettransform.

Furthermore,let
Qg as A2g—2
Sp = ;81 = )"')Sg—lz g ’
ay as A2g—1

© 2001 by CRC PressLLC



and

b b bog—
w0 (o= () o= ()

In the computationof the wavelettransformof a signal or image,the scalingvector acts
as lowpassfilter, while the waveletvector actsas a bandpasdilter.

Thealgorithmsin this sectionmakeuseof specificcolumnandrow representations
of matrices.For X = Z,,, x Z,, andf € R¥X, the columnvectorof f is definedby

col(f) = (fo.o, fors-- s fonts FronFits oo os Fimetr ooy o100 Fmnct 1 - o s Fme1n1)s

andthe row vector of f is definedby row(f) = (col(f))’.

When computingwaveletcoeficients of a datavectornearthe end of the vector,
the supportof the scalingvector or waveletvector may exceedthe supportof the data. In
suchcasesit is conveniento assumeperiodicboundaryconditionson the datavector,i.e.,
the datavectoris treatedasa circular vector. Appropriatespatialmapsare definedbelow
to representrequiredshifts for dataaddressing.

One-Dimensional Daubechies Wavelet Transform

Let X = Zy , with N = 2%, k € 7Zt, andlet f € RX be a one-dimensional
signal. Circular shifts of a row vectormay be representedby compositionwith the spatial
mapx, : X — X definedby

kg J = (J + q)mod(N),

whereq € Z.

The following pyramidalalgorithmcomputeghe one-dimensionalvavelettrans-
form ¢ € RX of f, wheref is treatedas a row vector.
ol =f
R:=k — ([log2(29)] — 1)
fori:=1to IR loop

) ) g-1
6 =o'~ @ywo + > (‘72_1 0 K2p) DWWy
p:].

) ) g-1
o' =07 @ys0 + 21(02_1 o Kop) Dasp
p:
end loop
c:= (o |68 681 ... |61).

Remarks

»  Thewavelettransformis computedin R stages.Eachstagecorrespondso a scaleor
level of resolution. The numberof stagesrequiredto computethe wavelettransform
is a function of the length N = 2% of the input datavector andthe length2g of the
waveletor scaling vector.

« o andéf arerow vectorsof length 2[°92(29)1-1 each.

* Thecasey = 1 yieldsthe Haarwavelettransformwith s = s = g andw = wg = h,
whereg andh arethe Haar scalingand waveletvectors,respectively.
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The original signal f may be reconstructedrom the vector ¢ by the inverse
wavelettransform The following algorithm usesthe tensorproductto obtainthe inverse
wavelettransformof ¢ € RX, wherec is treatedas a row vector.

L = 92([leg2(2¢9)1-1)

d :=[e(0),¢(1),...,e(L —1)]

R:=k — ([log2(29)] — 1)

fori:=1to IR loop
cf:=d

c? :=[e(L), C(L:— 11), oo e(20 = 1))

d®:=sp®c’+ Z_: sp @ (¢’ oKp)
:1
P 1 )

dV :=wo@c” + > w, ®(c okp)

p=1

d:=d*+d¥

d:=row(d’)

L:=2L

end loop.

Remarks

. The reconstructedlatavector d hasdimensionsl x N.

 df andd® are matriceshaving dimensions2 x L.

Example: Let ¢ = 2. The scaling coeficients for D, are given by Equations8.8.3. A
typical waveletin the D, waveletbasismay be obtainedby taking the inversewavelet
transformof a canonicalunit vectorof length N = 2*. For k = 8, the graphof theinverse
D, wavelettransformof e;; is shownin Figure 8.8.1.

50 100 150 200 250

Figure 8.8.1. Typical D4 wavelet.
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Two-Dimensional Daubechies Wavelet Transform

Let X = Zy x Zy, with M = 28, N = 2!, andk,! € Zt. Circular column
shifts of a two-dimensionalimage are easily representedby compositionwith the spatial
map«, : X — X definedby

kg (1,5) 7 (i, (j + q)mod(N)),

with ¢ € Z. Analogously circularrow shifts of two-dimensionalmagesmayberepresented
by compositionwith the spatialmap p, : X — X definedby

pq : (i,7) = ((i + gymod(M), j),

with ¢ € Z.

Let f € RX be a two-dimensionaimage. The following algorithm computesthe
two-dimensionalvavelettransformd € R¥ of f, wheref is treatedasan M x N matrix.
The one-dimensionatiransformof eachrow of f is computedfirst asanintermediatédmage
c. The secondloop of the algorithm computesthe one-dimensionatransform of each
column of c.

o’ :=f
R =1 ([logs(29)] — 1)
fori:=1to IR loop

' ) g-1
§ =" @ywo + Zl(o'z_l 0 K2p) DaWp

p:
g—1
o' =o'~ @oso + El(o'i_l o Kap) Dasp
end loop "
c:= (o |67 |65 ... |61)
o’ :=c
S:=k — ([loga(2g9)] — 1)
for j:=1to S loop

. . g=1 o
§ = wh Dyol T+ 3w Dh(0’ " o pay)

p=1

. : g-1 o
ol =5 @ + T s @hlo? T 0 py)
p:

dl
en OOE.S
5
d = 657_1
ot

Example: Considerthe gray scalerendition of an input image of a 32 x 32 letter “A”
asshownin Figure 8.8.2. In the gray scaleimagesshownhere, black correspondgo the
lowest value in the image and white correspondgo the highestvalue. For the original
image, black = 0 and white = 255.
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Figure 8.8.2. Input image.

Supposg; = 2. The row-by-row D, wavelettransformof the original imageis
shownin Figure 8.8.3, and the column-by-columnD, wavelettransformof the original
imageis shownin Figure 8.8.4.

Figure 8.8.3. Row-by-row wavelettransformof the input image.

Figure 8.8.4. Column-by-columnwavelettransformof the input image.

Computingthe column-by-columrwavelettransformof theimagein Figure8.8.3,
or computingthe row-by-row wavelettransformof the imagein Figure 8.8.4, yields the
D, wavelettransformof the original image. The resultis shownin Figure 8.8.5. As in
the Haar waveletrepresentationthe Daubechiesvaveletrepresentatioriscriminatesthe
location, scale,and orientationof edgesin the image.
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Figure 8.8.5. Gray scalewavelettransformof the input image.

Alternate Image Algebra Formulation

Thealternatémagealgebraformulationof the one-dimensionalvavelettransform
presentechereusesthe dual @), of the 2-productinsteadof the tensorproduct. Let

ap a2 A2¢g—2
w — bo = ba g bag_a
ay as Agg—1
by b3 bog_1

The following algorithm computeghe inverseone-dimensionalvavelettransformd € R*
of ¢ € RX, whereX = Zy, N = 2%, andk € Z*.
L = 92([leg2(2¢9)1-1)
d:=[e(0),¢(1),...,e(L —1)]
R:=k — ([log2(29)] — 1)
fori:=1to R loop
¢’ :=d
c? :=[e(L),e(L+1),...,¢(2L = 1)]
1

g
d:=(c*|e¥) @huo + 3 (¢ o kp|c? o) Douy

p=1
d :=row(d’)
L:=2L
end loop.

8.9. Exercises

1. TheFourierspectrumof animageis complex-valuedand usually displayedas a pair
of images: either magnitude-phaser real-imaginarypart.

a. Find a relationshipbetweenthe two representations.
b. Give an interpretationof each.

2. Provethata representationf onefull periodof the Fouriermagnitudespectrumof an
image,with the origin in the centerof the display,canbe achievedby multiplying a(z, y)
by (—1)** before applying the transform.
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3. Givetheimagealgebraformulationsof thefollowing propertiesof the discreteFourier
transform:

a. The addition theorem:
§(a+b) = 3(a) + 5(b)
where a, b can be one-dimensionala,b € RZ=, or two-dimensional,a,b €

RZ’”XZ".
b. Thetime (space)convolutiontheorem:

S(axb) = F(a) - §(b).
c. The frequencyconvolutiontheorem:
S(a-b) = F(a) x F(b).

4. Provethat the discrete Haar transform, as an orthogonaltransformation,preserves
inner products.

5. Referto thegrayscaleHaartransformdepictedin Figures8.7.5and8.7.6,andidentify
otherfeaturesof the original imagebesideshe one discussedit the end of Section8.7.

6. Explain why in the computationof the Daubechieswvavelet transform of a signal
or image, the scaling vector acts as a lowpassfilter, while the waveletvector actsas a
bandpasdilter.

7. Discusshow the waveletrepresentationdiscriminatethe location, scale,and orienta-
tion of edgesin the original image.

8. Discusshow the Haartransformcan be usedfor finding and/orremovingedgesfrom
an image.

9. Give the image algebraformulation of the two-dimensionaldiscretesine transform
and its inverse:

n—-1ln-1

[S(a)](u,v = n+ 1 xZOyZO T y Sln((r+1)(u+1)w) Sln(W)
n-ln-1
[S(a)|(z,y) = n+1 Z;); u,v) sm( x+1ri$‘1+l)”> szn(%)

wherea € RZr*Zx,
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CHAPTER 9
PATTERN MATCHING AND SHAPE DETECTION

9.1. Introduction

This chaptercoverstwo relatedimageanalysistasks: objectdetectionby pattern
matchingand shapedetectionusing Hough transformtechniques.One of the most funda-
mentalmethodsof detectingan objectof interestis by patternmatchingusing templates.
In templatematching,a replica of an object of interestis comparedto all objectsin the
image. If the patternmatchbetweenthe templateandan objectin the imageis sufiiciently
close(e.g.,exceedinga given threshold),thenthe objectis labeledasthe templateobject.

The Hough transformprovidesfor versatile methodsfor detectingshapesthat
can be describedin termsof closed parametricequationsor in tabularform. Examples
of parameterizablshapesare lines, circles, and ellipses. Shapeghat fail to have closed
parametricequationscanbe detectedoy a generalizedrersionof the Houghtransformthat
employslookup table techniques. The algorithmspresentedn this chapteraddressboth
parametricand non-parametricshapedetection.

9.2. Pattern Matching Using Correlation

Patternmatchingis usedto locatean objectof interestwithin a largerimage. The
pattern,which representshe object of interest,is itself animage. The imageis scanned
with the given patternto locate sites on the image that match or bear a strong visual
resemblancéo the pattern. The determinatiorof a good matchbetweenanimagea anda
patterntemplatep is usually given in termsof the metric

d=¥(a—p)’ = Ta’ — 2%ap + Tp>,

wherethe sumis overthe supportof p. Thevalueof d will besmallwhena andp arealmost

identical and large whenthey differ significantly. It follows thatthe term Xap will have

to be large wheneverd is small. Therefore a large valueof Yap providesa goodmeasure
of a match. Shifting the patterntemplatep over all possiblelocationsof a andcomputing
the matchXap at eachlocationcanthereforeprovidefor a setcandidatepixels of a good

match. Usually, thresholdingdetermineghe final locationsof a possiblegood match.

The methodjust describeds known asunnormalizeccorrelation, matchedfilter-
ing, or templatematching Thereare severalmajor problemsassociatedvith unnormalized
correlation. If the valuesof a are large over the templatesupportat a particularlocation,
thenit is very likely thatXap is alsolarge at thatlocation,evenif no goodmatchexistsat
that location. Anotherproblemis in regionswherea and p havea large numberof zeros
in common(i.e., a good matchof zeros). Sincezerosdo not contributeto an increaseof
thevalueXap, a mismatchmay be declared eventhougha goodmatchexists. To remedy
this situation, severalmethodsof normalizedcorrelation have beenproposed. One such
method usesthe formulation

1
c = —Xap,
o
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wherea = ¥a andthe sumis over the region of the supportof p. Another methoduses
the factor

S
(S

a = (Ya)?(Ip)

which keepsthe valuesof the normalizedcorrelationbetween-1 and 1. Valuescloserto
1 representbetter matcheg[1, 2].

The following figures illustrate pattern matching using normalized correlation.
Figure 9.2.1is an image of an industrial site with fuel storagetanks. The fuel storage
tanksarethe objectsof interestfor this examplethustheimageof Figure9.2.2is usedas
the pattern. Figure 9.2.3is the imagerepresentatiorfor the valuesof positive normalized
correlationbetweenthe storagetank patternand the industrial site imagefor eachpointin
thedomainof theindustrialsiteimage. Note thatthe locationsof the six fuel storagetanks
showup asbright spots. Therearealsolocationsof strongcorrelationthatarenot locations
of storagetanks. Referringbackto the sourceimageandpattern,it is understandablevhy
thereis relatively strong correlation at thesefalse locations. ThresholdingFigure 9.2.3
helpsto pinpointthe locationsof the storagetanks. Figure9.2.4representshe thresholded
correlationimage.

Figure 9.2.1. Industrial site with fuel storagetanks.

Figure 9.2.2. Patternusedto locate fuel storagetanks.
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Figure 9.2.3. Imagerepresentatiomf positive normalizedcorrelationresulting
from applying the patternof Figure 9.2.2to the imageof Figure9.2.1.

Figure 9.2.4. Thresholdedcorrelationimage.

Image Algebra Formulation

The exactformulationof a discretecorrelationof an M x N imagea € R¥ with
a patternp of size (2m — 1) x (2n — 1) centeredat the origin is given by

n—1 m—1
clz,y)= . Y a@+ky+1) plkl). (9.2.1)
I=—(n-1)k=—(m-1)
For(z + k,y+ 1) ¢ X, oneassumeshata(z + k, y + [) = 0. It is alsoassumedhatthe

patternsize is generallysmallerthan the sensedmage size. Figure 9.2.5illustratesthe
correlationas expressedy Equation9.2.1.
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Figure 9.2.5. Computationof the correlationvalue c(z,y) ata point (z,y) € X.

To specify templatematchingin imagealgebra,definean invariant patterntem-
platet, correspondingo the patternp centeredat the origin, by setting

and —(n—1)<v—-y<n-1

plu—z,v—y) f —(m-1)<u—-z<m-1
t(xyy)(u,v) =
0 otherwise.

The unnormalizedcorrelationalgorithm is then given by

c:=adt.

The following simple computationshowsthat this agreeswith the formulation given by
Equation9.2.1.

By definition of the operation @, we havethat

c(z,y) = Z a(u,v) - t(xyy)(u, v). (9.2.2)

(u,v)eX

Sincet is translationinvariant, t(, ,y(u,v) = t 0)(u — z,v — y). Thus, Equation9.2.2
can be written as

c(@y)= > a(u,v) tpolu—=2v-y). (9.2.3)
(uv)eX
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Now t(g 0)(u — z,v —y) = 0 unless(u — z,v —y) € S(tq,0)) or, equivalently,unless
—(m—1)<u—z <m-1and—(n—1) <v—y < n—1. Changingvariablesby letting
k = u— 2z and! = v — y changesEquation9.2.3to

n—1 m—1
c(z,y)= > Yo aletky+1) ook )

I=—(n—1)k=—=(m-1)

= Z_: z_: a(z+k y+1) - plk1).

I=—(n—=1)k=-(m-1)

(9.2.4)

To computethe normalizedcorrelationimagec, let N denotethe neighborhood
functiondefinedby N (y) = S(ty). Thenormalizedcorrelationimageis thencomputedas

c:=(a®t)/(aPN).

An alternatenormalizedcorrelationimageis given by the statement

c:=(a®t)/(a (—BN)% (Et(oyo))%.

NotethatXt, o) is simply the sumof all pixel valuesof the patterntemplateat the origin.

Comments and Observations

To be effective, patternmatchingrequiresanaccuratepattern. Evenif anaccurate
patternexists, slight variationsin the size, shape orientation,and gray level valuesof the
object of interestwill adverselyaffect performance. For this reason,pattern matching
is usually limited to smaller local featureswhich are more invariantto size and shape
variationsof an object.

9.3. Pattern Matching in the Frequency Domain

The purposeof this sectionis to presentseveralapproacheso templatematching
in the spectralor Fourierdomain. Sinceconvolutionsandcorrelationsin the spatialdomain
correspondo multiplicationsin the spectraldomain,it is often advantageouso perform
templatematchingin the spectraldomain. This holds especiallytrue for templateswith
large supportaswell asfor variousparallelandopticalimplementation®f matchedfilters.

It follows from the convolution theorem[3] that the spatial correlationa @t
corresponddo multiplication in the frequencydomain. In particular,

a@t =3 "'(a t*), (9.3.1)

wherea denoteghe Fouriertransformof a, t* denoteshe complexconjugateof t, andg !
the inverseFourier transform. Thus, simple pointwise multiplication of the imagea with
theimaget* and Fouriertransformingthe resultimplementsthe spatialcorrelationa @t.
One limitation of the matchedfilter given by Equation9.3.1is that the output
of the filter dependgrimarily on the gray valuesof the imagea ratherthanon its spatial
structures.This canbe observedvhenconsideringthe outputimageandits corresponding
gray value surfaceshownin Figure 9.3.2. For example,the letter E in the input image
(Figure 9.3.1) produceda high-enegy output when correlatedwith the patternletter B
shownin Figure 9.3.1. Additionally, the filter outputis proportionalto its autocorrelation,
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andthe shapeof the filter outputaroundits maximum matchis fairly broad. Accurately
locating this maximum can thereforebe difficult in the presenceof noise. Normalizing
the correlatedimagea @t = §~!(a- E*), asdonein the previoussection,alleviatesthe
problemfor somemismatchedpatterns.Figure9.3.3 providesan exampleof a normalized
output. An approachto solving this problemin the Fourier domainis to use phase-only
matchedfilters.

The transferfunction of the phase-onlymatchedfilter is obtainedby eliminating
the amplitude of t* through factorization. As shownin Figure 9.3.4, the output of the

phase-onlymatchedfilter F—! (é- I:I) providesa much sharperpeak than the simple
matchedfilter sincethe spectralphasepreserveghe location of objectsbut is insensitive
to the image enegy [4].

Furtherimprovementf the phase-onlymatchedfilter canbe achievedby corre-
lating the phase®f botha andt. Figure9.3.5showsthattheimagefunctiong—! (é‘— £ )

ERG
approximateshe Dirac é—functionat the centerof theletter B, thusproviding evensharper
peaksthan the phase-onlymatchedfilter. Note also the suppressiorof the enlaged B
in the left-hand cornerof the image. This filtering techniqueis known as the symmetric

phase-onlymatchedfilter or SPOMF[5].

Figure9.3.1. Theinputimagea is shownon the left andthe patterntemplatet on theright.

© 2001 by CRC PressLLC



Figure9.3.3. The normalizedcorrelationimagec = §-1(a - t*)/(a ®N)* (Stp.0)) /7,

where N(y) = S(ty) andits gray value surface.

© 2001 by CRC PressLLC



Figure9.3.4.

Figure 9.3.5. The §ymmetric phase-onlycorrelation

image§ ! (% : I:\> and its gray value surface.

Image Algebra Formulation

Although the methodsfor matchedfiltering in the frequencydomainare mathe-
matically easily formulated the exactdigital specificationis a little morecomplicated.The
multiplicationa - t* impliesthatwe musthavetwo imagesa andt* of the samesize. Thus
a first stepis to createthe imaget* from the patterntemplatet.
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To createthe imaget*, reflectthe patterntemplatet acrossthe origin by setting
P(x) = t(g,0)(—x). This will correspondo conjugationin the spectraldomain. Sincet
is an invarianttemplatedefinedon 72, p is animagedefinedover Z2. However,whatis
neededs an imageover domain(a) = X. As shownin Figure 9.2.5, the supportof the
patterntemplateintersectsX in only the positive quadrant.Hence,simple restrictionof p
to X will notwork. Additionally, the patternimagep needsto be centeed with respecto
the transformedmagea for the appropriatemultiplication in the Fourierdomain. This is
achievedby translatingp to the cornersof a andthenrestrictingto the domainof a. This
processs illustratedin Figure 9.3.6. Specifically, define

p:=(p+[p+O0N)]+[p+MO)]+[p+(MN)x-

Note thattherearetwo typesof additionsin the aboveformula. Oneis imageadditionand
the otheris image-pointadditionwhich resultsin a shift of theimage. Also, the translation
of the image p, achievedby vector addition, translatesp one unit beyondthe boundary
of X in orderto avoid duplication of the intersectionof the boundaryof X with p at the
corner of the origin.

w zZ w 3
! M S e (A7~ ] |
5 mo T ey ©
B M ___d B[]

Figure 9.3.6. Theimagep createdfrom the patterntemplatet usingreflection,
translationgto the cornersof the array X, andrestrictionto X. The
valuesof p are zero exceptin the shadedarea,wherethe valuesare
equalthe correspondinggray level valuesin the supportof t at (0,0).
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The image t* is now given by p, the Fourier transformof p. The correlation
image c canthereforebe obtainedusing the following algorithm:
P(x) = t(g,0)(—x)
p:=(p+[p+(0,N)]+[p+(MO)]+[p+(MN)x
c:=3'a- p).
Using the imagep constructedn the abovealgorithm, the phase-onlyfilter and
the symmetricphase-onlyfilter have now the following simple formulation:

c::%"l(éu I:) )
Pl

and

respectively.

Comments and Observations

In order to achievethe phase-onlymatching componentto the matchedfilter
approachwe neededo divide the compleximagep by the amplitudeimage|p|. Problems
canoccurif somepixel valuesof |p| are equalto zero. However, in the image algebra
pseudocodef the various matchedfilters we assumethat £~ = p - |p|~t, where|p|~!

denoteghe pseudoinversef |p|. A similar commentholdsfor the quotient%.

Somefurther improvementsof the symmetricphase-onlymatchedfilter can be
achievedby processinghe spectralphased6, 7, 8, 9].

9.4. Rotation Invariant Pattern Matching

In Section9.2 we notedthat patternmatchingusing simple patterncorrelation
will be adverselyaffectedif the patternin the imageis differentin sizeor orientationthen
the templatepattern. Rotation invariant patternmatchingsolvesthis problemfor patterns
varying in orientation. The techniquepresentedhere is a digital adaptationof optical
methodsof rotation invariant patternmatching[10, 11, 12, 13, 14].

Computingthe Fourier transformof imagesandignoring the phaseprovidesfor
a patternmatchingapproachthat is insensitiveto position (Section9.3) since a shift in
a(z,y) doesnot affect |a(u, v)|. This follows from the Fouriertransformpair relation

a(z —xo,y—y) < a(u,v) = e~ 2mi(uzotvyo)/N

which implies that

| a(u, v)em it )N | = Ja(u, )]

wherezy = yo = N/2 denotethe midpoint coordinatesof the N x N domain of a.
However,rotation of a(z, y) rotates|a(u, v)| by the sameamount. This rotational effect
canbe takencareof by transforming|a(u, v)| to polarform (u,v) > (r,0). A rotationof
a(z, y) will thenmanifestitself asa shift in the angled. After determiningthis shift, the
patterntemplatecan be rotatedthroughthe angled¢ andthenusedin one of the standard
correlationschemesn orderto find the location of the patternin the image.

The exactspecificationof this technique— which, in the digital domain,is by
no meanstrivial — is providedby the image algebraformulation below.
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Image Algebra Formulation

Let t denotethe patterntemplateandlet a € RZ~*Z~, where N = 27, denote
the image containingthe rotatedpatterncorrespondingo t. The rotationinvariant pattern
schemealludedto abovecan be brokendown into sevenbasicsteps.

Step 1. Extendthe patterntemplatet to a patternimageoverthedomainZy x Zn
of a.

This step can be achievedin a variety of ways. One way is to usethe method
definedin Section9.3. Another methodis to simply set

P = tovjon/o)lzexzy -

This is equivalentto extendingt n/2 n/2) outsideof its supportto the zero image on
ZN X ZN.
Step 2. Fourier transforma and p.

a = §(a)
p = J(p).

Step 3. Centerthe Fouriertransformedmages(seeSection8.3).

a := aocenter

P = pocenter.

Centeringis a necessarystep in order to avoid boundary effects when using bilinear
interpolationat a subsequenstageof this algorithm.

Step 4. Scalethe Fourier spectrum.

a = log(|la] + 1)
p = log(|p[+1).

This stepis vital for the succesof the proposedmethod. Image spectradecreaseaather
rapidly as a function of increasingfrequency,resultingin suppressiorof high-frequency
terms. Taking the logarithm of the Fourier spectrumincreaseghe amplitudeof the side
lobesand thus providesfor more accurateresultswhen employingthe symmetricphase-
only filter at a later stageof this algorithm.

Step 5. Converta andp to continuousimage.
The conversionof a and p to continuousimagesis accomplishedby using bilinear
interpolation. An image algebraformulation of bilinear interpolation can be found in
Sectionl11.4. Note thatbecausef Step4, a andp arereal-valuedmages.Thus,if a; and
p» denotethe interpolatedimages,then p;, a;, € R*, where

X=A{(z,y): z,yeRand0 <z, y< N —1}.

Thatis, a, andp, arereal-valuedmagesover a point setX with real-valuedcoordinates.
Although nearesneighborinterpolationcanbe used,bilinear interpolationresults
in a more robust matchingalgorithm.

Step 6. Convertto polar coordinates.
Define the point set

;. N -1 2wy
Y—{(Ti,gj)Z Tiii~—, gj:%fﬂ', i,jEZN}
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and a spatialfunction f : Y — X by
f(ri,0) = (ricos8; + N/2, risinf; + N/2).
Next computethe polar images.

é::ébof

p:=psof

Step 7. Apply the SPOMF algorithm (Section9.3).

Sincethe spectralmagnitudeis a periodic function of 7 and @ rangesover the
interval [-7 = 0y, O5 = 7], the output of the SPOMF algorithmwill producetwo peaks
along the ¢ axis, §; and ¢, for somej € Zy andk € Zy. Due to the periodicity,
|6;] + |6x| = = and, hence,k = —(j + N/2). One of thesetwo anglescorrespondgo
the angleof rotationof the patternin the imagewith respectto the templatepattern. The
complementaryangle correspondso the sameimage patternrotated18C°.

To find the location of the rotatedpatternin the spatialdomainimage,one must
rotatethe patterntemplate(or inputimage)throughtheangled; aswell astheanglef;,. The
two templatesthus obtainedcanthenbe usedin one of the previouscorrelationmethods.
Pixelswith the highestcorrelationvalueswill correspondo the patternlocation.

Comments and Observations

Thefollowing examplewill helpto further clarify the algorithmdescribecabove.
The patternimagep andinput imagea are shownin Figure 9.4.1. The exemplarpattern
is a rectanglerotatedthroughan angle of 15° while the input image containsthe pattern
rotatedthroughan angleof 70°. Figure9.4.2showsthe outputof Step4 and Figure9.4.3
illustratesthe conversionto polar coordinatesof the imagesshownin Figure 9.4.2. The
outputof the SPOMFprocesgbeforethresholding)s shownin Figure9.4.4. The two high
peaksappearon the # axis (r = 0).

Figure9.4.1. Theinputimagea is shownon theleft andthe patterntemplatep ontheright.

The reasorfor choosinggrid spacingr; = %% in Step6 is thatthe maximum

valueof risry_; = (Nim})? which preventsmappingthe polar coordinateutsidethe set
X. Finer samplinggrids will further improve the accuracyof patterndetection;however,
computationakostswill increaseproportionally. A major drawbackof this methodis that
it works bestonly when a single objectis presentin the image,and whenthe imageand

templatebackgroundsare identical.
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Figure 9.4.2. The log of the spectraof a (left) and p (right).

Figure 9.4.3. Rectangulato polar conversionof a (left) andp (right).

Figure 9.4.4. SPOMF of imageand patternshownin Figure 9.4.3.

9.5. Rotation and Scale Invariant Pattern Matching

In this sectionwe discussa methodof patternmatchingwhich is invariantwith
respecto bothrotationandscale. The two main component®f this methodarethe Fourier
transformandthe Mellin transform. Rotationinvarianceis achievedby usingthe approach
describedn Section9.4. For scaleinvariancewe employthe Mellin transform. Sincethe
Mellin transform9(a) of animagea € RZ¥*Z~ s given by

N-1N-1

(@) (u,v) = Y D a(j, k)i~ CutD v,

k=0 j=0
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it follows thatif b(z,y) = a(az, ay), then
(M (b)](u,v) = = “FI[M(a)](u, v).
Therefore,
[[N(b)](u, v)| = [[M(a)](u, v)],
which showsthat the Mellin transformis scaleinvariant.

Implementatiorof the Mellin transformcanbe accomplishedby useof the Fourier
transformby rescalingthe input function. Specifically,letting v = logz and g = logy we
have

z=¢" and de = e"dy

y = e and dy = P dp.
Therefore,

(M ()], v) = / / az, y)e- D =G gy
://a(e“/,eﬁ)e_i(”w'”ﬁ)d’ydﬁ

which is the desiredresult.

It follows that combiningthe Fourierand Mellin transformwith a rectangulato
polarconversioryields a rotationandscaleinvariantmatchingscheme.The approachtakes
advantageof the individual invariancepropertiesof thesetwo transformsas summarized
by the following four basic steps:

(1) Fouriertransform
a(z,y), p(z,y) — a(u, v), p(u, v)
(2) Rectangulato polar conversion
a(u,v),p(u,v) — a(r,0),p(r,0)
(3) Logarithmic scaling of r
a(r,0),p(r,0) — a(e'",0),p(e'",0)
(4) SPOMF

Image Algebra Formulation

Theimagealgebraformulationof therotationandscaleinvariantpatternmatching
algorithmfollows the samestepsasthoselisted in the rotation invariant patternmatching
schemein Section9.4 with the exceptionof Step6, in which the point set’Y shouldbe
defined as follows:

L 2mj .
Y:{(ri,ﬁj): 7“2':§NZ/N’ gj :Tj—ﬂ" l,]EZN}.

The rescalingof r; correspondgo the logarithmic scalingof » in the Fourier-
Mellin transform.

As in the rotation invariant filter, the output of the SPOMF will resultin two
peakswhich will be a distancer apartin the ¢ direction and will be offset by a factor
proportionalto the scalingfactor from the  axis. For0 < 7 < N/2, thiswill correspondo
an enlagementof the pattern,while for N/2 < i < N — 1, the proportionalscalingfactor
will correspondo a shrinking of the pattern[5]. The following example(Figures9.5.1to
9.5.3)illustratesthe important stepsof this algorithm.
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Figure9.5.1. Theinputimagea is shownon theleft andthe patterntemplatep ontheright.

Figure 9.5.2. The log of the spectraof a (left) andp (right).

Figure 9.5.3. Rectangulato polar-log conversionof a (left) andp (right).
9.6. Line Detection Using the Hough Transform

The Houghtransformis a mappingfrom R? into the function spaceof sinusoidal
functions. It was first formulatedin 1962 by Hough [15]. Sinceits early formulation,
this transformhasundegoneintenseinvestigationswhich haveresultedin severalgener-
alizationsand a variety of applicationsin computervision andimageprocessind1, 2, 16,
17, 18]. In this sectionwe presenta methodfor finding straightlines using the Hough
transform. The input for the Hough transformis an imagethat hasbeenpreprocessety
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Figure 9.5.4. SPOMF of imageand patternshownin Figure 9.5.3.

sometype of edgedetectorandthresholdedseeChapters3 and4). Specifically,the input
shouldbe a binary edgeimage.

A straight“line” in the senseof the Houghalgorithmis a colinearsetof points.
Thus,the numberof pointsin a straightline could rangefrom oneto the numberof pixels
alongthe diagonalof theimage. The quality of a straight‘line” is judgedby the numberof
pointsin it. It is assumedhatthe naturalstraightlinesin animagecorrespondo digitized
straight“lines” in the image with relatively large cardinality.

A bruteforce approachto finding straightlinesin a binaryimagewith N feature
pixels would be to examineall %‘1) possiblestraightlines betweenthe featurepixels.

Foreachof the Y=L} possiblelines, N — 2 testsfor colinearitymustbe performed. Thus,
the brute force approachhasa computationakcomplexity on the order of N3. The Hough
algorithm providesa methodof reducingthis computationalcost.

To begin the descriptionof the Hough algorithm, we first define the Hough
transformand examinesome of its properties. The Hough transformis a mapping h
from R? into the function spaceof sinusoidalfunctionsdefinedby

h:(z,y) — p==zcos(f)+ysin(f).

To seehow the Hough transformcan be usedto find straightlines in an image, a few
observationsneedto be made.

Any straightline [y in the zy-planecorrespond$o a point(py, fp) in the pf-plane,
wheref, € [0,7) andpy € R. Let ny be the line normalto /, that passeghroughthe
origin of the zy-plane. The anglen, makeswith the positive z-axis is #,. The distance
from (0,0) to Iy alongny is |po|. Figure 9.6.1below illustratesthe relation betweenly,
ng, By, andpy. Notethatthe x-axisin the figure correspondgo the point (0, 0), while the
y-axis correspondgo the point (0, 7/2).
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Figure 9.6.1. Relationof rectangulartto polar representatiornf a line.

Suppose(z;,y;), 1 < i < n, are points in the zy-plane that lie along the
straightline {, (seeFigure 9.6.1). The line {, has a representatior(po, ¢y) in the pd-
plane. The Hough transform takes each of the points (z;,y;) to a sinusoidal curve
p = z;cos(0) + yisin(0) in the #p-plane. The propertythat the Hough algorithmrelieson
is that eachof the curvesp = z;cos(f) + y;sin(f) havea commonpoint of intersection,
namely(pg, f). Converselythe sinusoidalcurve p = z cos(#) + y sin(0) passeshrough
the point (po, 0g) in the pf-planeonly if (z,y) lies ontheline (po, 6o) in the zy-plane.

As an example,considerthe points (1,7), (3,5), (5,3), and(6,2) in the zy-

plane that lie along the line l, with ¢and p representatiord, = 7 ~ 0.7854 and

po = V32 = 5.657, respectively.Figure 9.6.2 showsthesepoints andthe line /;.

\“ y
(1 7)
(3.5
1 (5.3
(32)2 (6, 2)
NAL X

Figure 9.6.2. Polar parametersassociatedvith pointslying on a line.
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The Hough transform mapsthe indicated points to the sinusoidalfunctions as

follows:
h:(1,7) — p= cos(f)+ Tsin(f)
h:(3,5) — p = 3cos(f) + bsin()
h:(5,3) — p = bcos(f) + 3sin(0)

h:(6,2) — p = 6cos(f) + 2sin(0) .

The graphsof thesesinusoidalfunctionscanbe seenin Figure 9.6.3. Notice how the four
sinusoidalcurvesintersectat ¢ = 7 ~ 0.7854 and p = /32 ~ 5.657.

PA

cos @)+ 7sing )

2 ]
~{ 3cos @) +5sing )
4 ST .
~~..| 5cos @) +3sing )
! ! ! ! | .. | 6cos @) +2sing )
-6 >

0 0.5 1 1.5 2 2.5 3 0
Figure 9.6.3. Sinusoidalsn Hough spaceassociatedvith pointson a line.

Eachpoint(z, y) atafeaturepixel in thedomainof theimagemapsto a sinusoidal
function by the Hough transform. If the feature point (z;,y;) of an imagelies on a
line in the zy-plane parameterizedy (po, 6y) (0o, po), its correspondingrepresentation
asa sinusoidalcurve in the pf-planewill intersectthe point (pg, fp). Also, the sinusoid
p =z cos(f) + ysin(d) will intersect(po, y) only if the featurepixel location(z, y) lies
ontheline (py, 0y) in the zy-plane. Thereforejt is possibleto countthe numberof feature
pixel points that lie along the line (po, 6y) in the zy-plane by counting the number of
sinusoidalcurvesin the pf planethatintersectat the point (o, fp). This observatioris the
basisof the Hough line detectionalgorithm which is describednext.

Obviously, it is impossibleto count the number of intersectionof sinusoidal
curvesat every point in the pé-plane. The pf-planefor —R < p < R, 0 < 6§ < m must
be quantized. This quantizationis representeds an accumulatorarray a(z, j). Suppose
thatfor a particularapplicationit is decidedthatthe pf-plane shouldbe quantizedinto an
r x ¢ accumulatorarray. Eachcolumnof the accumulatorrepresents\ incrementin the
angled. Eachrow in the accumulatorrepresentsa incrementin p. The cell location

a(i, j) of the accumulatoris usedas a countingbin for the point ((i — )22 ;) in the
pB-plane (and the correspondindine in the zy-plane).

Initially, every cell of the accumulatoris setto 0. The value a(7, j) of the
accumulatoris incrementedby 1 for every feature pixel (z,y) location at which the
inequality

|pi — (weos(0;) + ysin(0;))] < €
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is satisfiedwhere(p;, ;) = ((i — 5)2£,;Z) ande is an error factor usedto compensate
for quantizationand digitization. That is, if the point (p;,0;) lies on the curve p =
zcos(0) + ysin(d) (within a magin of error), the accumulatorat cell locationa(¢, j) is
incremented Error analysisfor the Houghtransformis addressedn Shapiro’sworks[19,
20, 21].

Whenthe procesf incrementingcell valuesin the accumulatoterminateseach
cell valuea(i, j) will beequalto thenumberof curvesp = z cos(0)+y sin(f) thatintersect
the point (p;, 6;) in the pf-plane. As we have seenearlier, this is the numberof feature
pixels in the imagethat lie on the line (p;,6;).

The criterion for a good line in the Houghalgorithm senses a large numberof
colinearpoints. Therefore the larger entriesin the accumulatoare assumedo correspond
to lines in the image.

Image Algebra Formulation

Letb € {0, 1}x be the sourceimageandlet the accumulatoimagea be defined
over Y, where
) (. T\2R L . ]
Y—{(pz:gy) PP = (275)77 6]_?7 OSZST, OS]<C}

Define the parameterizedemplatet € (ZY)X by

1 ifb(z,y)=1and
t(b)(xyy)(/?, 0) = lp — (z cos(0) + y sin(F))] < ¢
0 otherwise.

The accumulatorimageis given by the image algebraexpression

a:= Zt(b).

Computationof this varianttemplatesumis computationallyintensiveandinefficient. A
more efficient implementationis given below.

Comments and Observations

Forthec quantizedvaluesof ¢ in theaccumulatorthe computatiorof = cos(#) +
y sin(0) is carriedout for eachof the N featurepixel locations(x, y) in theimage. Next,
eachof the rc¢ cells of the accumulatorare examinedfor high counts. The computational
cost of the Hough algorithmis N¢ + r¢, or O(N). This is a substantialimprovement
overthe O (N3) complexityof the bruteforce approachmentionedat the beginningof this
section. This complexity comparisonmay be a bit misleading. A true comparisonwould
haveto takeinto accountthe dimensionsof the accumulatorarray. A smalleraccumulator
reducescomputationalcomplexity. However, better line detectionperformancecan be
achievedwith a finer quantizationof the pé-plane.

As presentedabove, the algorithm can incrementmore than one cell in the
accumulatorarray for any choice of valuesfor the point (z,y) and angled. We can
insure that at most one accumulatorcell will be incrementedby calculatingthe unique
value p asa function of (z,y) and quantizedd; as follows:

p = [z cos (6;) + ysin (6;)],

where[z] denotesthe roundingof z to the nearestinteger.
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The equationfor p canbe usedto definethe neighborhoodunction
N:Y —2%

by
N(p,0) ={(z,y) : p=[zcos(0) + ysin(0)]}.

The statement

computesthe accumulatorimage since

a(i,j)= Y, b(zy).

(z.y)EN(pi.0;)

A straightline [y in the zy-plane can also be representedy a point (m, co),
wherem, is the slopeof [, and¢y is its y intercept. In the original formulation of the
Hough algorithm [15], the Hough transformtook points in the zy-planeto lines in the
slope-intercepplane;i.e., h : (z;, yi) — y; = mz; + ¢. The slopeinterceptrepresentation
of lines presentdifficulties in implementatiorof the algorithm becauséoth the slopeand
the y interceptof aline go to infinity asthe line approacheshe vertical. This difficulty is
not encounteredising the pé-representatiorof a line.

As an example,we have appliedthe Hough algorithm to the thresholdededge
imageof a causewaywith a bridge (Figure 9.6.4). The pf-planehasbeenquantizedusing
the 41 x 20 accumulatorseenin Table 9.6.1. Accumulatorvaluesgreaterthan 80 were
deemedto correspondo lines. Threevaluesin the accumulatorsatidied this threshold;
they are indicatedwithin the accumulatoby doubleunderlining. The threedetectedines
are shownin Figure 9.6.5.

Thelinesproduceddy our exampleprobablyarenot thelinesthata humanviewer
would select. A finer quantizationof ¢ and p would probablyyield betterresults. All the
parameter$or our examplewerechosenarbitrarily. No conclusionson the performanceof
the algorithmshouldbe drawnon the basisof our example.lt servessimply to illustratean
accumulatorarray. However,it is instructiveto apply a straightedgeto the sourceimage
to seehow the quantizationof the p@-plane affectedthe accumulatorvalues.

Figure 9.6.4. Sourcebinary image.
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Figure 9.6.5. Detectedlines.

Table 9.6.1 Hough SpaceAccumulatorValues

mDO23HMSMBNQB5749BNEEB78ﬂw8898899m99764400
M00225H8NM99976578HBMHMNQBNSSSNQHBMS773200
m00022499UQ98HS767Bmwﬂwﬁmwﬂ888997767654000
M00003346MMm7QH9786MBBBMMHB969N9M996520000
WOOOO02224Bn10.9NGBQMBGMQEEMMRBGSSMHHGAIOOOOO
mOOOO00030349mmBMSHEQBMEBEHBHMH:L7NOOOOOOOO
m000OO00003225HHwmmwﬂMNN%&BMNNBNOOOOOOOOOO
m000000000006257HH%MM%m%wMMNBGOOOOOOODOOOO
mDO0000000000000666%&HE%MNRGOOOOOOOOOOOOOO
Y lo|o|o|lo|o|o|o|o|o|o|o|o|o|o|olo|S|e | |o|R[RIF~|5IQ|o|o|o|o|o|o|o|o|o|o|o|o|o]|o|e
M000OO00000000O0OOOOOWW:%MM%NOHOOOOOOOOOOOO
m00000000000000OOOSMMVWMMBHN251700000000000
m00000000000000lMﬂﬂmwm%AAHM”_._MBB97GOZOOOOOOO
MOOOOOOOOOOOO7wBMMBEMHBNBM%MM6H97757ODOOOO
f|lo|lo|o|lo|jo|lo|o|o|o|d|o|~|o|o|o|o|9]|R|o |~ |2 (3|0 |Q2IKRISIS|GQ|o|(~[S8[Y|[~|w|c|n|o|o|o|o
glolojo|olojolo|a|s|a|T S (|| (2|28 |22 (2222 (K|S | (Q|e |33 |~|~|a|mlo]|o|o
m000000358897HQMQHBQM7MHMMHHHH86MMBH823300
m00OO35688988NQ8787mm79HBHNBH777QBHMH35300
mDO0446779988888879H89MMMMEH7677NMBMB96200
o |lo|lojlof¢t|o|lo|~|o|~|lo|o|o|~|o|~|~|o|R]o|o|o|R[F (252w |o|o|[R]o|[d|o|[S[J|o|l|~|o|o|o
2|§212(512131318|15(2|18(8(8(R(8(8|%(3|]|3|c|2|r(8|2|8|8|=|8(3|8|3|8|3(2|8(8|8/8/|8|8
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9.7. Detecting Ellipses Using the Hough Transform

The Hough algorithm can be easily extendedto finding any curve in animage
that can be expressechnalytically in the form f(x,p) = 0 [22]. Here,x is a pointin
the domain of the imageand p is a parametewector. For example,the lines of Section
9.6 canbe expressedn analyticform by letting g(x, p) = z cos(8) + y sin(f) — p, where
p = (0,p) andx = (z,y) € R%. We will first discusshow the Hough algorithm extends
for any analytic curve using circle locationto illustrate the method.

Thecircle (z — x)’+(y — ¥)” = p? in thezy-planewith center(x, v') andradius
p canbe expresseds f(x,p) = (z — X)2 +(y— ¢)2 — p? = 0, wherep = (x, ¥, p).
Thereforejust asaline [y in the zy-planecanparameterizethy ananglef, anda directed
distancepy, a circle ¢y in the zy-planecanbe parameterizedby the location of its center
(2o, yo) and its radius pp.

TheHoughtransformusedfor circle detectionis a mapdefinedoverfeaturepoints
in the domainof the imageinto the function spaceof conic surfaces.The Houghtransform
h usedfor circle detectionis the map

h(20,y0) — (x — 20)” + (¥ —yo)” — p* = 0.

Note that the Hough transformis only appliedto the featurepointsin the domainof the
image. The surface(x — aeo)2 + (v — yo)2 — p? = 0 is aconein yyp spacewith
intercept(zo, yo, 0) (seeFigure 9.7.1).

P (%% 0)

Figure 9.7.1. The surface(x — z)° + (¥ — yo)* — p*> = 0.

The point (z;, y;) lies on the circle (& — xo)* + (y — ¥o)* — p2 = 0 in the zy-
planeif andonly if the conic surface(x — z;)* + (¢ — y;)* — p* = 0 intersectsthe point
(X0, %o, po) In xtp-space. For example,the points (—1,0) and (1, 0) lie on the circle
f((z,v),(0,0,1)) = 22+ y* — 1 = 0 in the zy-plane. The Houghtransformusedfor circle
detectionmapsthesepointsto conic surfacesn xvp-spaceas follows

hi(=1,0)— (x + 1)*+¢* = p* =0
hi(1,0)— (x — 1) 44> —p*=0.

Thesetwo conic surfacesntersectthe point (0, 0, 1) in x¥p space(seeFigure9.7.2).
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X2+ y2_ 1= O

(-1,0) (1,0)

Figure 9.7.2. The two conicscorrespondingo the two points (—1, 0)
and (1,0) on the circle 2 + y* = 1 underthe Hough transformh.

The featurepoint (z;, y;) will lie on the circle (xo, %o, p0) in the zy-plane if
andonly if its imageunderthe Hough transformintersectshe point (xo, ¢, po) in x¥p-
space.More generally,the point x; will lie on the curve f(x,po) = 0 in the domainof
the imageif andonly if the curve f(x;, p) = 0 intersectsthe point p, in the parameter
space.Therefore the numberof featurepointsin the domainof the imagethatlie on the
curve f(x,po) = 0 canbe countedby countingthe numberof elementsin the rangeof
the Hough transformthat intersectpyg.

As in the caseof line detection,the parameterspacemust be quantized. The
accumulatormatrix is the representatiorof the quantizedparameterspace. For circle
detectionthe accumulator will be a three-dimensionamatrix with all entriesinitially set
to 0. Theentry a(x,, ¥s, p¢) is incrementedby 1 for every featurepoint (z;,y;) in the
domainof the imagewhoseconic surfacein x p-spacepasseshrough(x;, s, p;). More
precisely,a(xr,¥s, pi) is incrementedorovided

|(xr — xi)g + (Y5 — yz’)2 —pi] <€,

where ¢ is usedto compensatdor digitization and quantization. Shapiro[19, 20, 21]
discussesrror analysiswhen using the Hough transform. If the aboveinequality holds,

© 2001 by CRC PressLLC



it implies that the conic surface(x — z;)* + (¥ — y;)” — p = 0 passeghroughthe point
(xr, ¥s, p+) (Within a magin of error)in x¥p space.This meansthe point (z;, y;) lieson
thecircle (z — x,)* + (v — ¥5)* — p; = 0 in the zy-plane,andthusthe accumulatovalue
a(xr, ¥s, p¢) shouldbe incrementedby 1.

Circles are among the most commonly found objectsin images. Circles are
specialcasesof ellipses, and circles viewed at an angle appearas ellipses. We extend
circle detectionto ellipse detectionnext. The methodfor ellipse detectionthat we will be
discussingis takenfrom Ballard [22].

The equationfor anellipsecenteredat (x, ¢’) with axesparallelto the coordinate
axes(Figure 9.7.3) is

(z—x)" | (y—v)°

o2 + 7 =1,or
2 2
fe) ova gy =T L 20 2

Differentiatingwith respectto z, the equationbecomes

2(z — x) n 20y-v)dy
a? 32 dx

0,

which gives us
2 2
2 04_@ A
Substitutinginto the original equationfor the ellipse yields

Solving for ¢ we get

It then follows by substitutingfor ¢ in the original equationfor the ellipse that

For ellipsedetectiorwe will assumehatthe originalimagehasbeenpreprocessed
by a directionedgedetectorandthresholdedbasedon edgemagnitude(Chapters3 and4).
Therefore,we assumethat an edgedirectionimaged € [0, 27)* exist, where X is the
domainof the original image. The directiond(z, y) is the direction of the gradientat the
point(z, y) ontheellipse. Thetangento theellipseat(z, y) is j—zkw). Sincethe gradient
is perpendiculatto the tangent,the following holds:

dy T
Ekx’y) = tan (d(m, y) — 5)

X=z=%x
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X, W)

Xy

Figure 9.7.3. Parameterf an ellipse.

Recallthat so far we haveonly beenconsideringthe equationfor an ellipse whoseaxes
are parallel to the axesof the coordinatesystem. Different orientationsof the ellipse
correspondingo rotationsof an angle# about(x, ¢) canbe handledby adding a fifth
parameter? to the descriptorsof an ellipse. This rotation factor manifestsitself in the
expressionfor 4%, which becomes
d T
%kmj) = tan (d(:v, y) — 5~ 6’).

With this edgedirection and orientationinformationwe canwrite x andv as

2

x=x+ a
\/(1 i a2(tan(d<52>—%—9))2>
and
Y=y=£ & :
¢(1 N Cﬂ(m”(d@;g%%—@))z)
respectively.

The accumulatorarray for ellipse detectionwill be a five-dimensionalarray a.
Everyentryof a is initially setto zero. For everyfeaturepoint (z, y) of the edgedirection
image,the accumulatorcell a(x.,, ¥, 04, o, By) is incrementedoy 1 whenever

|Xr_ r =+ = |<€1

) g2 i
\/( + aﬁ(tan(d(x,y)—%—&'t)) >
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and

2
W"s —|y=x by | < €.

\/(1 + aﬁ(tan(d(réz)—g_gt))2>

Larger accumulatorentry values are assumedto correspondto better ellipses. If an
accumulatoentry is judgedlarge enoughiits coordinatesare deemedo be the parameters
of an ellipse in the original image.

It is importantto notethatgradientinformationis usedin the precedingdescription
of an ellipse. As a consequencegradientinformation is usedin determiningwhethera
point lies on an ellipse. Gradientinformation showsup asthe term

dy T
El(x’y) = tan (d(a@, y) — 7~ 9)

in the equationsthat were derived above. The incorporationof gradientinformation
improvesthe accuracyandcomputationakfficiency of the algorithm. Our original example
of circle detectiondid not use gradientinformation. However, circles are specialcases
of ellipsesand circle detectionusing gradientinformation follows immediatelyfrom the
descriptionof the ellipse detectionalgorithm.

Image Algebra Formulation

Theinputimageb = (¢, d) for the Houghalgorithmis the resultof preprocessing
theoriginal imageby a directionaledgedetectorandthresholdingoasecbn edgemagnitude.
Theimagec € {0,1}* is definedby

exceeds threshold
0 otherwise.

1 if edge magnitude at (z,y)
c(z,y) =

Theimaged € [0,27)* containsedgedirectioninformation.
Leta € ZY be the accumulatorimage, where

Y:{(X,.,d)s,ﬁt,auﬂv):0§r<R,0§5<S,0§t<T,
0<u<Uand 0 <v <V}

Let C(z,y,x,¢,0,«, 5, €, €2) denotethe condition

2
Ix—|z+£ a4 | < € and
1 g .
\/( T oz2(tan(d(x,y)—§—9)) >
2
|17[; —|lyzx ﬁv | < €9g.
az(tan(d(x,y)—g—(}))z
(1 et
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Define the parameterizedemplatet by

1 if condition C(z,y, x,¥,0,a,5, €, €2) is satisfied
t(b)(x,y)(x,l/), 0,a,8) = and c(z,y) =1

0 otherwise.

The accumulatorarray is constructedusing the image algebraexpression

a:= Zt(b).
Similar to the implementationof the Hough transformfor line detection, efficient in-

crementingof accumulatorcells can be obtainedby defining the neighborhoodfunction
N :Y — 2X py

a

N(XT)I/)S)et)auva):{(xly) L Xr = J/’Zt 4

1 b .
\/( + aﬁ(tan(d(x,y)—%—é’t)) >

and ¢, = |y £ g > }

\/(1 4 aﬁ(tan(d(xﬁ,z)—%_gt))Z

The accumulatorarray can now be computedby using the following image algebra
pseudocode:

Z := domain(cl||1)
b = b|z
a = b@N.

9.8. Generalized Hough Algorithm for Shape Detection

In this sectionwe show how the Hough algorithm can be generalizedo detect
non-analyticshapesA non-analyticshapes onethatdoesnot havea representationf the
form f(x,p) = 0 (seeSection9.7). The lack of an analytic representatiorior the shape
is compensatedor by the use of a lookup table. This lookup table is often referredto
asthe shape’sR-table. We beginour discussionby showinghow to constructan R-table
for an arbitrary shape. Next we show how the R-tableis usedin the generalizedHough
algorithm. The origin of this techniquecan be found in Ballard [22].

Let S beanarbitraryshapen the domainof theimage(seeFigure9.8.1). Choose
any point (x, ¢) off the boundaryof S to serveas a referencepoint for the shape. This
referencepointwill serveto parameterizéhe shapeS(x, ). Foranypointontheboundary
of S(x, %) let ¢(z,y) be the angleof the gradientat (z, y) relativeto the zy coordinate
axis. The vectorr(z,y) from (z,y) to (x, %) canbe expressedsa magnitude-direction
pair (r(z,y), a(z,y)), wherer(z,y) is the distancefrom (z,y) to (x,v) anda(z,y) is
the angler(z, y) makeswith the positive z axis.

The R-tableis indexedby valuesof gradientanglesy; for pointson the boundary
of S(x, ¥). For eachgradientanglein the R-table,therecorresponds set R(y;) of (r, «)
magnitude-anglgairs. The pair (r, ) is an elementof R(y;) if andonly if thereexistsa
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gradient a(x,y)

-
the vector

tangent line agx,y) -

X
Figure 9.8.1. Non-analyticshaperepresentation.
Table 9.8.1 The Structureof an R-Table
© R(p;)
1 {(r%,a%),(r%,a%),...,(r}\,l,oz}\,l)}
i {(rh01), (1§, 03). ... (rhy )}
YK {(r{(,a{(),(rf,a?),...,(rﬁwaﬁ[{)}

point (z,y) on the boundaryof S(x, ¢) whosegradientdirectionis ¢; andwhosevector
¥(z,y) hasmagnituder anddirectiona. Thus,

R(pi)={(r,a) : I(z,y)€0S s.t.p(x,y)=y:, a(z,y)=a, and r(z,y)=r},
which we will shortenfor notationaleaseto

whereN; = card(R(y;)). Table9.8.1illustratesthe structureof an R-table. It providesa
representationf the non-analyticshapeS(x, ¢') thatcanbe usedin the generalizedHough
algorithm.
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If (z,y) € 9S(x,¥) thereisap;, 1 < i < K, in the R-table such that
vi = p(z,y). For that ; thereis a magnitude-anglgair (r aj) in R(p;) suchthat

xX=+ 7";» cos(a;)

and _ _
Y =y+r; sin(a}).
An important observationto make about the R-table is that by indexing the
gradientdirection, gradientinformation is incorporatedinto the shape’sdescription. As

in the caseof ellipse detection(Section9.7), this will makethe Hough algorithm more
accurateand more computationallyefficient.

As it standsnow, the shapeS(yx, ¢) is parameterizednly by the location of its
referencepoint. The R-tablefor S(x, ¢) canonly be usedto detectshapeghat are the
result of translationsof S(x, ¥) in the zy-plane.

A scaling factor can be accommodatedby noting that a scalingof S(x, ¥) by
s is representedy scaling all the vectorsin eachof the R(yp;), 1 < ¢ < K, by s.
If R(pi) = {(r},af) 1< ] < N;} is the set of vectorsthat correspondto ¢; for the
original shapethen R(y;, s) = { (s}, a}) : 1 < j < N;} correspondo ¢; for the scaled
shape.Thus, |nformat|onfrom theR- tablels easilyadaptedo takecareof differentscaling
parameters.

A rotation of the shapethrough an angle# is also easily representedhrough
adaptationof R-table information. Let R(y;,f) be the set of vectorsthat correspond
to ¢; in an R-table for the rotated shape. The set R(y;,f) is equal to the set of
vectorsin R((y; — #)mod 27) of the original shaperotatedthroughthe angleé mod 2.

More precisely,if ¢; = (p; — 0)mod 27 and R(yp;) = {(rk, ) 1<k<N; } then

R(pi, 0) = {(ri, (oz;c — 9) mod 27r) :1 <k < Nj¢. Therefore,informationfrom an R-
table representinghe shapeS(x, ¢) parameterizednly by the location of its reference
point can be adaptedto representa more generalshapeS(x, ¥, s, ¢) parameterizedy
referencepoint, scale,and orientation.

Having shownhow anR-tableis constructedye candiscusshow it is usedin the
generalizedHough algorithm. The input for the generalizedHough algorithmis an edge
imagewith gradientinformation that hasbeenthresholdeasedon edgemagnitude.Let
d(z,y) denotethe direction of the gradientat edgepoint (z, y).

The entriesof the accumulatorareindexedby a quantizatiorof the shape’sy st
parameteispace.Thus, the accumulatoris a four-dimensionakrray with entries

a(Xt)¢U)sU)9w))Where1StST)]- SUS U)
I1<v<V and 1 <w<W.

Entrya(xs, ¥+, su, 0w ) is thecountingbin for pointsin the zy-planethatlie ontheboundary
of the shapeS(xs, ¥+, su, 0w ). Initially all the entriesof the accumulatorare O.

For eachfeatureedgepixel (z,y) add1 to accumulatorentry a(xs, ¥t Su, Ow)
if the following condition,denotedby C'(z, y, x5, ¥+, Su, 0w, €1, €2, €3), holds. For positive
numbersey, €2, andes, C(z, y, xs, ¥t, Su, Ouw, €1, €2, €3) IS satisfiedif thereexistsa 1 <
k < N; suchthat

Ixs — (x +suricos((a{c — 6w)m0d27r>)| <€

and

[thy — (y—i— surisin((ai — Hw)monﬂ'))| < €9,
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when|(d(z,y) — fw)mod2m — p;| < €3. Theeq, €2, andes are error tolerancego allow
for quantizationand digitization.

Larger countsat an accumulatorcell meana higher probability that the indexes
of the accumulatorcell are the parameter®f a shapein the image.

Image Algebra Formulation

Theinputimageb = (¢, d) for the generalizedHough algorithmis the result of
preprocessinghe original imageby a directionaledgedetectorand thresholdingbasedon
edgemagnitude. The imagec € {0, 1} is definedby

exceeds threshold
0 otherwise.

1 if edge magnitude at (z,y)
c(z,y) =

Theimaged € [0, 27)* containsedgegradientdirectioninformation. The accumulatora
is definedover the quantizedparameteispaceof the shape

Y:{(Xtyl/’u,su,eu,):IStST;ISUSU;ISUSU;ISWSW}~
Define the templatet by

1 ife(z,y)=1
t(b)(x)y)(x, Y, s,0) = and C(z,y, x, ¥, s,0, €1, €2, €3) is satisfied

0 otherwise.

The set R(yp; ) is the setfrom the R-tablethat correspondgo the gradientangley;. The
accumulatoris constructedwith the image algebrastatement

a:= Zt(b).

Again, in actual implementation,it will be more efficient to constructa neighborhood
function N : Y — 2% satisfying the above parametersin a similar fashion as the
constructionof the neighborhoodunction in the previoussection(Section9.7) and then
using the three-linealgorithm:

Z := domain(c||1)
b = b|z
a = b@N.

9.9. Exercises

1. Discusssimilarities and differencesbetweencorrelation and convolution. Write a
relationshipbetweenthemin imagealgebra(using sometemplatet).

2. Write an image algebraexpressiorof the autocorrelationof animagea € R¥ with
itself. Then prove that the autocorrelatiorfunction is alwayseven.

3.  Write an image algebraexpressionof the power spectral density function (power
spectrum)which is definedasthe Fourier transformof the autocorrelatiorfunction.

4. Section9.4and9.5 presenpatternmatchingmethodswhich areinvariantwith respect
to rotation and both rotation and scale,respectively. Formulatean image algebramethod
for scale-onlyinvariant patternmatching.
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5. Sonarcandeterminethe distancefrom a soundsourceby meansof correlation. The
systemhastwo transducerseparatedby a distance.The transducerseceivethe signalsa;
andthe time-delayedza; . A+, respectivelywherea is an attenuatiorfactor which can be
assumedo be 1 and At is the time lag due to the different pathsfrom the sourceto the
transducersEvenin the presenceof noise,the correlationof a; andaa;+a: will havea
peakat a distancefrom the origin correspondindo the delay At¢. Deviseanimagealgebra
schemeo determinethe distancefrom a signalsource makingany necessarassumptions.

6. Supposeve havea fixed camerahat capturesmagesof aroadat giventime intervals.
Deviseanimagealgebraschemehat usespatternmatchingand correlation(asin Exercise
4) to determinethe speedof a vehicle in motion on the road.

7. Find the Hough transformof lines enclosingan object with verticesx; = (10, 0),
x, = (10, 10), andx3 = (0, 10). Sketchthe modified object enclosedby lines obtained
by replacing(p, 0) of the objectlines by (p?, 0 + 90°). Calculatethe areaof the modified
object.

8. Implementa Hough transformthat will detectan ellipse.
9. Developa Houghtransformthat detectsan ellipsein its rotatedand scaledversions.

10. Generalizethe two-dimensionalHough transform for line detectionto a three-
dimensionalHough transformthat detectsplanes.
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CHAPTER 10
IMAGE FEATURES AND DESCRIPTORS

10.1. Introduction

The purposeof this chapteiis to provideexamplef imagefeatureanddescriptor
extractionin an imagealgebrasetting. Image featuresare useful extractableattributesof
imagesor regionswithin animage. Examplesof imagefeaturesarethe histogramof pixel
valuesandthe symmetryof aregionof interest.Histogramsof pixel valuesareconsidered
primitive characteristicor low-level feature,while suchgeometricdescriptorsassymmetry
or orientationof regionsof interestprovide examplesof high-level features. Significant
computationakffort may be requiredto extracthigh-levelfeaturesfrom a raw gray-value
image.

Generally imagefeaturegprovidewaysof describingmagepropertiespr proper-
tiesof imagecomponentsthatarederivedfrom a numberof differentinformationdomains.
Somefeaturessuchashistogramsandtexturefeatures are statisticalin nature,while oth-
ers, such as the Euler numberor boundarydescriptorsof regions,fall in the geometric
domain. Geometricfeaturesare key in providing structuraldescriptorsof images. Struc-
tural descriptionsf imagesare of significantinterest. They areanimportantcomponenbf
high-levelimage analysisand may also provide storage-dfcient representationsf image
data. The objective of high-level image analysisis to interpretimage information. This
involvesrelatingimagegray levelsto a variety of non-image-relateé@nowledgeunderlying
sceneobjectsand reasoningabout contentsand structuresof complex scenesn images.
Typically, high-levelimageanalysisstartswith structuraldescriptionsof images,suchasa
codedrepresentatiof an imageobjector the relationshipsbetweenobjectsin animage.
Thedescriptiveterms“inside of” and“adjacentto” denoterelationsbetweercertainobjects.
Representatioandmanipulationof thesekinds of relationsis fundamentato imageanaly-
sis. Hereoneassumeshat a preprocessinglgorithmhasproduceda regionally segmented
imagewhoseregionsrepresenbbjectsin the image,and considersextractingthe relation
involving the imageregionsfrom the regionally segmentedmage.

10.2. Area and Perimeter

Areaandperimeterarecommonlyuseddescriptordor regionsin the plane. In this
sectionimagealgebraformulationsfor the calculationof areaand perimeterare presented.

Image Algebra Formulation

Let R denotethe regionin a € {0, l}z‘“xz" whose points have pixel value 1.

Oneway to calculatethe areaA of R is simply to countthe numberof pointsin R.. This
can be accomplishedwith the imagealgebrastatement

A= Za.

The perimeter P of R. may be calculatedby totaling the numberof 0-valued
4-neighbordor eachpointin . Theimagealgebrastatemenfor the perimeterof 2 using
this definition is given by

P:=2. Z (x1(a@t1) + x1(aPt2)),
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wherethe templatest; and t, are definedpictorially as

Alternate Image Algebra Formulation

The formulasfor areaand perimeterthat follow have beenadaptedfrom Pratt
[1]. They provide moreaccuratemeasuresor imagesof continuousobjectsthathavebeen
digitized. Both the formula for areaand perimeterusethe templatet definedbelow.

Let b := a @t. The alternateformulationsfor areaand perimeterare given by

A= YU B (B) 4 xaB)] 4 & valb) + L - [xa(b) + xe(b)]

+xs(b) + 2 - [xa(b) + xo(b)])

and )
P =3 {xa(b) + —=[x1(b) + xa(b) + xs(b) + x7(b)

V2
+ 2(x2(b) + xs(b))]},

respectively.

10.3. Euler Number

The Euler numberis a topologicaldescriptorfor binary images. It is definedto
be the numberof connecteccomponentsninus the numberof holesinside the connected
componenty2].

Thereare two Euler numbersfor a binary imagea, which we denotees(a) and
es(a). Eachis distinguishedby the connectivityusedto determinethe numberof feature
pixel componentsandthe connectivityusedto determinethe numberof non-featurepixel
holes containedwithin the featurepixel connectedcomponents.The Euler numberof a
binary imageis referencedby the connectivity usedto determinethe numberof feature
pixel components.

The4-connectedeulernumber,e4(a), is definedto be the numberof 4-connected
featurepixel componentsninusthe numberof 8-connectecholes,thatis

ea(a) = ca(a) — hg(a).

Here,cs(a) denotesthe numberof 4-connectedeaturecomponentf a and ~g(a) is the
numberof 8-connectecholeswithin the featurecomponents.
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The 8-connectedculer number,es(a), of a is definedby
es(a) = cs(a) — hy(a),

wherecs(a) denoteshe numberof 8-connectedeaturecomponent®f a andha(a) is the
numberof 4-connectecholeswithin the featurecomponents.

Table 10.3.1showsEuler numbersfor somesimple pixel configuration. Feature
pixels are black.

Table 10.3.1 Examplesof Pixel Configurationsand Euler Numbers

No. a ca(a) | cg(a) | ha(a) | hg(a) | es(a) | eg(a)
1.
1 1 0 0 1 1
2.
5 1 0 0 5 1
3.
1 1 1 1 0 0
4.
4 1 1 0 4 0
5.
H 2 1 4 1 1 -3
6.
1 1 5 1 0 -4
7.
2 2 1 1 1 1

Image Algebra Formulation
Let a € {0,1}* be a Boolean input image and let b:=a@t, where

z
te ((Z*‘)Zz) is the templaterepresentedn Figure 10.3.1. The 4-connectedEuler
numberis expresseds
1

ea(a) = 7D [xi(b) +xa(b) — xs(b) — x7(b) + 2x2(b) + 2xs (b)),
and the 8-connectedeuler numberis given by
es(8) i= 1 30 [a(B) + xa(B)  x3(b) = x7(b) — 2xa(b) — 2x5(b)].
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Figure 10.3.1. Pictorial representatiorof the
templateusedfor determiningthe Euler number.

The image algebraexpression®f the two typesof Euler numberswere derived
from the quad patternformulationsgiven in [1, 3].

Alternate Image Algebra Formulation

The formulation for the Euler numberscould also be expressedising lookup
tables. Lookup tablesmay be more efficient. The lookup table for the 4-connectecdtuler
numberis

1 fr=1lorr=3
—1 ifr=borr="7
ifr=2orr==6
0 otherwise,

and the lookup table for the 8-connectedtuler numberis

1 ifr=lorr=3

g(r) = —1 ifr=5borr="7
-2 ifr=2o0rr==56
0 otherwise.

The 4-connectednd8-connectedEulernumberscanthenbe evaluatedisinglookup tables
via the expressions

ea(a) := iZf(a @t) and eg(a) := jIZg(a ®t),

respectively.

10.4. Chain Code Extraction and Correlation

The chain code provides a storage-dfcient representatiorfor the boundaryof
an objectin a Booleanimage. The chain coderepresentationncorporatessuch pertinent
information as the length of the boundaryof the encodedobject, its area,and moments
[4, 5]. Additionally, chaincodesareinvertible in that an objectcanbe reconstructedrom
its chain code representation.

The basicidea behindthe chain codeis that eachboundarypixel of an object
hasan adjacentboundarypixel neighborwhosedirection from the given boundarypixel
can be specifiedby a unique numberbetween0 and 7. Given a pixel, considerits eight
neighboringpixels. Each8-neighborcan be assigneda numberfrom 0 to 7 representing
oneof eight possibledirectionsfrom the given pixel (seeFigure10.4.1). This is donewith
the sameorientationthroughoutthe entire image.
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Figure 10.4.1. The 8-neighborhoodf x andthe associatectight directions.

The chain codefor the boundaryof a Booleanimageis a sequencef integers,
¢ = {c(0), ¢(1), ..., ¢(n—1)}, from the set {0,1,...,7}; i.e., c(i) € Zg for i =
0,1,...,n— 1. The numberof elementsin the sequence is called the length of the
chaincode. The elements:(0) andc(n — 1) arecalledtheinitial andterminalpoint of the
code,respectively.Startingat a given basepoint, the boundaryof an objectin a Boolean
image can be traced out using the head-to-taildirectionsthat the chain code provides.
Figure 10.4.2illustratesthe processof tracing out the boundaryof the SR71by following
directionvectors. The information of Figure 10.4.2is then“flattened” to derive the chain
codefor its boundary. Supposewne choosethe topmostleft featurepixel of Figure 10.4.2
asthe basepoint for the boundaryencoding.The chaincodefor the boundaryof the SR71
is the sequence

7,6,7,7,0,...,1,1,1.

Given the basepoint and the chain code, the boundaryof the SR71 can be completely
reconstructedThe chaincodeis an efficient way of storingboundaryinformationbecause
it requiresonly threebits (23 = 8) to determineany one of the eight directions.

The chaincodecorrelationfunctionprovidesa measureof similarity in shapeand
orientationbetweentwo objectsvia their chain codes. Let ¢ € (ZS)Z'” andc¢’ € (ZS)Z"
be two chainsof length m and n, respectively,with m < n. The chain code correlation
function peo : Z, — [-1,1] is definedby

PCC’(j) = %ZCOS [(C(Z) _ CI((i +4j) mod n)) T .

Thevalueof j atwhich p. . takeson its maximumis the offset of the segmentf ¢’ that
bestmatchesc. The closerthe maximumis to 1 the betterthe match.

Image Algebra Formulation

Chain Code Extraction

In this sectionwe presentan imagealgebraformulation for extractingthe chain
codefrom an 8-connecteabjectin abooleanmage. This algorithmis capableof extracting
the chain code from objectstypically consideredto be poor candidatedor chain coding
purposes. Specifically, this algorithmis capableof copingwith pinch points and feelers
(as shownin Figure 10.4.3).

© 2001 by CRC PressLLC



OCOC00000T ¢ 72 Soooedl
%3 g%@MQM %&%%M ?
N3

Figure 10.4.2. Chaincodedirectionswith associatedlirection numbers.

Let a € {0, 1}X be the sourceimage. The chain code extraction algorithm
proceedsn threephasesThe first phaseusesthe censugemplatet shownin Figure10.4.4
togetherwith the linear image-templatg@roductoperation @ to assigneachpointx € X
anumberbetweend and511. This numberrepresentshe configurationof the pixel values
of a in the 8-neighborhoodiboutx. Neighborhoodconfigurationinformationis storedin
theimagen € (Zs12)*, where

n:=a®t.

This informationwill be usedin the last phaseof the algorithmto guide the selectionof
directionsduring the extractionof the chain code.
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Pinch point

Feeler

Figure 10.4.3. Booleanobject with a pinch point and feelers.

8 4 2
t= 16 | 256, 1
32| 64| 128

Figure 10.4.4. Censustemplateusedfor chain codeextraction.

The next stepof the algorithm extractsa startingpoint (the initial point) on the
interior 8-boundaryof the object and providesan initial direction. This is accomplished
by the statement:

Xp = /\ domain(al|1).

Herewe assumehe lexicographical(row scanning)order. Hence,the startingpoint xg is
the lexicographicalminimum of the point setdomain(al|;). For a clockwisetraversalof
the object’s boundarythe startingdirectiond is initially setto 0.

There are three functions by (1) : Z — Z,, § : Zs — 73, \ (0,0), and
[ Zs x Zs12 — Zg thatare usedin the final phaseof the algorithm. The function b (¢)
returnsthe kth bit in the binary representatiorof the integeri. For example,b2(6) = 1,
b1(6) = 1, and by(6) = 0.

Givenadirection,thefunctioné providesthe incrementgequiredto moveto the
next point alongthe path of the chaincodein X. The valuesof ¢ aregiven by

6(0) = (0,1),
6(1) = (=1,1),
6(2) = (-1,0),
8(3) = (~1,-1),
6(4) = (0, 1),
6(5) = (1,-1),
6(6) = (1,0), and
§(7) = (1,1).

© 2001 by CRC PressLLC



The key to the algorithmis the function f. Given a previousdirectiond and a
neighborhoodtharacterizatiomumbere = n(x), the function f providesthe nextdirection
in the chaincode. The valueof f is computedusing the following pseudocode:

f=-1

1:=0

while f = —1 loop
F=(d+2—1)mod8
if b;(c) =0 then

f=-1

end if
t:=14+1

end loop.

Notethat f asdefinedaboveis designedor a clockwisetraversalof the object’sboundary.
For a counterclockwisdraversal,the line

Fi=(d+2—-1i)mod8
should be replacedby
f:=(d+6+1i)mod8.

Also, the startingdirectiond for the algorithmshouldbe setto 5 for the counterclockwise
traversal.

Leta € {0,1}™ bethe sourceimageandlet ¢ € (ZS)Z" be the imagevariable
usedto storethe chain code. Combiningthe three phasesutlined abovewe arrive at the
following imagealgebrapseudocodéor chaincodeextractionfrom an 8-connectedbject
containedin a:

n:=a®t

X 1= X

d:=0

do = f(d,n(x,))

t:=0

loop
d:= f(d,n(x))
if d = dy and x = x then

break

end if
c(i):=d
x :=x+ 6(d)
ti=14+1

end loop.
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In orderto reconstructthe object from its chain code,the algorithm below can
be usedto generatethe object’s interior 8-boundary.

a:=0
a(xp):=1
x :=x9 + 6(c(0))
foriin l.n — 1 loop
a(x):=1
x:=x + §(c(i))
end loop.

The region boundedby the 8—boundarycan then be filled using one of the hole filling
algorithmsof Section6.6.

Chain Code Corr elation

Lete € (ZS)Z"‘ andc’ € (Zg)z" be two chainswherem < n. Let ¢} :=c' o f;
where f;(¢) : Z — Z,, is the function definedby f;(i) = (¢ +j) mod n. The image
re -1, I]Z" that representshe chain codecorrelationbetweenc andc’ is given by

r(j) = %Z cos [Wl .

Comments and Observations

Theimagealgebrgpseudocodalgorithmpresentedherewasdevelopedy Robert
H. Forsmanat the Centerfor ComputerVision and Visualizationof the University of
Florida. To improve the performanceof the chain code extractionalgorithm, the function
f usedfor chain code extractionshould be implementedusing a lookup table. Suchan
implementationis given in Ritter [6].

10.5. Region Adjacency

A region, for the purposesof this section,is a subsetof the domainof a €
Z* whose points are all mappedto the same (or similar) pixel value by a. Regions
will be indexed by the pixel value of their members,that is, region R; is the set
{x e X :a(x) =i}

Adjacencyof regionsis an intuitive notion, which is formalizedfor a € Z* by
the adj relation.

1. a(x)=ianda(y)=j
R; adj R; & 3x,y € X with d(x,y) = | s.t. or
2. a(x)=janda(y)="1.

Here d denotesthe Euclideandistancebetweenx = (z;,22) andy = (y1,y2); i.e.,

d(x,y) = \/(azl —y1)® 4 (z2 — y2)°. In otherwords, R; and R; are adjacentif and
only if thereis a pointin R; anda pointin R; that are a distanceof one unit apart.
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The adjacencyrelation, denotedby adj, canbe representedby a setof ordered
pairs,animage,or a graph. The orderedpair representatiof the adj relationis the set

{(i,) :i,j € Z and R; adj R;}.

The adj relationis symmetric(R; adj R; = R; adj R;). Hence,the abovesetcontains
redundantnformation regardingthe relation. This redundancyis eliminatedby using the
set{(i,7) : 7 > j and R; adj R;} to representhe adjacencyrelation.

Theimageb € {0,1}* definedby

b(i, j) = { L if R; adj R,

0 otherwise,
whereY = {(7,j) : 2< i< Va,1<j< i} is theimagerepresentatiorof the adjacency
relation amongthe regionsin X.

Regionnumbersform the verticesof the graphrepresentatiomf the adj relation;
edgesarethe pairs(¢, j), whereR; adj R;. Thus,therearethreeeasywaysto represent
the notion of region adjacency.As an example,we provide the threerepresentationor
the adjacencyrelation definedover the regionsin Figure 10.5.1.

Figure 10.5.1. Albert the alligator (Region1) and environs.

(a) Orderedpair representatiorn—
adj = {(2,1),(3,2),(4,2),(5,2)
(5, 4),(6,1),(6,2),(6,5)}
(b) Image representation—
i\ 1 2 3 4 5 6

1

2 1

3 01

4 0 1 0
5 0 1 01
6 1 1 0 0 1
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(c) Graphrepresentation—

N\
v

N

Image Algebra Formulation

Let a € N*X be the input image, where X is an m x n array. In order for
the adjacencyrelation to be meaningful, the image a in most applicationswill be the
resultof preprocessingn original imagewith sometype of segmentatiortechnique;e.qg.,
componentiabeling (Sections6.2 and 6.3).

The adjacencyrelation for regionsin X will be representedy the imageb €
{0, I}Y, whereY = {(i,7): 2 <i< va, 1 < j<i}. Theparameterizedemplatet(a) €

X
({0, I}Y) usedto determineof adjacencyis defined by

1 if (4,5) = (maz(a(z—1,y),a(z,y)), min(a(z—1,y),a(z,y)))

t(a)(%?/)(i’ 7= (7,7) = (maz(a(z,y—1),a(z,y)), min(a(z,y—1),a(z,y)))

0 otherwise.

The adjacencyrepresentatioimageis generatedy the imagealgebrastatement

b .= \/t(a).

For a fixed point (zo, yo) of X, t(a),, ., is animagein {0, 1}Y. If regionsR; andR;
“touch” atthe point (zo, yo), t(a),, ,.,(7,J) is equalto 1; otherwiseit is 0. If regionsR;
andR; touch at any point in X, the maximum

(z,y)eX

will take on value 1; otherwiseit will be 0. Therefore,

b, = \t@ = \/ t@a),, i)

(r,y)eX

is equalto 1 if R; andR; areadjacentand(0 otherwise. The orderedpair representation
of the adjacencyrelation is the set

domain(b||=1).
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Comments and Observations

In the definition of adjacencyabove,two regionsare adjacentf thereis a point
in oneregion and a point in the other region that are unit distanceapart. Thatis, each
point is in the 4-neighborhoodf the other. Another definition of adjacencyis that two
regionsare adjacentif they touch alonga diagonaldirection. With the seconddefinition,
two regionsare adjacentf thereis in eachregiona point which lies in the 8-neighborhood
of the other. Anotherway to expresshe secondadjacencyelationis that thereexist points
in eachregion that are at distance\/2 of eachother.

If the seconddefinition of adjacencyis preferred,the templatebelow should
replacethe templateusedin the original image algebraformulation.

1 if (i,§)= (maz(alz-1,y),a(z,y)),
N min(a(z-1,y),a(z,y))),
(zy]): (mvax(a(x,y—l),a(f;y))v

t(a), (i, 5)= (i.§)= (nr:zlz?x(&((xﬂ_ll)szl(ff()ﬂc))é))

@) \bI)= U min(a(z—1,y-1).a(z.y))), or
(2,7)= (maz(a(z+1,y-1)a(z,y)),
_ min(a(e+1,y-1),a(z,y)))
0 otherwise.
The imagealgebraformulationof the algorithm presentedbovewasfirst formu-

lated in Ritter [6] and Shi and Ritter [7].

10.6. Inclusion Relation

The inclusionrelation describeghe hierarchicalstructureof regionsin animage
using the relation “inside of.” Regionsare defined as they were in Section10.5. The
inclusion relation can be representedy a set of orderedpairs, a directedgraph, or an
image. As an example,we presentrepresentationfor the imageshownin Figure 10.6.1.

52

Figure 10.6.1. Inclusion of smallerfishesinside of a biggerfish.

(a) Orderedpairs — The orderedpair (7, j) is an elementof the inside of
relation iff region R; is inside of region R;. For Figure 10.6.1the inside of
relationis representedy the set of orderedpairs

{(6,2),(6,1),(5,3),(5,1),(4,2), (4,1), (3, 1),
(2,1),(1,1)(2,2),(3,3), (4,4), (5,5), (6,6)}.
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(b) Directedgraph— The verticesof the graphrepresentatiomf the inclusion
relationareregionnumbers.The directededge(:, j) with tail ati andheadat j is
an elementof the graphiff R; inside of R;. The directedgraphrepresentation
of the inclusion relation is shown below. The inside of relationis reflexive,

N,
7 Ne L

thusin the graphaboveeachregionis assumedo havean edgethat pointsback
to itself.

(c) Image— Theinclusionis representedby the imagea definedby

1 if R; inside of R;

a(i,j) = 0 otherwise.

The following is the image representatiorof the inclusion relation for Figure

10.6.1.
i\j 1 2 3 45 6
1 1000 0 0
2 1100 0 0
3 10 1000
4 110100
5 1 0 1 0 10
6 1 1 00 0 1

Note that regions are sets; however, the inside of relation and set inclusion
C relation are distinct concepts. Two algorithmsusedto describethe inclusion relation
amongregionsin an image are presentechext.

Image Algebra Formulation

The first image algebra formulation basesits method on the tenet that
R; inside of R; iff the domainof R; is contained(C) in the holesof R;. The al-
gorithm beginsby making binary imagesr; = x=;(a) andr; = x=;(a) to representhe
regionsR; and R;, respectively,of the sourceimage a. Next, one of the hole filling
algorithmsof Section6.6is usedto fill the holesin r; to createthefilled imager;. Region
R; is inside of Rj iff r; v r, =r;.

Let a € N* be the sourceimage,whereX = Z,,, x Z,,. LetY = Z; x Zj,
wherek = va. We shall constructan imageb € NY that will representhe inclusion
relation. Initially, all pixel valuesof b are setequalto 1. The imagealgebrapseudocode
usedto createthe imagerepresentatiob of the inclusion relation amongthe regionsof
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a is given by

b=1
for:in 1..Valoop
for jin 1..V aloop
if ¢ # j and b(¢,j) # 0 then
r; == x=;(a)
= xos(a)
T; :=holefill(r;)
ifr; VT; =T, then
b(j,7):=0
else
b(i,j):=0
end if
end if
end loop
end loop.

The subroutineholefill is animplementationof one of the hole filling algorithmsfrom
Section 6.6.

Alternate Image Algebra Formulation

The algorithm above requiresﬂ%l applicationsof the hole filling algorithm.
Eachapplicationof the holefilling algorithmis, in itself, computationallyvery expensive.
The alternateimage algebraformulation assumeghat regions at the samelevel of the
inside of graphare not adjacent. This assumptiorwill allow for greatercomputational
efficiency at the cost of loss of generality.

The alternateimage algebraformulation makesits determinationof inclusion
basedon pixel value transitionsalong a row startingfrom a point (z,, yo) insidea region
and moving in a direction toward the image’sboundary. More specifically,if the image
a is definedover anm x n grid, the numberof transitionsfrom region R; to region R;
startingat (xo, yo) moving alonga row towardthe right side of the imageis given by

card{k : 1 <k <N —yo and (4,5) = (a(xo, yo + k — 1),a(xo, yo + k))}.

For example,in sequence

(xo,yo) (xo,n)
a(x, y) 3 4 4 6 6 4 4 6 6 7 7 1
k 1 2 3 4 5 6 7 8 9 10 11 12

thereare two transitionsfrom 4 to 6 and onetransitionfrom 6 to 4.

It follows from elementaryplane topology that if R; is inside of R; then
startingfrom a pointin R; the numberof transitionsfrom ¢ to j is greaterthanthe number
of transitionsfrom j to ¢. The image algebraformulation that follows basesits method
on this fact.

© 2001 by CRC PressLLC



Let a € NX, whereX = Z,, x Z,, be the sourceimage. Let I be the ordered
pair representatiorof the inclusion relation. For Y = (ZVa)Z, define the parameterized

Zy
templatet € ({O,I}Y) by

1 if (¢,5) =(alz,y+ k- 1),a(z,y+ k))
t(a)xly)k(i)j): andlgkgn—y

0 otherwise.

Let f : Z? — Z? bethereflectionf(z, y) = (y, z). Thealternatémagealgebraformulation
usedto generatahe orderedpair representatiomf the inclusionrelationfor regionsin a is

1=1{(1,1),(2,2), ..., (Va,va)}
for [in 1..V a loop

(2o, Yo) := choice(domain(al|;))

h = Zt(a) Zp, yo)
I:=1U domain((h —ho f)||>0)
end loop.

Hereh o f denoteghe compositionof h and f, and(h o f)(z,y) = h(f(z,y)) = h(y, z).
A nice propertyof this algorithmis thatone executionof the for loop finds all the regions
that contain the region whoseindex is the currentvalue of the loop variable. The first
algorithm presentedequired nestedfor loops.

Note thatfor eachpointk € Z, t(a, zy, yo),, € {0, 1}Y is animagewhosevalue
at (¢, j) indicatewhetherthe line crosseshe boundaryfrom R; to R; at (zo, yo + & — 1).

N-—y
Thus, h(i, j) = > t(a,zo,y0),(i,5) = Zot(a, zo,Y0),(1,7) is the total number of
keZ k=1
boundarycrossingfrom R; to R;, andh(¢, j) > h(j, ¢{) impliesR; inside of R;.

Comments and Observations

Both formulations,which were first presentedn Shi and Ritter [7], producea
preorderingon the setof regions. Thatis, the inside of relationis reflexiveandtransitive.
The first formulationis not a partial orderingbecauset fails to be antisymmetric.To see
this consideran imagethat consistsof two regions,one of black pixels and the other of
white pixels that togethermake a checkerboarcpatternof one pixel squares. Under its
assumptionthat regionsat the samelevel are not adjacent,the secondformulation does
producea partial ordering.

10.7. Quadtree Extraction

A quadtreds a hierarchicalrepresentatiomf a 2” x 2™ binary imagebasedon
successivepartition of the image into quadrants. Quadtreesprovide effective structural
descriptionsof binary images,and the operationson quadtreesare simple and elegant.
Gagantini [8] introduceda new representatiorof a quadtreecalled linear quadtree.In a
linear quadtree he encodeseachblack node (foregroundnode)with a quaternaryinteger
whosedigits reflectsuccessiveguadransubdivisions.He needsa specialmarkerto encode
big nodeswith more than one pixel. Here, we encodea quadtreeas a set of integersin
base5 as follows:
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Eachblack nodeis encodedasan n-digit integerin bases. Eachsuccessiveligit
representghe quadrantsubdivisionfrom which it originates. At the kth level, the NW
guadranis encodedvith 1 at the kth digit, the NE with 2, the SW with 3, andthe SE with
4. For a black nodeat the kth level, its lastn — & digits areencodedas 0’s.

Figure 10.7.1. A binary imageand its quadtree.

Figure 10.7.2. Codesof black pixels.

To obtain the setof quadtreecodesfor a 2" x 2" binary image, we assignthe
individual black pixels of the imagetheir correspondinguadtreecodes,andwork upwards
to melge 4 codesrepresenting!t black nodesat a lower level into a code representing
the black node consistingof those4 black nodesif possible. The meiging processcan
be performedas follows: whenever4 black nodesat the (k + 1)th level are encoded
ascicy...cpt0...0, 1 = 1,2,3 4, we mege those codesinto ¢;¢y...c; 0...0 which

n—k-1 n—~k
representsa kth-level black node consistingof the 4 black nodesat the (£ + 1)th level.
This schemeprovidesan algorithmto transformsa 27 x 2" binary imageinto its quadtree
representation.
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Image Algebra Formulation

Let the sourceimageac Z,* beanimageon X = {(i,j): 0 <4,j < 2" —1}.
Define an image de ZX by

where

and o .

ifip, =0and jr =0
ifikZIandijO
lflkZOaIld]kzl
lflk:1and]k:1

_5n—k 0
tK) =

Finally, definetwo functions f; and f» by

fi(yr, y2) = 2y, 2y2)

powra = (|2 2))

Now, if @ denotesthe setof quadtreecodesto be constructedthen @@ can be
obtainedby using the following algorithm.

and

Q = 9
a, .= a-d
k :=n

while a; £ 0 do
b, = (ak A t(k)) ofy
¢t = (x<obg)o fo

Q@ = QUrange((ax - cx)|[>0)
arp_1:=by
k = k—-1.

In the abovealgorithm, which first appearedn Shi [7], a; is a 2¥ x 2% image
in which any positive pixel encodesa kth-level black nodewhich may be further meiged
to a big nodeat the (k — 1)th level. Theimageb, is a 25-! x 2¥-1 imagein which any
positive pixel encodesa black node merged from the correspondingour black nodesat
the kth level. The imagec; is a 2* x 2% binary imagein which any pixel with value 1
indicatesthat the correspondinghode cannotbe further meiged. Thus, a positive pixel of
a; - ¢, encodesa kth level black nodewhich cannotbe further meiged.
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10.8. Position, Orientation, and Symmetry

In this section,magealgebraformulationsfor position orientation andsymmetry
are presentedPosition,orientation,and symmetryare useful descriptorsof objectswithin
images[9, 10].

Let a € RF* bean imagethat representsn object consistingof positive-valued
pixelsthatis setagainsta backgroundf 0-valuedpixels. Positionrefersto the location of
the objectin the plane. The objects’scentioid (or centerof mass)is the point thatis used
to specifyits position. The centroidis the point (%, y) whosecoordinatesare given by

fﬂfz z-a(z,y)dzdy
ffza(:lz,y)d:vdy
[ [ y-a(z,y)dzdy

V= f{a(x,y)dxdy '

T =

For the digital imagea € R”~*7~ the centroid’scoordinatesare given by

Figure 10.8.1showsthe location of the centroidfor an SR71object.

Orientationrefersto how the objectlies in the plane. The object’s momentof
inertia is usedto determineits angleof orientation. The momentof inertia aboutthe line
with slopetan 6 passingthrough (z,7) is definedas

My = //[(x — T)sind — (y — §)cos]” - a(z, y)dzdy.
RQ

Theangled,,;, thatminimizesMy is the directionof the axis of leastinertiafor the object.
If 0.in is unique,thentheline in the directioné,,;, is the principal axis of inertia for the
object. For a binary imagethe principal axis of inertiais the axis aboutwhich the object
appearslongated. The principal axis of inertiain the directioné is shownfor the SR71
objectin Figure10.8.1. Theline in thedirectiond,, .. is the axis aboutwhich the moment
of inertia is greatest.In a binary image,the objectis widest aboutthis axis. The angles
Omin andb,,,, are separatedy 90°.

Let
Mo = //(x - 2)°  a(z,y)dedy
mi = [ [@-Du-9)ate ey

o= [ -9 2o ey
2
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Figure 10.8.1. Centroidand angle@ of orientation.
The momentof inertia aboutthe line in the directioné can be written as
My = mogsin®0 — 2my;sinf cosd + mgscos®0.

The momentof inertia is minimized by solving

OMy

=0
a0
for critical valuesof . Using the identity tan 20 = 12_‘1‘27129 the searchfor critical values
leadsto the quadraticequation
tangﬁ—i—wtanﬁ—lzo.
mi

Solving the quadraticequationsleadsto two solutionsfor tan @, and hencetwo angles
Omin @andl,, ... Thesearethe anglesof the axesaboutwhich the objecthasminimumand
maximummomentsof inertia, respectively. Determiningwhich solution of the quadratic
equationminimizes (or maximizes)the momentof inertia requiressubstitutionback into

the equationfor My.
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For the digital imagea € RZ=*Z~ the centralmomentsof order2 aregiven by

Moy = ZZ(:C 75)2 -a(z,y)

x—ly—l

mu—zz (z—2) (y—7) a(z,y)

r=1ly=1

moz—zz y—y ' f@/)

r=1ly=1

Symmetryis the ratio, 0 < Mo min < 1, of the minimum momentof inertia to
the maximummomentof inertia. For b|nary|magessymmetry|s aroughmeasureof how
“elongated”’an objectis. For example,a circle hasa symmetryratio equalto 1; a straight

line hasa symmetryratio equalto O.

Image Algebra Formulation

Let a € RX, whereX = Z,, x Z,, be animagethat representsn object. Let
p1 € ZX andp, € ZX be the projectionimagesdefinedby

The image algebraformulationsfor the coordinateof the centroidare

f':—zpl.a

2 :
_ ). p2-a
YT

The imagealgebraformulasfor the centralmomentsof order 2 usedto computethe angle
of orientationare given by

Mag 1= Z(pl—f)zw'a
myy = Z(Pl—f)'(m—?)'a
my3 1= Z(P2 —§)2 -a.

10.9. Region Description Using Moments

Momentinvariantsareimagestatisticthatareindependentf rotation,translation,
and scale. Moment invariants are uniquely determinedby an image and, conversely,
uniguely determinethe image (modulusrotation, translation,and scale). Theseproperties
of momentinvariantsfacilitate patternrecognitionin the visual field that is independent
of size, position, and orientation. (SeeHu [11] for experimentsusing momentinvariants
for patternrecognition.)
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The momentsinvariantsdefinedby Hu [11, 12] are derivedfrom the definitions
of moments,centralizedmoments,and normalizedcentralmoments. Thesestatisticsare
defined as follows:

Let f be a continuousfunction definedover R?. The momentof order (p, ¢) of

f is defined by
o= [ [ a0 s dad,

— 00 =00
wherep, ¢ € {0,1,2,...}. It hasbeenshown[13] thatif f is a piecewisecontinuous
function with boundedsupport,then momentsof all ordersexist. Furthermoreunderthe
sameconditionson f, m,, is uniquely determinedby f, and f is uniquely determined
by my,.
The central momentsof f are definedby

fpg = 7 f(wf)p(yy)qf(ﬂf,y) dz dy,

—00 — 00
where

_ Mo _ M

= — and y=—.

Moo Mmoo

The point (z,7) is called the image centoid. The centerof gravity of an objectis the
physicalanalogueof the image centroid.

Let a € RX, whereX C 7? is anm x n array. The discretecounterpariof the
centralizedmomentof order (p, ¢) is given by

Hpg = ZZ (z — %)’ (y — 9)'a(z, y).

The normalizedcentral moment ,,, is definedby

Npg = M# , where 7:m+1.
Hoo 2
We now presentthe seven,¢1, ¢, ..., ¢7, momentinvariants developedn Hu

[11]. For the continuouscase,thesevaluesare independenbf rotation, translation,and
scaling. In the discretecase,someaberrationgnay existsdue to the digitization process.
é1 = n20 + No2
¢2 = (120 — 7702)2 + 4n},
@3 = (30 — 37712)2 + (3921 — 7703)2
¢4 = (930 + 7712)2 + (N1 + 7703)2
o5 = (7730 - 37712)(7730 + 7712) [(7730 + 7712)2 - 3(7721 + 7703)2]

+ (31921 — 103) (n21 + 703) [3(7730 + 7712)2 — (921 + 7703)2]
$6 = (120 — 702) [(7730 +m12)° = (21 + 103)”

+ 4n11(n30 + N12) (21 + No3)
¢7 = (3121 — 130) (30 + 112) [(7730 + 7712)2 —3(121 + 7703)2]

+ (3712 — 1130) (n21 + 703) [3(7730 + 7712)2 — (21 + 7703)2]-

Table 10.9.1lists momentinvariantsfor transformationsappliedto the binary
imageof the character'A.” Thereis somediscrepancywithin the ¢; dueto digitization.
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Table 10.9.1 MomentInvariantsof an ImageunderRigid-Body Transformations

b1 b1 b1 b1 b1 b1 b1

0.472542 0.001869  0.059536 0.005188  -0.000090 0.000223 0.000018

0.472452 0.001869  0.059536 0.005188  -0.000090 0.000223 0.000015

0.472452 0.001869  0.059536 0.005188  -0.000090 0.000223 0.000018

0.321618 0.000519 0.016759 0.001812  -0.000009 0.000040 0.000004

0.453218 0.001731 0.058168 0.003495 -0.000047 0.000145 0.000031

Image Algebra Formulation

Leta € RX, whereX C Z? isanm x n array. Let p; : X — Z denotethe ith
coordinateprojection. The imagealgebraformulation of the (p, ¢)th momentis

Mpy = Eplf . p% -a.
The (p, ¢)th centralmomentis given by

Hpq = E(pl - E)p : (PZ - y)q

wherez = 72 andy = 2L arethe coordinatesof the image centroid. Computationof
the mvanantmomentsfollow immediatelyfrom their mathematicaformulations.

10.10. Histogram

The histogramof animageis a functionthatprovidesthefrequencyof occurrence
for eachintensity level in the image. Image segmentationschemesoften incorporate
histograminformation into their strategies. The histogramcan also serveas a basisfor
measuringcertaintextural properties,andis the major statisticaltool for normalizingand
requantizingan image[12, 14].

Let X bearectangulam x n array,Y = {j € N : 0 < j < K} for somefixed
integer K, and P = {a € NX : range(a) C Y}.

The histogramimage,h(a) € NY, thatcorrespondso a € P is definedby

h(a,i) = card{x € X :a(x) =1}
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Thatis, h(a, ¢) correspond$o thenumberof elementsn the domainof a thataremappedo
: by a. Figure10.10.1showsanimageof ajet superimposedvera graphicalrepresentation
of its histogram.

Figure 10.10.1. Image of a jet and its histogram.

The normalizedhistogramimageh(a, i) € [0, 1]¥ of a is definedby

— 1

h(a, i) = m h(a,i).

It is clearthat >~ h(a,i) = 1. The normalizedhistogramcorrespondsin someways, to
IEY

a probability distribution function. Using the probability analogy,h(a, i) is viewed asthe

probability that a(x) takeson value :.

Image Algebra Formulation

Define a parameterizedemplate
t: P — (NY)®
by definingfor eacha € N¥ the templatet with parametem, i.e., t(a) € (NY)X, by

N _J1 ifa(x)=j
t =
(2)<(9) 0 otherwise.

The imageh € RY obtainedfrom the code

h :=Yt(a)
is the histogramof a. This follows from the observationthat since Xt(a) = ¥, t(a)
h(j) = % t(a),(s) = the numberof pixels having value j.

If oneis interestedn the histogramof only one particularvalue j, thenit would
be more efficient to usethe statement

ni= ij(a)

since ) x;(a) representgshe numberof pixels having value j, i.e., since > x;(a) =

;XX]'(&(X)) andx;(a(x)) = 1 < afx) = j.

x !
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Comments and Observations

Notethatthetemplateformulationaboveis designedor parallelimplementation.
For serial computersit is much more efficient to iterate over the sourceimage’sdomain
and incrementthe value of the histogramimage at gray level ¢ wheneverthe gray level
¢ is encounteredn the sourceimage.

10.11. Cumulative Histogram

Foragivengraylevel of animage,thevalueof the cumulativehistogramis equal
to the numberof elementsin the image’sdomainthat have gray level value lessthan or
equalto the given gray level. The cumulativehistogramcan provide useful information
aboutan image. For example,the cumulative histogramfinds its way into eachof the
histogramspecfication formulasin Section2.13. Additional usescanbe foundin [12, 15].

Leta € N¥ andi € N. The cumulativehistograme(a) € NN is definedby
c(a,i) =card{xe X : a(x) < i}.

The normalizedcumulativehistograme(a) € [0, 1] is defined by

1
)= arax)

c(a,i a, ).

The normalizedcumulative histogramis analogoudo the cumulativeprobability function
of statistics.

Figure 10.11.1showsan imageof a jet superimposeaver a graphicalrepresen-
tation of its cumulative histogram.

18000 T T T T

16000
14000 |
12000 [
10000 |
8000 |
6000

4000

0 LIJJJ{
50 100 150

Figure 10.11.1. Imageof a jet andits cumulativehistogram.
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Image Algebra Formulation

Theimagealgebraformulationfor the cumulativehistogramis very similar to the
formulationfor the histogram(Section10.10). Only the templatet needsto be modffied.
Theequalityin the casestatemenbf thetemplatebecomeaninequalitysothatthetemplate
t usedfor the cumulative histogramis

N J1 ifa(x)<j
t — >
(2)x(7) 0 otherwise.

The cumulativehistogramis then representedy the imagealgebrastatement

c:=Xt(a).

Comments and Observations

As with the histogramin Section10.10,the templateformulation for the cumu-
lative histogramis designedfor parallel computers. For serial computersthe cumulative
histograme shouldbe calculatedby iterating overthe domainof the sourceimage. When-
everthe gray level ¢ is encounteredthe value of ¢ at all gray levels lessthan or equal
to ¢ should be incremented.

10.12. Texture Descriptors: Spatial Gray Level DependenceStatistics

Texture analysisis an important problemin image processing. Unfortunately,
thereis no preciseddfinition of texture.In this section,the approachto textureanalysisis
basedon the statisticalpropertiesof an image. In particular, statisticalpropertiesderived
from spatialgray level dependencenatricesof animageare formulated.

Spatialgray level dependencéSGLD) matriceshaveprovento be oneof the most
popularandeffective sourcef featuredn textureanalysis.The SGLD approactcomputes
an intermediatematrix of statistical measuredrom an image. It then definesfeatures
as functions of this matrix. Thesefeaturesrelate to texture directionality, coarseness,
contrast,and homogeneityon a perceptualevel. The valuesof an SGLD matrix contains
frequencyinformation about the local spatial distribution of gray level pairs. Various
statistics[16] derived from gray level spatial dependencenatriceshave been proposed
for usein classifyingimage textures. We will only presenta subsetof thesestatistics.
Our main purposeis to illustrate how their derivationsare formulatedin image algebra.
Informationon the interpretationof spatialdependencstatisticsandhow they canbe used
for classifyingtexturescan be found in varioussourceg16, 17, 18].

The statisticsexaminedhereare enegy, entropy,correlation,inertia, andinverse
differencemoment. For a given imagea € Z%, whereX = Z,, x Z, and G denotes
the numberof expectedgray levels, all second-ordestatistical measuresare completely
specifiedby the joint probability

s(Az, Ay 1 1,§) = probability{a(z,y) =i and a(z + Az, y+ Ay) = j },

whereAz, Ay € Z. Thus,s(Az, Ay : i, j) is the probability thatanarbitrary pixel location
(z,y) hasgray level i, while pixel location(z + Az, y + Ay) hasgray level j.

By settingd = tan~! (ﬁ—g) andd = \/(az)’ + (ay)’, s(az, Ay : i,§) canbe

rewritten as

s(d, 0 :1i,7) = probability{a(z,y) = i and a(z + dcosf,y + dsinf) = j } .
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This providesfor analternatenterpretatiorof s; thefour-variablefunctions(d, 8 : i, j) rep-
resentghe probabilitythatanarbitrarypixel location(z, y) hasgrayleveli, while ataninter
samplespacingdistanced in angulardirection the pixel location (x + dcosfl, y + sinf)
has gray level j.

It is commonpracticeto restricté to theangles0 °, 45°, 9C°, and 132, although
differentanglescould be used. Also, distancemeasure®therthanthe Euclideandistance
areoften employed.Many researcherpreferthe chessboardlistance while othersusethe
city block distance.

For eachgivendistanced andanglef thefunctions definesa G x G matrixs(d, f)
whose (i, j)th entry s(d, 0),; is given by s(d, 0),; = s(d,0 :4,j). The matrix s(d, 0) is
called a gray level spatial dependencenatrix (associatedvith a). It is importantto note
thatin contrastto regularmatrix indexing, the indexing of s(d, #) startsat zero-zeroji.e.,
0<i4j<G-1

The standardcomputationof the matrix s(Az, Ay) is accomplishedy setting

s(Az, Ay :1,j) = card{(z,y) : a(z,y) =7 and a(z + Az, y+ Ay) =7}

For illustration purposesjet X be a4 x 4 grid anda € ZX be the imagerepresentedn
Figure10.12.1below. In this figure, we assumehe usualmatrix orderingof a with a(0, 0)
in the upper left-hand corner.

1 0
0 1
2 1
1 1

O|lO |k N

0
1
2
0

Figure10.12.1. The 4 x 4 exampleimagewith gray valuesin Zs.

Spatialdependencenatricesfor a, computedat various anglesand chessboard
distanced = maz{|Az|, |Ay|}, are presentecbelow.

121 111
s(1,0)=[2 2 1] s290=(1 2 0
12 0 110
0 2 1 1 20
s(1,45°) =2 2 0] s(1,135°)=[1 1 2
110 0 2 0

For purpose®f textureclassfication, manyresearcherdo notdistinguishbetween
s(d, 0 :i,7)ands(d, @ : j,7); thatis, theydo not distinguishwhich oneof thetwo pixelsthat
are(Az, Ay) aparthasgray valuei andwhich onehasgrayvaluej. Thereforecomparison
betweentwo texturesis often basedon the textue co-occuencematrix

c(d,0) = s(d,0) +s'(d, ),

wheres’ denoteghe transposef s. Usingthe SGLD matricesof the aboveexampleyields
the following texture co-occurencematricesassociatedvith the image shownin Figure
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10.12.1:

c(1,0°) = ( ) c(2,90°) = ( )
c(1,45°):( ) c(1,135°):( )

Since co-occurencematrices have the property that ¢(d,f) = c(d, 0+ 7) —
which can be ascertainedrom their symmetry— the rationalefor choosingonly angles
between0 and = becomesapparent.

Co-occurencenatricesare usedin defining the following more complextexture
statistics. The mamginal probability matricese,(d, 6 : 1) and ¢,(d,0 : j) of ¢(d,8) are
defined by

[ N Y JCRT NN
O =N DWW N

N RO NN
SO W N NN N
= N QO = s b
Ok O O =N

cr(d,0:1) = e(d,0:1i,7)

J
cy(d,0:7) = Zc(d,@ 24, 7),

i

respectively. The meansand variancesof ¢, andc, are

pa(d, 0) = Zicx(d,ﬁ )
py(d,0) = chy(d) 0:7)

and

o2(d,0) = Z (i — pa(d, 0))cp(d, 0 : 1)
o, (d,0) = Z (= py(d, 0)) e, (d, 0 : ).

Five commonly usedfeaturesfor texture classfication that we will reformulate
in termsimage algebraare definedbelow.

(&) Enegy:
ZZ {c(d,0: i,j)}2

(b) Entropy:
>N e(d, 01, j)log(e(d, 0 : 4, 5))
i

(c) Correlation:

ZZJ: (1 = pa(d, 0))(5 — py(d, 0))e(d, 0 : 4, j)

o.(d,0)oy,(d,0)
(d) InverseDifference Moment:

1
——c(d,f:14,7
22 )

(e) Inertia:

DY G—5)’e(d 0:d,5)
i
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Image Algebra Formulation

Leta € 7%, whereX is anm x n grid and G representghe numberof gray
levelsin the image. First, we showhow to derive the spatialdependencenatricess(d, #),
whered € Z+, and@ € {0°,45°,90°,135°}.

By taking d to be the chessboardlistances(d, #) canbe computedin termsof
theintersamplespacingsaz andAy. In particular,let N denotethe neighborhoodunction

N(z,y) ={(z + Az, y+ Ay)}.
The images can now be computedusing the imagealgebrafollowing pseudocode:
for i:= 0to G — 1 loop

forj := 0toG — 1 loop
s(Az, ay)(7,7) = Txzlxi(a) + x;(a) ON]
end loop
end loop.
Thus, for example,choosingAz = 1 and Ay = 0 computesthe images(1,0°), while
choosingAz = 1 and Ay = 1 computess(1, 45°).
The co-occurenceémagec is given by the statement

c(Aaz, Ay) = s(Ax, Ay) +5'(Az, Ay).

Theco-occurencémagecanalsobecomputedirectly by usingthe parameterized
templatet(a, Az, Ay) € (ZZGXZG)X definedby

2 ifi=janda(z,y)=ale+ Az, y+Ay)=1
1 if ¢ # jand ((a(z,y) =i and a(z + Az, y + Ay) = j)

t Az, AY), 1, 7) =
(a) z, y)(:vy)(l)]) or (a(l’, y) — ] and a(:c + Ax,y‘l‘ Ay) — l))

0 otherwise.

The computationof c(Az, Ay) now reducesto the simple formula

c(Az, A) = Z t(a, Az, A).
To seehow this formulationworks, we computec(Az, Ay)(z, j) for ¢ £ j. Let
S(i,7) ={(z,y) € X : (a(z,y) = i and a(z + Az, y + Ay) = j)
or (a(z,y) =7 and a(z + Az, y+ Ay) =J)}.
By ddfinition of templatesum, we obtain

c(az, Ay)(i,j) = D t(a Az, Ay), (i 7)
(r,y)eX

= Z 1
(2.9)€S(1.4)
= card(S(t, 7))
=c(Az, Ay i, ]).
If i = j, thenwe obtain " 2 which correspondgo the doubling effect along the

(2.9)€S(i.4)
diagonalwhen adding the matricess + s’. Although the templatemethodof computing
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c(Az, Ay) canbestatedasa simpleone-lineformula, actualcomputatiorusingthis method
is very inefficient since the templateis translationvariant.

The mawginal probability imagesc, (Az, Ay) andc,(Az, Ay) canbe computed
as follows:

for¢:=0to G — 1 loop

G-1
co(Az, AY)(i) = Y c(az, Ay)(i, )
j=0
end loop
for 7 =0to G — 1 loop
G-1

cy(82, 8y)(j) = D (A, 8y)(i, )
end loop. )

The actual computationof thesesumswill probablybe achievedby using the following
loops:
fori:= 0to G — 1 loop

forj := 0to G — 2 loop

co(Az, Ay)(i) = c(Az, Ay)(i, ) + e(Az, Ay)(i, j + 1)
end loop
end loop

and
for j;= 0 to G — 1 loop

for: := 0 to G — 2 loop
cy(Az, Ay)(7) = c(Az, Ay)(i,7) + c(Ax, Ay)(i + 1, 7)
end loop
end loop.
Another version for computing ¢, (Az, Ay) and ¢, (Az, Ay), which doesnot

involve loops, is obtainedby defining the neighborhoodunctions N, : Z¢ — Zg X Zg
andNy L — L x Lg by

No(i)={(G.j): j=0,1,...,G—1}

and
Ny () ={(,5) - i=0,1,...,G -1},

respectively. The maginal probability imagescan then be computedusing the following

statements:
c:(Az, Ay) = c(Az, Ay) PN,

cy(Az,Ay) = c(Ar, Ay) DN,

This methodof computinge, (Az, Ay) andc,(Az, Ay) is preferablewhen using special
mesh-connectedrchitectures.

Next, leti € (ZG)ZG be the identity image definedby

i(iy=4 ie{0,....G—1}.
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The meansand variancesof c¢,(Az, Ay) andc,(Az, Ay) aregiven by

pa(Bz, Ay) =Y i eo(Aw, Ay)
py(Bz, Ay) =Y i-c,(Az, Ay)
ol (Bw, Ay) =Y (- po(B, 8Y)) - ep(Ba, Ay)
or(Az, ay) =Y (i— py(ax, ay)’ - ey (A, Ay).

The image algebrapseudocod®f the different statisticalfeaturesderived from
the spatial dependencémage are

(&) Enegy:
E = Z:[C(Aav,Ay)]2

(b) Entropy:
Entrp = Zc(Aw,Ay)~log(c(Az,Ay))
(c) Correlation:

O = [Z (pl - ﬂx(Ax; Ay))(pQ - /,Ly(Al’, Ay))c(Ax’ Ay)]
' oz(Ax, Ay)oy (A, Ay) ’

where the coordinateprojectionsp;, ps € (ZG)Y for the G x GG grid Y are
defined by

pi(¢,7) =17 and
p2(i,J) = J.

(d) InverseDifferenceMoment:

c(Az, Ay
IDM = Z—( ) -
1+ (p1—p2)

(e) Inertia:
I = Z(Pl —p2)” - c(Az, Ay)

Comments and Observations

If the imagesto be analyzedare of differentdimensionsjt will be necessaryo
normalizethe spatialdependencenatrix so that meaningfulcomparisonsamongstatistics
canbe made. To normalize,eachentry shouldbe divided by the numbere(d, 8) of point
pairsin the domainof theimagethatsatisfytherelationof beingat distancel of eachother
in theangulardirectiond. Thenormalizedspatialdependencenagec(d, ¢) is thusgivenby

_ c(d,0)
d,0) .= ——=.
C( ) ) R

Suppose:(1,0°) is the spatialdependencenatrix (at distancel, direction0°) for
animagedefinedoveranmx n grid. Thereare2n(m — 1) neareshorizontalneighborhood
pairsin the m x n grid. Thus, for this example

(1,0°) = %
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10.13. Exercises

1. Theratio 47 - area/(perimeter)2 of a connectedobjectin a binary imageis known
asits measue of compactness.Write an algorithm in image algebrathat computesthe
compactnessf objectsin binary images. Implementyour algorithm.

2. Givena binary imagea its horizontaland vertical signaturesare definedas p(z) =
[a(z,y) andp(y) = [ a(z,.y), respectively(i.e., p projectsa onto the z andy axes).

y r
Specify an image algebraalgorithm that computestheseprojections.

3. Projectionsare not information preservingtransforms. However, given a sufficient
numberof projectionsof an objectsallows for the reconstructiorof the objectto a high
degreeof accuracy. (This follows from the theory of computerassistedtomography.)
Specifyanimagealgebraalgorithmthat computesprotectionof a binary imageonto lines
having an angle of  from the z-axis.

4. Specifyanalgorithmin imagealgebrathatwill find the maximaldiameterof anobject
in a binary image. Implementyour algorithm.

5. Specifyan algorithmin imagealgebrathat will find the smallestrectangleenclosing
an objectin a binary image. Note that the rectangle’ssides may not be parallel to the
X andy axis.

6. Letc = {e(:):i=1,...,n} denotethe chaincodeof the boundaryof an objectin a
binary image. An alternativeformulation for the length of the perimeterof the objectis
given by the formulation

n
perimeter = Z At;,
i=1

where (\/_ )
2-1 ;
- WAT 1)@
At =14+~ 1= (=],
Similarly, the areaof the objectcanbe computedusing the formulation
area = Z AA;
i=1
where

2
Az; = sgn(6 — c(7))sgn(2 — (7)),
Ayi = sgn(4 — e(i))sgn(c(i)),
I ifz>0
sgn(z):{O ifz=0,
-1 ifz<0

and y; denotesthe y coordinateof the endpointof ¢(z). Specify an algorithmin image
algebrathat computeshe perimeterand areaof objectsusingthe aboveformulations. Im-

plementyour algorithmandcomparethe resultswith thoseobtainedusingthe formulations
given in Section10.2. Discussthe differences.

Ay;
AAi:Axi(yi-i- y>,
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7. Supposea binary image contains an 8—connectedobject with Euler number
—k (k> 0). How many holes doesthe object contain? Supposeall holes are both
4—connectedand 8—connected.

a. Specify an algorithm in image algebrathat computesthe chain code of such
objects.

b. Extendyour algorithmto alsocomputethe total areaand perimeterof this object
using the specificationas given in Exercise6.

8. The image algebraformulation for computing region adjacencywas specified in
termsof parameterizedemplateswhich are often computationallyinefficient. Providean
alternatdmagealgebraformulationof regionadjacencythatavoidsthe useof parameterized
templates.

9. RepeatExercise8 for regioninclusion relationships.

10. In Section10.10it was notedthat the parameterizedemplateformulation for com-
puting an image histogramwas designedfor parallelimplementation. Explain how such
implementationcan be achievedusing this particular specification.

11. A basicnotion of patternrecognitionis the featurevector. The featurevectorv =
(v1,- -+, vm) is usedto condensehe descriptionof relevantpropertiesof a texturedimage
into a small subsetof m-dimensionalfeaturespace.For instance with eachpixel a(z, j),
one may associatea certainnumberof texturefeaturesv(z, 7) = (v1(¢,7), -, vm (4, 7).
Suchfeaturevectorstend to form separateclustersin m-dimensionalspaceaccordingto
the texturefrom which they were derived. Devisea methodthat usesspatialdependency
statisticsand featurevectorsto segmentan image of a natural scenecontainingpossible
regionsof grassesirees,and buildings.
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CHAPTER 11
GEOMETRIC IMAGE TRANSFORMATIONS

11.1. Intr oduction

Geometrictransformationschangethe spatial relationshipsamong the objects
in an image or changethe geometryof an objectin an image. Examplesof geometric
transformationsare affine and perspectivetransforms. Thesetypes of transformsare
commonlyusedin image registrationand rectification. For exampleobjectsin magnetic
resonancamagery (MRI) are displacedbecauseof the warping effects of the field and
raster-scannesgatelliteimagesof the earthexhibit the phenomenonhat adjacenscanlines
are offset slightly with respectto one anotherbecausehe earthrotatesas successiveines
of an image are recorded.

Functiondbetweerspatialdomaingprovidethe underlyingfoundationfor realizing
naturally induced operationsfor spatial manipulationof image data. In particular, if
f:Y — X anda € FX, thenwe défine the inducedimagea o f € FY by

aof={(y,a(f(y)) : yeY}. (11.1.1)

Thus,the operationdefinedby Eq. 11.1.1transformsan F—valuedimagedefinedover the
spaceX into an F—valuedimagedefinedoverthe spaceY. Figure11.1.1providesa visual
interpretationof this compositionoperation.

f
X = Y

aof

Figure 11.1.1. The spatialtransforma o f.

11.2. Image Reflection and Magnification

The basic transformationsof the plane give rise to the basic geometricimage
transformations.Basic planartransformationsare translations rotations, reflections,con-
tractions,and expansions.In the image domain, thesecorrespondo shifting an image,
rotating an image, reflecting an imageacrossa straightline, and shrinking or magnifying
animage. In this sectionwe restrictour attentionto the basicoperationsof imagereflec-
tion and magnification. Theseoperationsare particularly easyif integral grid points map
to integralgrid pointsandlines of reflectionsare vertical or horizontal;i.e., of formy = k
or z = k, wherek is an integer. In caseof magnification,we haveX C Y C 72, and
f:Y — X. Thus,if X andY arerectangulaarrays thenf is amany-to-onenap, meaning
thatin this particularcase ,magnificationis achievedvia replicationof pixel values.
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Image Algebra Formulation

We first considerthe caseof reflectingan imagea € R¥ acrossa vertical line.
SupposeX C Z? is arectangulam x n array,1 < k < 7, and f : X — X is definedas

[ (zy) if k<
f(“”’y)“{(%—x,y) if 2 <k

The image b given by
b .= aof

representshe one-sidedeflectionof a acrosstheline z = k. Figure11.2.1lillustratessuch
areflectionon a 512 x 512 imageacrossthe line £ = 180.

Figure 11.2.1. One-sidedreflection acrossa line.

The imagealgebraformulation for magnifyinganimageby a factor of k, where
k is a positive integer,by using simple replicationof pixel valuesis also straightforward.
For a given pair of real numbersy = (y1,2), let [y] = ([v1], [y2]). Supposea € R¥
denoteghe sourceimageandX is arectangularn x » array. Let Y beakm x kn arrayand
definef : Y — X by f(y) = [+¥]; i-e., f(v1,y2) = (z1,z2), wherez; = [+y;]. Then

b ;= aof

representshe magnificationof a by a factor of k. Figure11.2.2representsan exampleof
a maghnificationby a factor of k¥ = 2. Here eachpixel wasreplicatedfour times,two times
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in the x direction and two timesin they direction.

Figure 11.2.2. Magnification by replication.

Comments and Observations

As pointedout in the discussiorabove,imagereflectionandimagemagnification
are easyas long as grid points are mappedto grid points. This is generally not the
caseasa simple reflectionacrossa non-verticalor non-horizontaline illustrates. In such
casednterpolationtechniquesare the usualtool for realizing geometrictransforms.These
techniguesare discussedn subsequensections.The inducedimagea o f givenin either
one of the abovetwo examplescould just as easily be obtainedby use of an image-
templateoperation.However,in variouscaseghe statemenb := ao f providesfor a more
translucenexpressiorand computationallymore efficient methodthan an image-template
convolution.

11.3. Nearest Neighbor Image Rotation

In this sectionwe presenta methodfor rotatinganimageaboutan arbitraryangle
@. The problemof rotating an image through an arbitrary degreeis that, generally,grid
points do not end up on grid points. Similar problemsarisein a variety of geometric
transformations.Note that in both imagereflectionand image magnificationas described
in the previoussection,the function f canbe viewed asa function on Z? into Z?; thatis,
as a function preservingintegral coordinates. In the strictestsense however,there exist
only a few geometrictransformationsf Z?, namelytranslationsyeflections,and rotations
through anglesthat are integral multiples of 90°. Practicalapplications,however,force
us to considermore generalgeometrictransformationghan thesebasic grid transforms.
The generaldefinition for geometricoperationsin the planeR? is in termsof a function
f : R? — R? with

flz,y) = (filz,y), f2(z,y)), (11.3.1)

resultingin the expression

b(z,y) = a(z',y') = a(fi(e, ), fo(z,y)), (11.3.2)
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wherea denotesthe input image,b the outputimage,z’ = fi(z,y), andy’ = fa(z,y). In
digital imageprocessingthe greylevel valuesof theinputimagearedefinedonly atintegral
valuesof =’ andy’. However,restrictingf to somerectangularsubsetY of Z? C R?, it is
obviousthat for most functionsf, range(f) ¢ Z?. This situationis illustratedin Figure
11.3.1,wherean outputlocation is mappedto a position betweenfour input pixels. For
example,if f denotesthe rotation aboutthe origin, then the coordinates

' = fi(z,y) = zcosh — ysinf and y' = fo(z,y) = zsind + ycosl (11.3.3)

do not, in general,correspondto integral coordinatesbut will lie betweenan adjacent
integer pair. Thus, the formulation given by Equation11.1.1 can usually not be used
directly in digital image processing. Image rotation can be approximatedby using the
neaestneighbor or zeo-order interpolation

/f\\mo/ ,
xy)

Tx.y)

Figure 11.3.1. Mapping of integral to non-integralcoordinates.

Image Algebra Formulation

Redefinghefunctionf definedby Equation11.3.1asf(a:, y) = [f(z,y)]. Thatis,

Fley) =1 & flz,y)=("y),

where[r] denotesthe roundingof r to the nearesinteger. Thenthe image

~

b .= aof

is obtainedfrom a by useof nearesteighborinterpolation.

Comments and Observations

In nearesneighborinterpolation,the gray level of the outputpixel is takento be
that of the input pixel nearestto the positionto which it maps. This is computationally
efficient and,in manycasesproducesacceptableesults. On the negativeside, this simple
interpolationschemecanintroduceartifactsin imagesvhosegray levelschangesignificantly
over one unit of pixel spacing. Figure 11.3.2 showsan exampleof rotating an image
using nearestneighborinterpolation. The results show a sawtootheffect at the edges.
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Additionally, dueto roundingto the nearesneighbor,missingpixel valuesmay alsooccur
in the rotatedimage.

Figure 11.3.2. Rotationusing nearesteighborinterpolation.

Theimageshownin Figure11.3.2is a very low resolutionimage. In larger high
resolutionimagesthe sawtootheffect is not nearly as noticeable.

11.4. Image Rotation using Bilinear Interpolation

As mentionedin the previoussection,rotating an image causeutput pixels to
be mappedto non-integralcoordinatepositionsof the input imagearray. The new pixel
locationsare generallysomewherdetweernfour neighboringpixels of the input array. The
simple nearestneighborcomputationwill, therefore,produceundesirableartifacts. Thus,
higherorderinterpolationschemesre often necessaryo determinethe pixel valuesof the
outputimage. The methodof choiceis first-order or bilinear interpolation. First-order
interpolationproducesmoredesirableresultswith only a modestincreasean computational
complexity. Imagerotationusingbilinearinterpolationrequiresthe inputimagea € RX to

be extendedo animagea’ (IR)R2 andthenresamplecn an appropriateoutputarray'yY.

Image Algebra Formulation

Supposea € RX, whereX is anm x n array. Defineanm x n rectangle

and extenda to a function a’ € (R)R2 as follows:
First set both a(z,,z,) = 0 and a’(z;,z,) = 0 whenever(z,,z,) € R*\X’. For
(2, 2) € X/, set

a'(z], ) = a(x1, z2) + [a(z1 + 1, 22) — a(zy, z2)](2] — 1)
+ [a(zy, 22 + 1) — a(@y, 22)](2h — x2)
+la(zi + Lz + 1) +a(er, z2) —a(zr, 22+ 1) — a(zr + 1 z2)](2) — 21)(z5 — 22),
(11.4.1)
wherez; = |z!]. Notethatz; < 2! < z; + 1, anda’(z},z}) = a(z,,z;) whenever
z1 =z} andz, = z5. Thus,a’ is a continuousextensionof a to R? with the four corner
valuesof a’ on X agreeingwith thoseof a as shownin Fiigure 11.4.1.
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alxyxs)

y a(Xq+1,X,+1)

a(xq,X,) ./

a(xy,X,+1)

Figure 11.4.1. The bilinear interpolationof a.
Now supposef : R? — R2?, where

flz,y) = (filz,y), fo(z,y)), (11.4.2)

denotesthe rotation
fi(z,y) = xcosl — ysind and fo(z,y) = zsinl + ycosl. (112.4.3)

If Y denotesthe desiredoutputarray,thenIetf = fly : Y — R? andset

b:=aof (11.4.4)

in orderto obtainthe desiredspatialtransformatiorof a. In particular,the valuesof «; for

i = 1,2 in Equation11.4.1are now replacedby the coordinatefunctions f;(y1, y2) of f.

Figure 11.4.2illustratesa rotation using first orderinterpolation. Note thatin comparison
to the rotation using zero-orderinterpolation (Figure 11.3.2), the boundaryof the small

interior rectanglehasa smootherappearancethe sawtootheffect is visibly reduced. The

outer boundaryof the rotatedimageretainsthe sawtoothappearancsinceno interpolation
occurson points (2, z) € R\ X'.

Figure 11.4.2. Rotationusing first-orderinterpolation.
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Alternate Image Algebra Formulation

The computationatomplexity of the bilinear interpolation(Equation11.4.1)can
be improved if we first interpolatealong one direction twice and then along the other
directiononce. Specifically,Equation11.4.1 can be decomposedas follows. For a given
point (z},z,) € X’ compute

al (2], z2) = a(zy, z2) + [a(z) + 1,22) — a(zy, z2)](2] — 21)
alongthe line segmentwith endpoints(z,, z,) and(z; + 1, z2), and
ay(z),zo+ 1) =a(zy, 22+ 1) +[a(z; + 1,20+ 1) — a(zy, 22 + )] (2] — 21)
alongthe line segmentwith endpoints(x;, z2 + 1) and(z; + 1, z2 + 1). Thenset
a'(x], z5) = &) (), 22) + [ay(z), 22 + 1) — & (2], z2)](2y — z2).
Thisreduceghefour multiplicationsandeightadditionsor subtractionsnherentin Equation

11.4.1to only three multiplications and six additions/subtractions.

Although Equation11.4.4represents functional specificationof a spatialimage
transformationjt is somewhatdeceiving;the imagea’ in the equationwas derived using
typical algorithmic notation (Equation11.4.1). To obtaina functional specificationfor the
interpolatedimagea’ we canspecifyits valuesusingthreespatialtransformationsfy, fi,
and f», mappingX’ — X, definedby

folzy,25) = ([21], [25])

oy LU L) it () <m
ICIEL) { (=4 ], |z5]) otherwise
and
vy L ) + 1) i [2h] <n
Foxy,25) = { (Lx’i], Lm’zj) othel?wise ’

andtwo real-valuedimagesfunctionsw;, ws € RX' definedby
wi (2], 25) = @) — 2]

and
wa (2, 25) = @) — [2h].

We now define

a'=ao fy+(aofi —ao fo) -wi+ (aofy—aofy) w
+(aofiofataofy—aofi—aofy) wi- ws.

A nice featureof this specificationis that the interpolatedimagea’ is only definedover
the region of interestX’ and not over all of R2.
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Comments and Observations

Sincef : Y — R?, it is very likely that f(Y) ¢ X’. This meansthatthe output
imageb = a’ of may containmany zerovalues,and— if Y is not properlychosen— not
all valuesof a will be utilized in the computationof b. The latter phenomenoris called
lossof informationdueto clipping. A simplerotationof animageaboutits centerprovides
anexampleof both,theintroductionof zerovaluesandlossof informationdueto clipping,
if we chooseY = X. Figure 11.4.3illustratesthis case. Here the left image represents
the input image a and the right imagethe outputimageb = a’ o f. Note that the value
b(y1,y2) is zerosincef(yl, y2) = (27, z%) ¢ X'. Also, the cornerareasof a afterrotation
havebeenclippedsincetheydo not fit into Y. Of course for rotationsthe problemclipping
is easily resolvedby choosingY suficiently large.

.

Figure 11.4.3. Rotationwithin the samearray. The left image
is the input image and the right imageis the outputimage.

The definition of the interpolatedextensiona’ requiresimagesto be specifiedas
computationalobjectsratherthan enumeratedbjects(such as the input imagea). Once
the spatialtransform f = (fi, f2) hasbeenchosen,the dummy variablesz; and z} are
replacedby | f;(y;)] and f;(y;), respectively.Eachpixel valueof b = a’ o f canthenbe
determinedpixel by pixel, line by line, or in parallel.

The spatial transformationof a digital image as exhibited by Equation11.4.4
representsa generalscheme. It is not restrictedto bilinear interpolation; any extension
a’ of a to a point setX’ containingthe rangeof f may be substituted. This is desirable
eventhoughbilinear interpolationand nearesneighborapproximationarethe mostwidely
usedinterpolationtechniques. Similar to zero-order first-orderinterpolationhasits own
drawbacks.The surfacegiven by the graphof a’ is not smooth;when adjacentfour pixel
neighborhoodsireinterpolatedthe resultingsurfaceanatchin amplitudeat the boundaries
butdonotmatchin slope. Thederivativeshave,in generaldiscontinuitiesattheboundaries.
In many applicationsthesediscontinuitiesproduceundesirablesffects. In thesecasesthe
extraadditionalcomputationakostof higherorderinterpolationschemesnay be justified.
Examplesof higherorderinterpolationfunctionsare cubic splines,Legendreinterpolation,
and %szn:v Higher order interpolation is usually implementedby an image-template
operation.

11.5. Application of Image Rotation to the Computation
of Directional Edge Templates

In a continuousimage, a sharpintensity transition betweenneighboringpixels
as shownin Figure 11.5.1(a)would be consideredto be an edge. Such steepchanges
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in intensities can be detectedby analyzingthe derivatives of the signal function. In

sampledwaveformssuchas shownin Figure 11.5.1(b),approximationgo the derivative,
such as finite differencemethods,are usedto detectthe existenceof edges. However,
dueto sampling,high frequencycomponentsareintroduced,and every pair of pixels with

differentintensitiescould be consideredan edge. For this reason,smoothingbefore edge
enhancementollowed by thresholdingafter enhancemenare an important part of many
edge detectionschemes.

a(x) a(x)
A A

Xo Xo
(a) (b)
Figure11.5.1. (a) Continuousmagewith edgephenomenon(b) Sampledmagefunction.

The gradientof an image a is definedin terms of direction oriented spatial
derivativesas

da(zy,z2)
va(x) = da(x) _ (a Brr > .
9% a(z,,r2)
o
Onediscreteapproximationof the gradientis givenin termsof the centereddifferences

a(xy + Axy, x2) —a(ey — Ay, x2)

d(e1) = 2(Ar)

and
a(ry, 22+ Axz) — a(wy, 22 — Axy)

2(&1’2)

The centereddifferencesd(z;) andd(z,) canbe implementedusing the templatesshow
in Figure 11.5.2.

d(zs) =

-1

Figure 11.5.2. The centereddifferencetemplatest ands.

The pixel valuesat locationx = (z1,z2) of a@t anda @s are the centered
differencesd(x1) andd(xz2), respectively. This conceptforms the basisfor extensiongo
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varioustemplateusedfor edgedetection.Variantsof the centeredlifferencetemplatesare
the 3 x 3 templatesshownin Figure 11.5.3which form smoothenedr averagedcentral

-1 1 1 1 1
ty=1] -1 1 Sy =
-1 1 1) -1 -1

Figure 11.5.3. The averagedcentereddifferenceoperators.

differenceoperators.

The templatest and s are orthogonal; one is sensitiveto vertical edgesand
the otherto horizontal edges. We may view t and s as correspondingo evaluatingthe
averagedierivativesin the 0° and9(° direction,respectively.Evaluationof the derivative
in directionsotherthanQ°® or 90° becomesecessaryf oneis interestedn detectingedges
that are neitherhorizontal or vertical. One simple way of obtaininga templatethat can
be usedfor evaluatingthe averagedcentraldifferencein a desireddirection is to simply
rotate the image t(o o) throughthe angle ¢ and use the resulting image valuesfor the
weightsof the new template.For example applyinga rotationf asdefinedin Section11.4
to the image £y oy with 6= 90° resultsin the imaget, oy o f which is identical to the
images o o). Sincesis translationinvariant,the imaget, o) o f completelydeterminess.
However for angles? otherthan90° theresultingimaget, ¢)o f maynot be a satisfactory
approximationof the averagedcentral differencein that direction; for = 30° the image
t(0,0y0f is basicallythe sameast; ). Thereasorfor thisis the smallsizeof the supportof
t(0,0) andassociatednterpolationerrors. In orderto obtaina moreaccurateepresentation,
oneschemes to enlage the imaget o) to the imageshownin Figure 11.5.4androtate

Figure 11.5.4. The enlaged templatet.

this enlaged imageusingbilinear interpolation. For = 3(f the resultingimaget ;o) o f
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is of the form shownin Figure 11.5.5.

-0.73/0.13 | 1 1 1

-1 |-0.37] 05 | 1 1

-1 |-087 0 087 | 1

-1 -1 |-05 (037 1

-1 -1 -1 ]-0.13|0.73

Figure 11.5.5. The enlagedtemplatet rotatedthroughangled = 30°.

The final 3 x 3 templater is obtainedby restricting its supportto a 3 x 3
neighborhoof the centerpixel locationy (Figure 11.5.6).

-0.371 05 | 1

ry=|-087 0 |0.87

-1 1-05]0.37

Figure 11.5.6. The final 30° centereddifferenceoperator.

While t will resultin maximal enhancementf vertical or 9¢° edges,r will be
more sensitiveto 120° edges. Likewise, rotation through an angle of 60° resultsin a
templatewhich is sensitiveto 150 edges(Figure 11.5.7).

037,087 | 1

Sy=|-05( 0 |05

-1 |-0.87| -0.37

Figure 11.5.7. The averaged0° centereddifferenceoperator.

Image Algebra Formulation
LetX = {-2,---,2} x {-2,---,2}. Defineanideal stepimagea € R* by
1 ifxs <0
a(xy,x2) =141 1fxo >0
0 otherwise.

Createthe continuousextensionof a, namely a’, as describedin Section11.4. Also
define fi(x1,%x2) = xjcosl — xasind, fa(x1,X2) = x1sinf + xacos6, f(x1,x2) =
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(fi(x1,%x2), fa(x1,%X2)). LetY = {—1,0,1} x {~1,0,1} andf = fly : Y — R>. The
translationinvarianttemplatet, for calculatingthe derivativeof animagein direction?, is
definedby specifyingits imageat the origin, (o o) = a’of.

11.6. General Affine Transforms

The general formulation of spatial transformationgiven by Equation 11.3.1
includesthe classof affine transformations A transformationf : R? — R? of the form

Flyr, y2) = (ayr + by + v1, cyy + dyz + v2),

wherea, b, d, v;, andv, areconstantsjs called a (2—dimensionalgffine transformation
An equivalentdefinition of an affine transformationis given by

fy)=y-A+v, (11.6.1)

where
a C

Yy = (yl)yz)’ A= (b d)a and v = (UI;UZ)'

1
If A= 8 8 , v=0,anda > 1, then f represents magnificationby a factor . On

the otherhana,if 0 < a < 1, then f represents contraction(shrinking) by the factor «.
The matrix A can alwaysbe written in the form

a ¢\ [ ricosfy rysint
b d)  \—rgsinfy rycosly )’

where(ry, 6,) and (7“2, 02 + g) correspondo the points (a,c) and(b,d) expressedh polar
form. In particular,if r1 = ry, ; = 0, andv = 0, thenEquation11.6.1correspondgo
a rotation aboutthe origin. If A is the identity matrix andv # 0, then Equation11.6.1
representsa translation.

In additionto simple imagerotation, translation,magnificationand contraction,
affine transformationsare usedin such varied tasksas image compressionyegistration,
analysis,andimagegenerationl, 2, 3, 4]. Variouscombinationsof affine transformations
can be usedto producehighly complexpatternsfrom simple patterns.In this sectionwe
provide examplesof image constructionusing simple combinationsof someof the affine
transformsdiscussedabove.

Image Algebra Formulation

1

Let fi(y) =y - A, whereA = (g 8) anda = 2. Theimageao f; represents

a contraction(shrinking) of the input imagea by the factor of % Figure11.6.1illustrates
the contraction. Here the input imagea, shownon the left, containsa trapezoidof base
length| and angleof inclination #. The outputimagea o f; is shownon the right of the

figure, with pixels having zero valuesdisplayedin black.
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Figure 11.6.1. Image contractionusing an affine map.

Suppose

f2(y)=y-<(1) ?) + [(a 1)%,(@—1)%tan9 .

Then f, representsa shift in the directionf. Composingao f; with f> resultsin theimage
(ao f1) o f» shownon the left of Figure 11.6.2.

The compositionof two affine transformationss againan affine transformation.
In particular, by setting f = f, o fa, it is obviousthat (ao f;) o fo could have been
obtainedfrom a single affine transformationnamely

(acfi)ofo=ao(fiofo)=aof.
Now iterating the processusing the algorithm
b:=b+bof

with initial imageb = a, resultsin the railroad to infinity shownon the right of Figure
11.6.2.

Figure 11.6.2. A railroad to infinity.

Another exampleof iterating affine transformationsn orderto creategeometric
patternsrom simplebuilding blocksis the constructionof a brick wall from a singlebrick.
In this example,let w and| denotethe width and length of the brick shown on the left
of Figure 11.6.3. Supposdurther that we want the cementlayer betweenan adjacentpair
of bricks to be of thicknesst. A simple way of building the wall is to usetwo affine
transformationg andg, wheref is a horizontalshift by anamount/ + ¢, andg is composed
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of a horizontalshift in the oppositedirection of f by the amount(/ 4+ ¢)/2 anda vertical
shift by the amountw + ¢. Speciically, if

flyi,y2) = (1 — (L+1), y2)
and
gy, y2) = + (U +1)/2, yo — (w + 1)),
then iterating the algorithm
a:=aV(aof)V(aog)

will generatea brick wall whosesizewill dependon the numberof iterations. The image
on the right of Figure 11.6.3was obtainedby using the iteration

repeat
c:=a
a:=aV(aof)V(aoy)

until ¢ =a

Figure 11.6.3. Generationof a brick wall from a single brick.

11.7. Fractal Constructs

Although the namefractal was coinedby B.B. Mandelbrot[5, 6], fractal objects
were well known to mathematiciangor at leasta century and played an importantrole
in suchareasastopology, function theory,and dimensiontheory[7, 8]. Sincetheseearly
worksin fractalresearchfractalshavefoundwide-useapplicationsn imageanalysisjmage
compressionjmagerendering,and computergraphics[9, 2, 1, 10].

A fractal object displaysself-similarities,in a somewhatechnicalsenseon all
scales. The object neednot exhibit exactly the samestructureat all scales,but the same
typeof structuremustappearat all scales.Prototypicalexamplesarethe Sirpinskicurve or
Sirpinski triangle, and the von Koch snowflake The Sirpinski curve is formed by starting
with a triangle and connectingthe midpoints of the three edges,thus dividing the given
triangleinto four triangles. Removingthe interior triangle (the one sharingno vertexwith
the original triangle) leavesthreetriangles,eachsharinga vertexwith the original triangle
as shownin Figure 11.7.3. The processis then repeatedon eachof the trianglesand
continuesad infinitum.

The constructionof the von Koch snowflakestartswith an equilateraltriangle.
Each edge of the triangle is divided into three segmentsof equal length. Three new
equilateraltrianglesare formed, one on eachmiddle segmentyresultingin a Starof David
(Figure 11.7.5). The processs repeatedon eachof the six smallertrianglesdetermining
the boundaryof the Star of David. Again, the iteration continuesad infinitum.
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Image Algebra Formulation

In orderto generatehe Sirpinskicurveimage,let X = Z;} + 7}, wheren = 2,
andlet a € ZX be the input image containingthe triangle definedby
_ [l if 2z>yand 2(n —z) >y
a(2,y) {0 otherwise.
Definean affine contractionmap f : R? — R? by f(z,y) = (2, 2y). The Sirpinski curve
constructionis now given by the following algorithm:

for i :=1to k loop

b:=aof
c:=b+(n/2,0)
d:=b+ (n/2,n/2)
a:=bvcvd

end loop

The input imagea is shownon the left in Figure 11.7.1, while the contraction
ao f is shownon theright of Figure11.7.1.In Figure11.7.2,thetranslatedmagesc andd
areshownontheleft andright, respectively.Figure11.7.3showstheimagea := bvcvd
after the first and seconditeration while Figure 11.7.4showsthe fifth andkth iteration.

Figure11.7.1. Input imagea (left) andthe contractiona o f (right).

Figure 11.7.2. The translationsc and d of the contractiona o f.
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Figure 11.7.3. Outputa = b Vv ¢ v d after the first
iteration (left) and after the seconditeration (right).

Figure11.7.4. The Sirpinskicurveafterthefifth iteration(left) andthefinal iteration(right).

In order to constructthe von Koch snowflake,let X = 7% + Zf , where
n = 3%~ Definethe imagea € Z¥ containinga solid equilateraltriangle by
1 ify>n
a(zy) = and y<+3Bzx+n
and y< Bz + (‘3\/3-1— 1)n
0 otherwise
Let f andr denotethe following contractionand reflectionmappings:
flz,y) = (3z,3y — 2n)
r(z,y) = (az, (\/§-|- 2)n - y)

The following algorithm constructsthe Snowflake:

for: :=1to k loop
b:=aof
c.=b+ (n,ﬁn)
d::b+(2n,0)
e:=aVbvevd
a:=eor

end loop
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Figures11.7.5and11.7.6showtheimagea = e o r at variousstagesn the loop.
The image on the left of Figure 11.7.5showsthe outputimagea after the first iteration
while the imageon the right showsthe imageafter the seconditeration. The third andkth
iteration are illustratedin Figure 11.7.6.

Figure11.7.5. Thefirstandsecondterationsin the constructiorof thevon Koch snowflake.

Figure11.7.6. Thethird andfinal iterationsin the constructionof the von Koch snowflake.

Alternate Image Algebra Formulation

Thereare various alternateimage algebraformulationsfor constructingthe Sir-
pinski curve or the von Koch snowflake.Differentinput imagescanalsobe usedin order
to obtain essentiallythe samefractal construct. Here we provide but one example. An
alternateway of constructingthe Sirpinskicurveon X = Z} + Z} is to startwith the unit
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imagea = 1 on X andimplementthe following algorithm:

for: := 1tok loop

b:=aof

c:=b+(0,n/2)

d:=b+(n/2,0)

a:=bvevd
end loop

In this algorithm, the affine transformis againgiven by f(z,y) = (2z, 2y), and
n = 2F. The differencebetweenthe first versionandthe alternateformulationis that the
input image in the alternateversionis just a simple squareand the two translationsare
simple horizontaland vertical shifts. Figure 11.7.7 showsthe outputimage after the first
and seconditeration, while Figure 11.7.8illustratesthe fourth and kth iteration.

Figure 11.7.7. The output after the first and second
iterationsof the alternateSirpinski curve construction.

Figure 11.7.8. The output after the fourth and final
iterationsof the alternateSirpinski curve construction.
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Comments and Observations

Sincedigital imagesarefinite (thereare only m - n pixelsin anm x n image)
and a fractal object is obtainedby an infinite iteration process,true fractals cannotbe
generatedn digital image processing. Hencefractal objectsin digital imagesare only
first approximationsof real fractal objects. This observationis sometimeslost in the
engineeringliterature.

Anotherimportantconsideratiorin digital fractal constructiolmoncernsthe appli-

0
ingto f(z,y) = (2z,2y), a = % < 1. It follows from the definition givenain Section11.6
that f is a contraction.This may seema little odd as f actuallyenlargesor dilatesobjects
in the planeby a factor of two. However,althoughf : Y — X enlagesspatialobjectsin
Y to twice their sizein X, theinputimagea is animageon X while ao f is animageon
Y. Therefore,an objectin imagea will appeartwo timessmallerin the imagea o f.

Although the affine map f(z, y) = (2, 2y) is a function from R? to R?, in the
underlyingimplementationof the algorithmsspecifiedin this aswell asprevioussections,
the function is simply viewed as a map from the sub-arrayY = Z:{/z + Z:/Q of X into
X. Thus,strictly speakingthe resultingimagea o f is animageonthearrayY. In our
specification,we assumethat a o f hasbeenextendedto the array X by assignmenbf
zero valuesto the pixels in X\Y.

Notethatthetrianglein theinputimageof the Sirpinskicurvealgorithmhasbase
andheightequalto n = 2¥, with the baseequalto the bottom boundaryof the image. In
the von Koch snowflakeconstructionthe startingtriangle hadto be movedup in the input
imagewith its basesitting on the line y = n in orderto avoid clipping of objectswhen
applyingthe reflectiona = e o ». Theline of reflectionis parallelto the baseof the input
triangleata distancecorrespondingo 1 theheightof theinputtrianglefrom thebase.Also,
the imagesare displayedin the standard(x, y)-coordinatesystem,with the origin in the
bottomleft-handcornerinsteadthe usualupperright-handcornerasis commonfor digital
images. In otherwords, the display imagesare upsidedown. This wasdonein orderto
orderto avoid confusionanddisplaythe fractal objectsasthey usuallyappeaiin textbooks.

cationof geometriccontractions.In the transformatiormatrix A = (a 1 ) correspond-

11.8. Iterated Function Systems

The renderingof imagesin the precedingtwo sectionswas accomplishedby
iterationof a given setof affine transforms.The notion of iterative function systemgIFS)
was first formalizedby M. Barnsleyand hasbeenusedin a variety of applicationssuch
as image rendering, analysis,and compressior[9, 2, 1, 10]. An IFS on R? is a finite
setof affine mappings{fi, f2, ... , fa} with each f; beinga contractionmapping. A
contractionmappingf : R?> — R? hasthe propertythat

d(f(X), f(Y)) <s- d(X, y)

for some constants with 0 < s < 1 andVx,y € R?. This property meansthat
contractionmappingsof compactsets must possesdixed points. For iterative function

systemsthesefixed pointsresultin the attractors of the systems.More precisely,suppose
f : X — X is a contraction,where X is somecompactsubsetof R?. For B C X,

definef(B) = {f(x) : x € B}. If {f1, f2, ..., fa} is anIFS on X, thenthe function

F . 2% — 2% definedby
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is a contractionmapping. It can be shownthat thereis a uniqueset A € 2% suchthat
A = lim;_. .. F*(B) for any compactsetB € 2X. Here F'* denoteshe kth iterateof 7.
The set A is calledthe attractor of the IFS {fi, f2, ... , fn}. Thevon Koch snowflake
andthe Sirpinski curve constructedn the previoussectionare examplef attractorsof the
respectiveiterative function systemsusedin their construction.

The algorithmsfor constructingthe von Koch snowflakeandthe Sirpinski curve
in the precedingsectionare deterministicalgorithms. Far more interestingand complex
imagescan be constructedby using randomiterationsof iterative function systems. In
particular,givenan IFS {fi, f2, ... , f»} on X, one canassigna probability p; to each

n

fi with >~ p; = 1. Choosinganinitial pointx, € X andthenchoosingrecursively
i=1

xp € {fi(xk_1), fo(Xk—1), -+, Fa(Xe_1)},

where the probability of the event x, = fi(x;_1) IS p;, one obtains a sequence
{xr : k=0,1,2 ...} C X that convegesto the attractorof {fi, f2, ... , fn}. We
illustrate the useof randomiteration and attractorsby providing an imagealgebraformu-
lation for renderingthe image of a fern.

Image Algebra Formulation

Let
fi(z,y) = (0, 0.16y)
fao(z,y) = (0.85z + 0.0dy, —0.4z + 0.85y + 1.6)
fa3(z,y) = (0.2 — 0.26y, 0.23z 4+ 0.22y + 1.6)
fa(z,y) = (—0.152 4+ 0.28y, 0.26z 4 0.24y + 0.44)

andX = 7, x Z,.

a:=0¢c7¥
(2,9):=(0,0)
for in 1..m loop
k = choice(Z}y)
= 1ifk=1
= 21if2< k<86
3if87 <k <93
i = 4 if 94 < k <100
(z,y) = fi(z, y)
a([75z + 150,48y]) =1
end loop

i

print a

Applying this algorithmto a 500 x 500 array producesthe attractorset shownin Figure
11.8.1.
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Figure 11.8.1. Fernimage after one, two, three,and nine iterations.

Comments and Observations

Observethat the probabilitiesfor the eventxy, = fi(x,_1),i =1, ..., 4, in the
abovealgorithm are given by p; = 0.01, p» = 0.85, p3 = 0.07, andps = 0.07. These
probabilitiesare generallyobtainedby computing

_ |det Ai]  aid; — bici
S |det Al Y |aid; — bici]
i=1

i=1

whereA; denoteghetransformatiommatrix correspondingo f; and~ meansapproximately
equal. If det A; = 0, thenp; shouldbe assigneda small positive number.

11.9. Exercises

1. Constructa syntheticbinaryimagea containinga disk D of somelarge radiusr.

a. Implementa shrinking algorithmthat shrinks D to a disk of radiusr — 1.
b. Apply your algorithm successivelyuntil D consistsof a single pixel. During
successivapplications,doesD retainits circular structure?
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a. Implementthe nearesteighborimagerotation algorithm.

b. Usinga gray valueimagecontaininga sceneasinitial input, successivelyotate
the imagethroughan angleof 30° using an input the image obtainedfrom the
previousrotation. Computethe outputafter twelve successiveotationswith the
original input image.

3. RepeatExercise2 using bilinear interpolation.

4. Specify an algorithmin image algebrathat transformsan m x n rectangularimage
into a trapezoidalimage with basen and height m

5. Specifyan algorithm in imagealgebrathat transformsa horizontal line into a semi-
circle. Implementyour algorithm.

6. In Section11.6 we presentedan algorithm that generateda rectangularbrick wall
from a single rectangulatbrick. Specifya similar algorithmthatwill generatea hexagonal
brick wall from a single hexagonabrick. Your algorithm shouldleavea cementcrack of
thicknesst betweenadjacentbricks. Implementyour algorithms.

7. LetX = Z} x Z}, wheren = 2¥ anda € Z¥ be definedby

_J1 ifz<y
a(@,y) = {U otherwise

Implementthe Sirpinski curve algorithm using the imagea asyour input.

8. Constructyour own fractal constructoy specifyingaffine transformsandanappropriate
input image. Specify your algorithmin image algebra.

9. Specify an alternative algorithm in image algebrathat will create the von Koch
snowflake.

10. Specify an iterative function systemfor constructingthe Sirpinski curve. Write an
imagealgebraalgorithmthatwill constructthe Sirpinski curve usingthe specifiediterative
function system.
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CHAPTER 12
NEURAL NETWORKS AND CELLULAR AUTOMATA

12.1. Intr oduction

Artificial neuralnetworks(ANNSs) and cellular automatahave beensuccessfully
employedto solvea variety of computervision problemg[1, 2]. Onegoal of this chapteris
to demonstratehat imagealgebraprovidesan ideal environmentfor preciselyexpressing
currentpopularneuralnetwork modelsand their computations.Artificial neuralnetworks
(ANNSs) aresystemsf denseanterconnectedimpleprocessinglements.Thereexistmany
differenttypesof ANNs designedo addressa wide rangeof problemsin the primary areas
of patternrecognition, signal processing,and robotics. The function of different types
of ANNSs is determinedprimarily by the processingelements’patternof connectivity,the
strengths(weights) of the connectinglinks, the processingelements’characteristicsand
training or learningrules. Theserules specify an initial setof weightsand indicate how
weightsshould be adaptedduring useto improve performance.

The theoryandrepresentatiomf the variousANNSs is motivatedby the function-
ality andrepresentationf biological neuralnetworks. For this reason processinglements
are usually referredto as neuronswhile interconnectionsre called axonsand/orsynaptic
connections Although representationand modelsmay differ, all havethe following basic
componentsn common:

(@) A finite setof neuronsa(1), a(2),...a(n) with eachneurona(z) havinga
specificneuralvalue at time ¢ which we will denoteby a; (7).

(b) A finite setof axonsor neuralconnectiond¥ = (w;; ), wherew;; denotes
the strengthof the connectionof neurona(é) with neurona(j).

n
(c) A propagationrule 7:(i) = > a:(j) - wij.

ji=1
(d) An activationfunction f which takesr as an input and producesthe next
stateof the neuron

ary1(i) = f(m(i) — 0),

where# is athresholdand f a hardlimiter, thresholdogic, or sigmoidalfunction
which introducesa nonlinearityinto the network.

It is worthwhile noting thatimagealgebrahassuggesteé moregeneralconceptof neural
computationthan that given by the classicaltheory[3, 4, 5, 6].

Cellular automataand artificial neuralnetworkssharea commonframeworkin
that the new or next stageof a neuronor cell dependson the statesof other neurons
or cells. However,there are major conceptualand physical differencesbetweenartificial
neural networksand cellular automata.Specifically,an n-dimensionatellular automaton
is a discreteset of cells (points, or sites)in R”. At any giventime a cell is in oneof a
finite numberof states. The arrangemenbf cells in the automatonform a regulararray,
e.g., a squareor hexagonalgrid.
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As in ANNSs, time is measuredn discretesteps. The next stateof a cell is
determinedby a spatially and temporally local rule. However, the new state of a cell
dependsonly on the currentand previous statesof its neighbors. Also, the new state
dependon the statesof its neighborsonly for a fixed numberof stepsbackin time. The
sameupdaterule is appliedto every cell of the automatonin synchrony.

Although the rules that governthe iteration locally amongcells is very simple,
the automatorasa whole candemonstrateery fascinatingandcomplexbehavior.Cellular
automataare being studiedas modeling tools in a wide rangeof scientific fields. As a
discreteanalogueto modelingwith partial differential equationscellular automatacan be
usedto representand study the behaviorof naturaldynamic systems. Cellular automata
are also usedas modelsof information processing.

In this chapterwe presentan exampleof a cellular automatonas well as an
applicationof solving a problemusing cellular automata.As it turns out, image algebra
is well suitedfor representingcellular automata. The statesof the automata(mappedto
integersjf necessaryganbe storedin animagevariablea € ZX aspixel values. Template-
imageoperationscanbe usedto capturethe stateconfigurationof a cell’s neighbors.The
synchronizationrequired for updatingcell statesis inherentin the parallelismof image
algebra.

12.2. Hopfield Neural Network

A pattern,in the contextof the N nodeHopfield neuralnetworkto be presented
here,is an N-dimensionalvectorp = (p1,ps,...,pn) from the spaceP = {—1, l}N.
A specialsubsetof P is the set of exemplarpatternskE = {ef : 1 <k < K}, where
ef = (ef, ek ... ek ). The Hopfield net associates vector from P with an exemplar
patternin E. In sodoing,thenetpartitionsP into classeavhosemembersarein someway
similar to the exemplarpatternthat representshe class. For imageprocessingpplications
the Hopfield net is bestsuitedfor binary imageclassification. Patternswere describedas
vectors buttheycanjust aseasilybe viewedasbinaryimagesandvice versa.A description
of the componentsn a Hopfield netand how they interactfollows nextandis basedon the
descriptiongiven by Lippmann[7]. An examplewill thenbe providedto illustrateimage
classificationusing a Hopfield net.

As mentionedn theintroduction,neuralnetworkshavefour commoncomponents.
The specificsfor the Hopfield net presentechere are outlined below.

1. Neurons

The Hopfield neural network has a finite set of neuronsa(i),1 < i < N,
which serveas processingunits. Each neuronhasa value (or state)at time ¢ denoted
by a;(Z). A neuronin the Hopfield net canbe in oneof two stateseither—1 or +1; i.e.,

2. Synaptic Connections

The permanentmemory of a neural net resideswithin the interconnectionde-
tweenits neurons.For eachpair of neuronsa(:) anda(j), thereis anumberw;; calledthe
strengthof the synapse(or connection)betweena(:) anda(j). The designspecfications
for this versionof the Hopfield netrequirethatw;; = w;; andw;; = 0 (seeFigure12.2.1).
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Figure12.2.1. Synapticconnectiongor nodesa(¢) anda(j) of theHopfield neuralnetwork.

3. Propagation Rule

The propagationrule (Figure 12.2.2) defineshow statesand synapticstrengths
combineasinput to a neuron. The propagatiorrule 7, (¢) for the Hopfield netis definedby

N
(i) = Y ay(f)wi;.
j:l
4. Activation Function

The activationfunction f determineghe next stateof the neurona.(¢) based
onthevaluer;(¢) calculatedoy the propagatiorrule andthe currentneuronvaluea; (i) (see
Figurel2.2.2). Theactivationfunctionfor the Hopfield netis the hardlimiter definedbelow.

a (i) if n(d) =0
arr1(f) = f(me(d), a(i)) =

o
Wy
a4,

1 if (i) > 0
1 ifr(i) <0

a,,() = f(t.(),4())

Figure12.2.2. Propagatiorrule and activationfunction for the Hopfield network.

The patternsusedfor this versionof the Hopfield net are N -dimensionalectors
from thespaceP = {1,1}". Lete* = (ef, ek, ... %) denotethe kth exemplamattern,
wherel < k£ < K. Thedimensionalityof the patternspacedetermineshe numberof nodes
in the net. In this casethe netwill have N nodesa(1),a(2),...,a(N). The Hopfield net
algorithm proceedsas outlined below.
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Step 1. Assignweightsto synapticconnections.

This is the stepin which the exemplarpatternsare imprinted onto the permanent
memoryof the net. Assignweightsw;; to the synapticconnectionsas follows:

K
wi; = kzz:lel ef ifi#j
0 if i = j.
Note that w;; = wj;, thereforeit is only necessaryo performthe computationabovefor
t < .
Step 2. Initialize the netwith the unknown pattern.
At this step the patternthat is to be classifiedis introducedto the net. If

p = (p1,p2, .. .,pn) is the unknown pattern, set

ao(i) = pi,1 <i < N.

Step 3. Iterateuntil convegence.

Calculatenext statevaluesfor the neuronsin the net using the propagatiorrule
and activation function, that is,

N

a1(i) = f Zat(j)wij;at(i)

j=1

Continuethis processuntil further iteration producesno state changeat any node. At
convegence,the N -dimensionalvector formed by the nodestatesis the exemplarpattern
that the net has associatedvith the input pattern.

Step 4. Continuethe classificationprocess.
To classify anotherpattern,repeatSteps2 and 3.

Example

As an example,considera communicationsystemdesignedto transmitthe six
12 x 10 binaryimagesl, 2, 3, 4, 9, andX (seeFigure12.2.3). Communicationghannelsre
subjectto noise,and so animagemay becomegarbledwhenit is transmitted.A Hopfield
net can be usedfor error correctionby matchingthe corruptedimage with the exemplar
patternthat it most resembles.

| £ 388X

Figure 12.2.3. Exemplarpatternsusedto initialize synapticconnectionsw;;.

A binary imageb € {0, I}X, whereX = 71, x Z1,, can be translatedinto a
patternp = (p1,p2, ..., P120), andvice versa,using the relations

{1 ifb(i,j)=0
ProG-1+i =31  if b(i,j) =1
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and

o O ooy = -1
b(i,j) = { L if progi-1)45 = 1.

The six exemplarimagesare translatedinto exemplarpatterns. A 120-nodeHopfield net
is then createdby assigningconnectionweightsusing theseexemplarpatternsas outlined
earlier.

The corrupted image is translated into its pattern representationp =
(p1,p2, ..., pn) andintroducedto the Hopfield net (aq(7) is setequalto p;, 1 <7 < N).
Theinputpatternevolvesthroughneuronstatechangesnto thepatternp = (p1, p2, . .., pn)
of the neuronstatesat convegence(p; = a.(¢)). If the net convegesto an exemplar
pattern,it is assumedhat the exemplarpatternrepresentghe true (uncorrupted)image
that was transmitted. Figure 12.2.4 pictorially summarizeghe use of a Hopfield net for
binary pattern classificationprocess.

Image Algebra Formulation

Letae {1, l}zN betheimageusedto represenheuronstates.Initialize a with
the unknownimage pattern. The weightsof the synapticconnectionsare representedy

the templatet € (RZN)ZN which is definedby

K
k k . . .
t:(j) = k§1ejei ifi#j
0 if i =3,

wheree! is the ith elementof the exemplarfor classk. Let f bethe hardlimiter function
definedearlier. Theimagealgebraformulationfor the Hopfield netalgorithmis asfollows:

b:=0
while a # b loop
b:=a
a:= f(a@®t,a)
end loop.

Asynchronousupdating of neural statesis requiredto guaranteeconvegence
of the net. The formulation above does not update neural statesasynchronously. The
implementatiorabovedoesallow more parallelismand henceincreasedrocessingspeed.
The convegencepropertiesusingthe parallelimplementatiomrmay be acceptableif so,the
parallelismcan be usedto speedup processing.

Alternate Image Algebra Formulation
If asynchronousehavioris desiredin orderto achieveconvegence,theneither

the templatet needsto be parameterizedo that at eachapplicationof a @t only one
randomly chosenneuronchangesstate, or the following modificationto the formulation
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Iterate the net until
convergence at time t = c.

The net is initialized
with the garbled output
from the communcations
channel. The image is
mapped onto the nodes
of the net at time t = 0.

== Ya) O

Time: O c

Initialization Convergence

Figure 12.2.4. Example of a Hopfield network.
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After convergence, the exemplar
pattern that the net has associated
with the unknown pattern is extracted
from the neuron state configuration
attimet=c.



Iteration: 0

"
&
[
.I
Ideal image
L] "
[ ]
(N

Each pixel of the
image is randomly
reversed with a
probability of .35 and
introduced to the
Hopfield net

||
9 9 9
Wl s

Figure 12.2.5. Modes of convegencefor the Hopfield net.
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above can be used.

b:=0
while a # b loop
Y := domain(a)
b:=a
while Y # & loop
i :=choice(Y)
a(i) := f(a®tl;, a(i))
Y =Y\ {/}
end loop
end loop.

Comments and Observations

The Hopfield net is guaranteedo convege provided neuronstatesare updated
asynchronouslyand the synaptic weights are assignedsymmetrically, i.e., w;; = wj;.
However, the network may not convepge to the correct exemplarpattern,and may not
evenconvege to an exemplarpattern. In Figure 12.2.5threecorruptedimageshavebeen
createdfrom the “1” imageby reversingits pixel valueswith a probability of 0.35. The
networkis the sameasin the earlierexample. Eachof the three corruptedimagesyields
a different mode of convegencewheninput into the network. The first convegesto the
correctexemplarthe secondto the incorrectexemplar,andthe third to no exemplar.

The two major limitations of the Hopfield net manifestthemselvesn its conver-
gencebehavior. First, the numberof patternsthat can be storedand accuratelyrecalledis
a function of the numberof nodesin the net. If too many exemplarpatternsare stored
(relative to the numberof nodes)the net may convege to an arbitrary patternwhich may
not be any one of the exemplarpatterns.Fortunately this rarely happensf the numberof
exemplarpatternsit small comparedto the numberof nodesin the net.

The secondlimitation is the difficulty that occurswhentwo exemplarpatterns
sharetoo many pixel valuesin common. The symptomshowsup whena corruptedpattern
convegesto an exemplarpattern,but to the wrong exemplarpattern. For example,the
Hopfield netof the communicatiorsystemtendsto associatehe“9” imagewith a corrupted
“4” image. If the applicationallows, the secondproblemcan be amelioratedby designing
exemplarpatternsthat sharefew commonpixel values.

12.3. Bidir ectional Associative Memory (BAM)

An associativememoryis a vector spacetransform7 : RY — RM which
may or may not be linear. The Hopfield net (Section12.2) is an associativememory
H : RM — RM. Ideally, the Hopfield net is designedso that it is equalto the identity
transformationwhen restrictedto its setof exemplarsE, thatis,

Hle =TE.
The Hopfield netrestrictedto its setof exemplarsanbe representedby the setof ordered

pairs
Hlg = { (", e") :e* € E}.

© 2001 by CRC PressLLC



A properlydesignedHopfield net shouldalsotakean input patternfrom RY thatis notan
exemplarpatternto the exemplarthat best matchesthe input pattern.

A bidirectionalassociativenemory(BAM) is a generalizatiorof the Hopfield net
[8, 9]. The domainandthe rangeof the BAM transformation3 neednot be of the same
dimension. A set of associations

A ={(a*,bF):a* e RM and b* e RV 1 < k < K}
is imprinted onto the memory of the BAM so that
Blar1<k<k} = A.

Thatis, B(a*) = b* for 1 < k < K. For aninput patterna thatis not an elementof
{a¥ : 1 <k < K} the BAM should convege to the associatiorpair (a*, b*) for the a*
that best matchesa.

The componentof the BAM andhow they interactwill be discussedext. The
bidirectional natureof the BAM will be seenfrom the descriptionof the algorithm and
the exampleprovided.

The threemajor componentf a BAM are given below.

1. Neurons

Unlike the Hopfield net, the domainandthe rangeof the BAM neednot havethe
samedimensionality. Therefore,it is necessaryo havetwo setsof neuronsS, andSy, to
serveas memorylocationsfor the input and outputof the BAM B : RM — RN:

Sa={a(m):1<m< M}
Sp,={b(n):1<n<N }.

The statevaluesof a(m) andb(n) at time ¢ are denoteda;(m) andb:(n), respectively.
To guaranteeconvegence,neuronstatevalueswill be eitherl or —1 for the BAM under
consideration.

2. Synaptic Connection Matrix
The associations(a®,b*),1 < k < K, wherea* = (af,af,... a};) and

b = (b, bk, ... bk ), arestoredin the permanenmemoryof the BAM usingan M x N
weight (or synapticconnection)matrix w. The mnth entry of w is given by

K

k bk

Wy = E ap, by
k=1

Note the similarity in the way weightsare assignedor the BAM andthe Hopfield net.
3. Activation Function

The activation function f usedfor the BAM under considerationis the hard
limiter defined by

y ifz=0
f(l‘,y)Z{l ifz>0
-1 ifz<0.
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The next stateof a neuronfrom Sy, is given by

bi(n) if a;w,, =0
biy1(n) = f(aiw.,, bi(n)) =< 1 if a;w., >0

-1 if a;w., <0,

wherea; = (a:(1),a:(2),...,a:(M)) andw., is the nth columnof w.
The next stateof a(m) € S, is given by

a;(m) if a;w’, =0
a;r1(m) = f(byw!,,, a;(m)) =< 1 if a,w’, >0
-1 if a;w!,, <0,

whereb; = (b:(1),b:(2),...,b:(N)) andw’,, is the mth columnof the transposeof w.
The algorithmfor the BAM is asoutlinedin the following four steps.

Step 1. Createthe weight matrix w.

The first stepin the BAM algorithmis to generatethe weight matrix w using
the formula

K

k gk

Wmn = E ap by,
k=1

wherea® = (af,df, ..., ak;) andb® = (b¥ b5, ... bk ) arefrom theassociatior(a®, b¥).

Step 2. Initialize neurons.

For the unknowninput patternp = (p1, po, . . ., par) initialize the neuronsof S,
as follows:

ap(m) = pm,l <m < M.
The neuronsin S}, shouldbe assignedraluesrandomlyfrom the set{—1, 1}, i.e.,
bo(n) = choice({—1,1}),1 < n < N.
Step 3. lIterateuntil convegence.
Calculatethe next statevaluesfor the neuronsin S;, usingthe formula
bi+1(n) = f(a;w.,, bi(n)), 1 <n < N,
then calculatethe next statevaluesfor the neuronsin S, using
a;11(m) = f(byw,,, a;),1 <m < M.

Thealternationbetweerthe setsSy, andS, usedfor updatingneuronvaluesis why this type
of associativenemoryneuralnetis referredto as“bidirectional.” The forwardfeed (update
of Sy,) followed by the feedback(updateof S,) improvesthe recall accuracyof the net.

Continue updating the neuronsin Sy, followed by thosein S, until further
iteration producesno state changefor any neuron. At time of convegencet = c, the
associatiorthatthe BAM hasrecalledis (a,b), wherea = (a.(1),a.(2),...,a.(M)) and
b = (b.(1),b(2),...,b(N)).
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Step 4. Continueclassification.
To classify anotherpatternrepeatSteps2 and 3.

Example

Figure 12.3.1showsthe evolution of neuronstatesin a BAM from initialization
to convegence. Three lowercase-uppercasesharacterimage associationga, A), (b, B),
and(c, C) wereusedto createthe weight matrix w. The lowercasecharacterare12 x 12
imagesand the uppercasecharactersare 16 x 16 images. The conversionfrom imageto
patternandvice versais doneasin the exampleof Section12.2. A corrupted‘a” is input
onto the S, neuronsof the net.

Image Algebra Formulation

Letae {—1,1}*™ andb € {1, 1}*" betheimagevariablesusedto represent
the statefor neuronsin the setsS, and Sy, respectively. Initialize a with the unknown
pattern. The neuronvaluesof Sy, areinitialized to either—1 or 1 randomly. The weight
matrix W is representedy the templatet € (IRZN)ZM given by

K
tm(n) = Z afnbfw
k=1

wherea?, is the mth componenbf a* andbf is the nth componenbf b* in the association
pair (a*, b*). The activation function is denotedf.

The image algebrapseudocoddor the BAM is given by

c:=0
while a # ¢ loop

c:=a
b:= f(adt,b)
a:= f(b®t', a)
end loop.

Comments and Observations

The BAM hasthe samelimitations that the Hopfield net does. First, the number
of associationshatcanbe programmednto the memoryandeffectively recalledis limited.
Second,the BAM may have a tendencyto convege to the wrong associationpair if
component®f two associatiorpairshavetoo manypixel valuesin common. Figure12.3.2
illustratesconvegencebehaviorfor the BAM.

The complementd® of a patternd is definedby

con 1 ifd()y=-1
470 = {—1 if d(i) = 1.
Note that the weight matrix w is defined by

K

_ kpk
Wn = E a,, by

k=1
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Associations encoded inte/
O0-A b-B C-C
Sa
-Initialization
s .
1 ..E . :

awiL

f(oWa)

g..‘
N

f(aW,b )

L

n 4f(b_vv’a) H -Stabilization
|

Figure 12.3.1. Bidirectional nature of the BAM.

<

which is equivalentto
K

Wmnp = Z (7afn)(7bfz)

k=1
Therefore imprinting the associatiorpair (a, b) ontothe memoryof a BAM alsoimprints
(a®, b®) onto the memory. The effect of this is seenin Block 5 of Figure 12.3.2.
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Associations encoded into the BAM

Sy

O-A b-B C-C

Five examples of the convergence behavior of the BAM

1. 2.
Sa Sp S,
Corrupted "a" Corrupted "a’
Cl— A Ll L A
3. 4.
Sa Sb
k= ﬂ—':
Corrupted "a" Corrupted "a"
E—I= —
5.
Sa So
ﬁ ‘.
—_—
Corrupted "a"
m ‘

Figure 12.3.2. Modes of convegencefor the BAM.

12.4. Hamming Net

The Hammingdistanceh betweentwo patternsa,b € {1, 1}ZM
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numberof componentsn a andb thatdo not match. More precisely,

1M
Mmm:§§jmmwam»
or o
h@b%:%—%EZMMMm)

The Hammingnet[7, 10] partitionsa patternspaceP = {—1, I}ZM into classes
C,.,1 < n < N. Eachclassis representethy an exemplampatterne™ € C,,. The Hamming
nettakesasinput a patternp € {—1, 1}ZM andassignst to classC} if andonly if

h(e*,p) < h(e®,p),Yn=1,2,...,N k#n.

Thatis, the input patternis assignedo the classwhoseexemplarpatternis closestto it as
measuredy Hammingdistance.The Hammingnet algorithmis presentechext.

Thereis a neurona(n) in the Hammingnetfor eachclassC,,1 < n < N (see
Figure 12.4.1). The weight¢;; assignedo the connectionbetweenneuronsa(:) anda(j)
is given by

b 1 ifi=y
U —e ifd £,
where( < € < # and1 < i,j < N. Assigningtheseweightsis the first stepin the

Hamming algorithm.

Whentheinputpatternp = (p1, pa, . .., pm) € {—1, 1}ZM is presentedo thenet,
theneuronvalueay(n) is setequalto the numberof componentnatchesetweenp andthe
exemplare”. If e® = (e}, e%,.. ., e}y) is thenth exemplaray(n) is setusingthe formula

M

M

aO(n) = (Z wmnpm) + 5
m=1

where wy,, = 2.

The next stateof a neuronin the Hammingnetis given by

ar1(n) = flan) —¢ Z a(k) |,
1<k<N
4

ESHVA
3 A

where f is the activation function defined by

x ifz>0
€)=
/(@) { 0 otherwise.
The next stateof a neuronis calculatedby first decreasingts currentvalue by an amount
proportionalto the sumof the currentvaluesof all the otherneuronvaluesin the net. If the
reducedvaluefalls below zerothenthe new neuronvalueis setto 0; otherwiseit assumes
thereducedvalue. Eventually,the procesof updatingneuronvalueswill leadto a statein
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which only oneneuronhasa valuegreaterthanzero. At thatpoint the neuronwith the non-
zerovalue,saya.(k) # 0, representshe classC), thatthe netassigngo the input pattern.
At time 0, the value of a(k) wasgreaterthanall the other neuronvalues. Therefore % is
the numberof the classwhoseexemplarhad the mostmatcheswith the input pattern.

q,>0iff ay(n) =maxa,(1),a(2),....a(N)}

Calculates the
the number of |
matches between/ S I SN
the input pattern /. / T
and each of the / Vo
exemplar S
patterns. The ~-=°~ ¥
neurona,(n)

containagthe pl p2 pM'l H\A
number of matches between the input

patternp and the exempleﬂ?

|
v a

M
wo= (Fruan) o1

Figure 12.4.1. Hamming network.

Figure12.4.2showsa six-neuronHammingnetwhoseclassesre representety
theexemplarsl, 2, 3, 4, 9, and X. The Hammingdistancebetweerthe input patternp and
eachof the exemplarsis displayedat the bottom of the figure. The numberof matches
betweenexemplare™ andp is given by the neuronstatesay(n),1 < n < 6. At time of
completion,only one neuronhasa positive value, which is a.(5) = 37.5. The Hamming
netexampleassignghe unknownpatternto Class5. Thatis, the input patternhadthe most
matcheswith the “9” exemplarwhich representlass5.

Image Algebra Formulation

Leta € {1, 1}1" betheimagevariableusedto storeneuralstates.Theactivation
function f is as definedearlier. The templates € (RZM)ZN definedby
n
Sp(m) = %”,
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a(2) = 60) 2(3) = 82 a0(4)= 90
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he'p ) =66  h(e?p ) =60 h(e3p):38 he*'p)=80 h(e’p)=2 h(e’p ) =54

| £ 3 B 8 X

el e? e’

Figure 12.4.2. Hamming net example.
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wheree™ = (e}, €5, ..., €e};) is the nth exemplarpattern,is usedto initialize the net. The
templatet € (RZ¥)*™ definedby

o1 ifi=j
tﬂ”—{eﬂi¢j

is usedto implementthe propagatiorrule for the net.

Given the input patternp € {—1, I}ZM the image algebraformulation for the
Hammingnet is as follows:

a:=(p®s)+ %
while X(x>o(a)) > 1 loop
a = f(a®t)

end loop

¢ :=domain(al|so).

The variablec containsthe numberof the classthat the netassigngo the input pattern.

Comments and Observations

Thegoalof our examplewasto find the numberof theexemplaithatbestmatches
the input patternas measuredy Hammingdistance.The formulationabovedemonstrated
how to use image algebrato implementthe Hamming neural network approachto the
problem. A simplerimagealgebraformula that accomplishedhe samegoal is given by
the following two statements:

c(i) == Z (x=1(p-¢))

¢ :=domain(c||ve)-

12.5. Single-Layer Perceptron (SLP)

A single-layerpercepton is usedto classify a patternp = (p1,p2,...,Pm) €
P C R™ into one of two classes.An SLP consistsof a setof weights,

{w01w1)"'1wn}1 U)ZER,OSZSTH,

and a limiter function f : R\{0} — {0,1} definedby

1 ifz>0
f@)_{o if 2 <0.

Letp = (p1,p2,...,pm) € P, in orderto classify p the perceptronfirst calculatesthe
sum of products

g9(pP) = wo +wip1 + -+ WP,

and then appliesthe limiter function. If f o g(p) < 0, the perceptronassignsp to class
Cy. The patternp is assignedo classC; if fog(p) > 0. The SLP is representedn
Figure 12.5.1.
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Figure 12.5.1. Single-layerperceptron.

B

The graphof 0 = ¢g(x) = wo + wiz1 + -+ + Wy, IS @ hyperplanethat
dividesR™ into two regions. This hyperplands calledthe perceptron’sdecisionsurface
Geometrically,the perceptronclassifiesa patternbasedon which side the pattern(point)
lieson. Patterndor which ¢g(p) < 0 lie on onesideof the decisionsurfaceandareassigned
to Cy. Patternsfor which g(p) > 0 lie on the oppositeside of the decisionsurfaceand
are assignedto (.

The perceptroroperatesn two modes— a classifyingmodeanda learningmode.
The patternclassfication modeis asdescribedabove. Before the perceptroncan function
as a classifier, the valuesof its weights must be determined. The learning mode of the

perceptronis involved with the assignmenbf weights(or the determinationof a decision
surface).

If the applicationallows, i.e., if the decisionsurfaceis known a priori, weights
can be assignedanalytically. However, key to the conceptof a perceptronis the ability
to determineits own decisionsurfacethrougha learningalgorithm([7, 11, 12]. Thereare
severalalgorithmsfor SLP learning. The one we presentherecanbe found in Rosenblatt
[11].

Let {(pk,yr)}p—,; be atraining set, wherep, = (pk,,Pk,,---,Pr..) € P and
yr € {0,1} is the classnumberassociatedvith pj. Let w;(¢) be the value of the ith

weight after the tth training patternhasbeenpresentedo the SLP. The learningalgorithm
is presentedbelow.

Step 1. Seteachw;(0), 0 < ¢ < m, equalto randomreal number.

Step 2. Presentp;, to the SLP. Let yj, denotethe computedclassnumber
of px, i.e.,

vi(t) = f<w0(t D+ e wilt - 1))-

i=1

Step 3. Adjust weightsusing the formula
wi(t) = wi(t — 1) + 1 (ye — yx (1)) - P,

Step4. RepeatSteps2 and 3 for eachelementof the training set,recycling
if necessaryuntil convegenceor a predefinedhumberof iterations.

Theconstant) < 5 < 1, regulategherate of weightadjustment.Small, results
in slow learning. However,if 7 is too large the learningprocessmay not be ableto home
in on a good set of weights.

Note thatif the SLP classifiesp; correctly,theny; — v, (t) = 0 andthereis no

adjustmenimadeto the weights. If y; — v, (¢) # 0, thenthe changein the weight vector
is proportionalto the input pattern.
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Figure 12.5.2illustratesthe learning processfor distinguishingtwo classesin
R?. Class1 points havebeenplotted with diamondsand Class0 points havebeenplotted
with crosses. The decisionsurfacefor this exampleis a line. The lines plotted in the
figure representecisionsurfacesafter n = 0,20,40, and 80 training patternshave been

presentedo the SLP.

n=20.-"
L n=40
o © % O o o ol PR
o3 @% ép%o o 9, 0 n=80
$8° oo -
oo © o e
o o o © e +
O 0 g O P *
S o e R
-l & o %0 e+ }#I
<@ > OOO , i 4%1# n=0

Figure12.5.2. SLP learning— determinationof the perceptron’sdecisionsurface.

Image Algebra Formulation

Let w € R™*! be the image variable whosecomponentsepresenthe weights
of the SLP.Let p € R™ bethe patternthatis to be classified.Augmentp with a1 to form
p=(1,p1,...,pm) € {1} x R™. Thefunction f is the limiter definedearlier. The class
numbery of p is determinedusing the image algebrastatement

y = f(E(w-p)).

To trainthe SLP, let {(p, yx)};—, beatrainingset. Initially, eachcomponenbf
theweightimagevariablew is setto arandomrealnumber.Theimagealgebrapseudocode
for the SLP learningalgorithm (iterating until convegence)is given by
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v:=0
while (v # w) Lloop
V=W
for k in 1..n loop
vh = F(S(Br - w))
wi=w+7 (Y — U) Dk
end loop
end loop.



Comments and Observations

If the setof input patternscannotbe dividedinto two linear separableetsthenan
SLP will fail asa classifier. Considerthe problemof designingan SLP for XOR classifi-
cation. Suchan SLP shouldbe definedover the patternspace{(0, 0), (0, 1), (1, 0), (1, 1)}.
The classesfor the XOR problem are

Co={(0,0),(1, 1)} (0 XOR0=0,1X0OR1=0)
1 ={(0,1),(1,00} (0XOR1=11XOR0=1).

The pointsin the domainof the problemareplottedin Figure12.5.3. Pointsin Class0 are
plottedwith opendotsandpointsin Classl areplottedwith solid dots. A decisionsurface
in R? is aline. Thereis no line in R? thatseparateslasse< and1 for the XOR problem.
Thus,an SLP is incapableof functioning asa classifierfor the XOR problem.

QO Class 0 point

@ Class 1 point

(0,1) O (1,1)
) .—>
(0,0) (1,0)

Figure 12.5.3. Representatiomf domainfor XOR.

12.6. Multilayer Perceptron (MLP)

As seenin Section12.5, a single-layerperceptronis not capableof functioning
asan XOR classifier. This is becausehe two classesf pointsfor the XOR problemare
not linearly separable A single-layerperceptroris only ableto partition R™ into regions
separatedy a hyperplane.Fortunately,more complexregionsin R™ can be specifiedby
feedingthe outputfrom severalSLPsinto anotherSLP designedo serveasa multivariable
AND gate. The designof a multilayer perceptronfor the XOR problemis presentedn
the following example.

In Figure12.6.1,the planehasbeendivided into two regions. The shadedegion
R, lies betweenthe lines whoseequationsare —1 + 2z + 2y = 0 and 3 — 2z — 2y = 0.
RegionR, consistof all pointsnotin R;. The pointsof classC for the XOR problemlie
in Ry andthe pointsin C lie in Ry. RegionR; is theintersectiorof the half-planethatlies
above—1+ 2z + 2y = 0 andthe half-planethatlies below 3 — 2z — 2y = 0. Single-layer
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perceptronsSL.P; and SLP, canbe designedwith decisionsurfaces) = —1 + 2z + 2y
and0 = 3 — 2z — 2y, respectively.The intersectionrequiredto createR; is achievedby
sendingthe outputof SLP; andSLP, throughanotherSLP thatactsasan AND gate.

XOR

Q Class 0 point

@ Class 1 point

-1+2x+2y=0

Figure 12.6.1. Multilayer perceptronsolution strategyfor XOR problem.

One SLP implementationof an AND gate and its decisionsurfaceis shownin
Figure12.6.2. All the component®f a two-layerperceptrorfor XOR classificationcanbe
seenin Figure 12.6.3. The first layer consistsof SLP; andSLP2. An input pattern(z, y)
is presentedo both SLP; andSLP,. Whetherthe point lies above—1 + 2z + 2y = 0 is
determinediy SLP;; SLP, determinesf it lies below3 — 22 — 2y = 0. The secondayer
of the XOR perceptrontakesthe outputof SLP; and SLP, and determinesf the input
satisfiesboth the conditionsof lying above—1+ 2z + 2y = 0 andbelow 3 — 2z — 2y = 0.

AND

Q Class 0 point

@ Class 1 point ]o'\ )f /)/
-3 j 2

\l/

-3+2x+2y=0
</ Decision surface

X Single-layer perceptron for AND

—h

N\
(0,0)

Figure 12.6.2. Single-layerperceptronfor AND classification.

© 2001 by CRC PressLLC



SN

1 1
Above or below i A \ Above or below
the decison surface r

2

> ° the decison surface
-1+ 2x + 2y= 07 RV A e
2 3-2 -2

LP, L Lies bet the li
SR yiy S S XOR

7.\ 3-2x-2y=07?

\ED/ NiD

X XORYy

Figure 12.6.3. Two-layer perceptronfor XOR classfication.

By piping the output of SLPsthrougha multivariable AND gate, a two-layer
perceptroncan be designedfor any classC; whose points lie in a region that can be
constructedfrom the intersectionof half-planes. Adding a third layer to a perceptron
consistingof a multivariable OR gateallows for the creationof evenmore complexregion
for patternclassification.The outputsfrom the AND layer arefed to the OR layer which
servesto union the regionscreatedin the AND layer. An OR gateis easilyimplemented
using an SLP.

Figure 12.6.4 shows pictorially how the XOR problem can be solved with a
three-layerperceptron. The AND layer createstwo quarter-planegrom the half-planes
createdn thefirst layer. Thethird layerunionsthe two quarter-planeso createthe desired
classfication region.

The exampleaboveis concernedwith the analytic designof a multilayer per-
ceptron. Thatis, it is assumedhat the classificationregionsin R? are known a priori.
Analytic designis not accordantvith the perceptrorconcept. The distinguishingfeatureof
aperceptrons its ability to determinethe properclassficationregions,onits own, through
a “learning by example” process.However,the precedingdiscussiondoespoint out how
the applicability of perceptronscan be extendedby combining single-layerperceptrons.
Also, by first approachinghe problemanalytically, insightswill be gainedinto the design
and operationof a “true” perceptron. The designof a feedforwad multilayer perception
is presentechext.

A feedforwardperceptrorconsistof aninput layerof nodes,oneor morehidden
layersof nodes,and an outputlayer of nodes. We will focuson the two-layerperceptron
of Figure 12.6.5. The algorithmsfor the two-layer perceptronare easily generalizedto
perceptronof three or more layers.

A nodein a hiddenlayeris connectedo everynodein the layeraboveandbelow
it. In Figure 12.6.5weight w;; connectsinput node z; to hidden node h; and weight
vj; connectsh; to outputnodeo,. Classificationbeginsby presentinga patternto the
input nodesz;,1 < ¢ < [. From theredataflows in one direction (as indicatedby the
arrowsin Figure 12.6.5)throughthe perceptroruntil the outputnodeso, 1 < k < n, are
reached.Outputnodeswill havea valueof either0 or 1. Thus,the perceptronis capable
of partitioning its patternspaceinto 2" classes.
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Figure 12.6.4. Three-layerperceptronmplementationof XOR.

1 Xy X y % " X Input nodes

Hidden node:hj
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@ - @ - @ Output node$)

Figure 12.6.5. Two-layer perceptron.
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The stepsthat governdataflow throughthe perceptronduring classfication are
as follows:

Step 1. Presenthe patternp = (py, ps, ..., pi) € R' to the perceptronj.e.,
setz; = p; for 1 < ¢ < L

Step 2. Computethe valuesof the hidden-layemodesusingthe formula
1

1
- (woj+z wiﬂi)
1+€ i=1

Step 3. Calculatethe valuesof the output nodesusingthe formula
1

— (U0k+z 'Ujkhj)
1+e j=1

Step4. Theclassc = (¢y, ¢, . . ., ¢, ) thatthe perceptrorassigng mustbe
a binary vectorwhich, wheninterpretedas a binary number,is the classnumber
of p. Therefore the o mustbe thresholdedat somelevel r appropriatefor the
application. The classthat p is assignedo is thenc = (¢y, ¢z, ..., ¢y), Where
Cr = XZT(Ok)-

hj =

IL<j<m.

o = 1<k <n.

Step 5. RepeatStepsl, 2, 3, and4 for eachpatternthatis to be classified.

Above,whendescribingthe classificatiormodeof the perceptronijt wasassumed
that the valuesof the weights betweennodeshad already beendetermined. Before the
perceptrorcanserveasa classifier,it mustundego alearningprocessn which its weights
are adjustedto suit the application.

The learningmodeof the perceptrorrequiresa training set{(p°, c'f)}f=1 , Where
p' € R' is apatternandc! € {0,1}" is a vectorwhich representshe actualclassnumber
of pt. The perceptronlearns (adjustsits weights) using elementsof the training set as
examples.The learningalgorithm presentedhereis known as backpopagationlearning

For backpropagatioriearning, a forward passand a backwardpassare made
through the perceptron. During the forward passa training patternis presentedo the
perceptrorand classified. The backwardpassrecursively,level by level, determineserror
termsusedto adjustthe perceptron’sweights. The error termsat the first level of the
recursionare a function of ¢! and output of the perceptron(oy, o2, .. .,0,). After all the
errortermshavebeencomputedweightsare adjustedusingthe errortermsthat correspond
to their level. The backpropagatiomlgorithmfor the two-layerperceptrorof Figure12.6.5
is detailedin the stepswhich follow.

Step 1. Initialize the weights of the perceptronrandomly with numbers
between—0.1 and0.1; i.e.,

w;; = choice([-0.1,0.1]) 0<i<[1<j<m
and
vjp = choice([-0.1,0.1]) 0<j<m,1<k<n
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Step 2. Presentp’ = (p},ph, ..., pl) from the training pair (p?, ¢') to the
perceptronand apply Steps1, 2, and 3 of the perceptron’sclassificationalgo-
rithm outlined earlier. This completesthe forward passof the backpropagation
algorithm.

Step 3. Computethe errorsé,, , 1 < k < n, in the outputlayer using
Sor = 0k (1 — og)(ck — or),

where ¢t = (ci,ct,...,c.) representshe correct class of p’. The vector

r n

(01,02, ...,0,) representshe output of the perceptron.

Step4. Computetheerrorséy,, 1 < j < m, in the hidden-layemodesusing

n
6y = hi(1=hj) Y~ 6o - vji-
k=1

Step 5. Let v;x(¢) denotethe value of weight v;; after the ¢th training
patternhas been presentedo the perceptron. Adjust the weights betweenthe
outputlayer andthe hiddenlayer accordingto the formula

”U]k(t) = Ujk(t — 1) —|—77 '60k h]

The parametef) < n < 1 governsthe learningrate of the perceptron.

Step 6. Adjust the weights betweenthe hiddenlayer and the input layer
accordingto

w”(t) = wij(t — 1) + /N (Sh]. pf

Step 7. RepeatSteps2 through6 for eachelementof the training set. One
cycle throughthe training setis called an epoch The performancehat results
from the network’straining may be enhancedy repeatingepochs.

Image Algebra Formulation

Leth € {1} x R™ ando € R" be the imagevariablesusedto storethe values

of the input layer andthe outputlayer, respectively. The templatew € (IRZ'H)Zerl will
be usedto representhe weights betweenthe input layer and the hiddenlayer. Initialize
w as follows:

wo(i)=0 1<i<l
w; (i) = choice([-0.1,0.1]) 0<i<[1<j<m.
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Zn

The templatev € (Rzmﬂ) representdhe weights betweenthe hidden layer and the
output layer. Initialize v by setting

vi(j) = choice([-0.1,0.1]) 0<j<m1<k<n.

The activation function for the perceptronis

Let {(p?,c*)};_, be the training set for the two-layer perceptronwhere p* =
(pt,ph, ..., pt) € R is apatternandc’ € {0,1}" is a vectorwhich representshe actual
classnumberof p'. Define p’ to be (1,p!,p},...,p!). The parameterizedemplates

t(d,h) € (R”~+)"" andu(d,p) € (R"+)""*" aredefinedby

and

The imagealgebraformulation of the backpropagatiofearningalgorithmfor oneepochis

for¢in 1..5s loop
h:=f(5' ®w)
o:=f(h@v)
dy :=0(1 — o) (ct — 0)
dw :=h(1 — h)(dy @Vv')
v:=v +t(dy,h)
W =w+ u(dw,f)t)

end loop.

To classify p = (p1,p2,...,p), first augmentit with a 1 to form p =
(1,p1,p2, ..., ). Thepatternp is thenassignedo the classrepresentedby the imagec
using the image algebracode:

= f(p ®w)
f(h@v)
x>r(0).

h:
o:
c:

Comments and Observations

Thetreatmenbf perceptronpresentedherehasbeenvery cursory. Our purposds
to demonstratéechniquedor theformulationof perceptroralgorithmsusingimagealgebra.
Otherworks presentmore comprehensivéntroductionsto perceptrong?, 10, 12, 13].
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12.7. Cellular Automata and Life

Among the bestknown examplesof cellular automatais John Conway’sgame
Life [2, 14,15]. Thelife processesf the syntheticorganismsan this biospherearepresented
next. Although this automatonis referredto asa game,it will provide an illustration of
how easily the workings of cellular automataare formulatedin image algebra.

Life evolveson a grid of pointsX = Z; x Z;. A cell (point) is eitheralive or
notalive. Life andits absencaredenotedby statevaluesl andO, respectively.The game
beginswith any configurationof living andnonliving cells on thegrid. Threerulesgovern
the interactionsamongcells.

(a) Survivals— Everylive cell with two or threelive 8-neighborssurvivesfor
the next generation.

(b) Deaths— A live cell that hasfour or more 8-neighborsdies due to over-
population. A live cell with one 8-neighboror nonediesfrom loneliness.

(c) Birth — A cell is broughtto life if exactlythreeof its 8-neighborsarealive.

Figure 12.7.1 showsthe life cycle of an organism. Grid O is the initial state
of the life-form. After ten generationsthe life-form cyclesbetweenthe configurationsin
grids 11 and 12.

0 1 2 3

(o]

Figure 12.7.1. Life cycle of an artificial organism.

Dependingon the initial configurationof live cells, the automatorwill demon-
strateone of four typesof behavior[14]. The patternof live cells may:

(@) vanishin time

(b) evolveto a fixed finite size
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(c) grow inddfinitely at a fixed speed

(d) enlage and contractirregularly

Image Algebra Formulation

Leta € {0,1}F, whereX = Z; x Z;, be the image variablethat containsthe
statevaluesof cellsin the automata.The cells stateat time ¢ is denoteda;. The template
usedto capturethe statesof neighboringcell is shownbelow.

1/11]1
t= 1 1
1/11]1

Let ag be the initial configurationof cells. The next stateof the automatonis
given by the image algebraformula

At+1 = X{3,11,12} (a: Dt).

12.8. Solving Mazes Using Cellular Automata

In this sectionan unconventionakolution to finding a path througha mazeis
presented. The method usesa cellular automata(CA) approach. This approachhas
severaladvantageougharacteristics. The memory requiredto implementthe algorithm
is essentiallythat which is neededto storethe original mazeimage. The CA approach
providesall possiblesolutions,andit candeterminewhetheror not a solution exists[16].
The CA methodis also remarkablysimple to implement.

Conventionaimethodsto the mazeproblemuseonly local informationaboutthe
maze.As the mouseproceedgshroughthe maze,it markseachintersectiont passeslf the
corridorthatthe mouseis currentlyexploringleadsto a dead-endthe mousebacktrackgo
the last markerit placed. The mousethentries anotherunexploredcorridor leadingfrom
the markedintersection. This processis continueduntil the goal is reached. Thus, the
conventionalmethodusesa recursivedepth-firstsearch.

The price paid for using only local informationwith the conventionaimethodis
the memoryneededor storingthe mouse’ssearchree,which may be substantial. The CA
approachrequiresonly the memorythatis neededto storethe original mazeimage. The
CA approachmust havethe informationthat a viewer overlookingthe whole mazewould
have.Dependingon the applicationthe assumptiorof the availability of a global overview
of the mazemay or may not be reasonable.

The mazefor this exampleis a binaryimage. Walls of the mazehavepixel value
0 andarerepresentedh black (Figure 12.8.1). The corridorsof the mazeare 4-connected
and have pixel value 1. Corridors must be one pixel wide. Corridor points are white in
Figure 12.8.1.

In somewaysthe CA approacho mazesolvingmaybeviewedasa poorthinning
algorithm (Chapter5). A desirablepropertyof a thinning algorithmis the preservatiorof
ends.To solvethe mazethe CA removesends. Endsin the mazearecorridorpointsthatare
at the terminusof a dead-enctorridor. A corridor point at the end of a dead-endcorridor
is changedo a wall point by changingits pixel valuefrom 1 to 0. At eachiterationof the
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Figure 12.8.1. Original maze.

algorithm,the terminal point of eachdead-endtorridoris convertednto a wall point. This
procesds continueduntil no dead-endtorridorsexist, which will alsobethetime at which
further iteration producesno changein the image. When all the dead-endcorridors are
removed,only solution pathswill remain. The result of this processappliedto the maze
of Figure 12.8.1is seenin Figure 12.8.2.

For this example the next stateof a point is function of the currentstatesof the
pointsin a von Neumannneighborhoof the tamget point. The next staterulesthat drive
the mazesolving CA are

(&) A corridor point that is surroundecdby three of four wall points becomesa
wall point.

(b) Wall points alwaysremainwall points.

(c) A corridor point surroundeddy two or fewerwall pointsremainsa corridor
point.

Image Algebra Formulation

Leta € {0, 1}X be the mazeimage. The templatet thatwill be usedto capture
neighborhoodconfigurationsis definedpictorially as
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Figure 12.8.2. Maze solution.
The imagealgebracodefor the mazesolving cellular automatoris given by
b:=0
while (a # b) loop
b:=a

a.= X{7,8,9} (a @t)
end loop.

12.9. Exercises

1. Canaparallelimplementatior(i.e., all neurondfire simultaneouslyguaranteeonver-
genceto a steadystateof the Hopfield net? Explain your answer.

2.

a. Implementthe Hopfield net usingthe patternsshownin Figure 12.2.3. Doesthe
net provide perfectoutput for uncorruptedinput of all patterns?

b. Add thefour letter patternsshownin Figure12.3.1to the Hopfield memoryestab-
lishedin 2.a. Doesthe expandechet still provide perfectoutputfor uncorrupted
input of all patterns?

3. Implementthe following variant of the Hopfield network:
Assign weights w;; using the formula

K
wij = \ (ef )
k=1
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and use the propagationrule

ai+1(1) = f (

RepeatExercise2 using this variation of the Hopfield net.

<=z

1

(a:(j) + wij)) :

4. Constructa BAM to establishthe following threeassociation:

a. (1,1,-1,-1) < (1,1),
b. (1,1,1,1) — (1,-1),
c. (=1,—-1,1,1) = (=1,1).

What happensvhena vectorsuchas(—1, —1, —1, —1) is presentedo the BAM?

5. Thereexistsa wide variety of neuralnetworksnot discussedn this chapter.Consult
your local sciencelibrary or do a web searchto find two networks not discussechere.
Provide an image algebradescriptionof the two networks.

6. Designa 2-layer,2—input, 1-outputperceptromet that will solvethe XOR problem.
The net must work in the following way. The input to the net are the values+1, —1.
The weights (which you determine thatis, you are not using the perceptronconvegence
procedure)shouldclassify any input from the shadedregionasa —1. Valid input points
from the unshadedegionsshouldbe identified with value +1.

(-1,1) (1,1)
° ° °
° ® °
° ) °
(-1,-1) (1,-1)
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7. Designa 2-layer, 2—input, 1-output perceptronnet that will identify points within
the region shadedn the figure below with -1 and points outsidethe regionwith +1. The
weightsfor this net are fixed (determinedby you) asin Exercise6.

. (0.1)

(-1,-1) (1,-1)

8. Designa 3—layer,2—input,1—-outputfeedforwardperceptrometthatwill classify(-1,1)
and(1,-1) asoneclass,andthe line segmenbetween(-1,-1) and (1,1) as anotherclass.

9. Designa multi-layer, 3—input, 1-outputfeedforwardperceptronnet that will classify
(1,1,1) and (-1,-1,-1) as one class, but will classify (1,1,-1), (-1,1,1), (1,-1,1), (-1,-1,1),
(-1,1,-1), and (1,-1,-1) as the other class.
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APPENDIX.
THE IMAGE ALGEBRA C++ LIBRARY

A.1l. Intr oduction

In 1992, the U.S. Air Force sponsoredwork at the University of Florida to
implementa C++ classlibrary to supportimage algebra,iac++. This appendixgives
a brief tour of the library then providesexamplesof programsimplementingsomeof the
algorithmsprovided in this text.

Currentinformation on the most recentversion of the iac++ classlibrary is
availablevia the Worldwide Web from URL

http://www.cise.ufl.edu/research/IACC/.
The distribution and somedocumentatiorare availablefor anonymoudtp from
ftp://ftp.cise.ufl.edu/pub/src/ia/iac++.

Theclasslibrary hasbeendevelopedn the C++languagd1l, 2]. Severaldifferent
platformshave beensupportedin the past. The currentexecutableversion of the library
hasbeendevelopedandtestedfor the following compiler/systencombinations:

Table A.1.1 Currentlytestediac++ platforms.

Compiler System

g++v 2.95.2 Solaris2.7,2.8
RedHatLinux 5.2

The library is likely to be portable to other systemsif the g++ compiler is
employed. Portingto other compilersmight involve significanteffort.

A.2. Classesin the i ac++ Class Library

The iac++ classlibrary providesa numberof classesand relatedfunctionsto
implementa subsetof the imagealgebra. At the time of this writing the library contains
the following major classedo supportimagealgebraconcepts:

(& IA_Point<T>

(b) IA_Set<T>

(c) IA_Pixel<P,T>

(d) IA_Image<P,T>

(e) IA_Neighborhood<P, Q>
() IA_DDTemplate<I>

All namesntroducedinto the globalnamespaceby iac++ areprefixedby the string Ia_
to lessenthe likelihood of conflict with programmer-chosenames.

Points

The IA_Point<T> classdescribesobjectsthat are homogeneougpoints with
coordinateof type T. The library providesinstancesf the following point classes:

(@) IA_Point<int>
(b) IA_Point<double>
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The dimensionalityof a point variableis determinedat the time of creationor
assignmentand may be changedby assigninga point value having differentdimensionto
the variable. Usersmay createpointsdirectly with constructorsFunctionsand operations
may also resultin point values.

One must #include "ia/IntPoint.h" to have accessto the class of
points with int coordinatesand its associatedoperations. One must #include
"ia/DblPoint.h" to haveaccesdo the classof pointswith double coordinatesand
its associatedperations.

Point operationsdescribedin the sectionsthat follow correspondo thoseoper-
ations presentedn Section1.2 of this book.

Point Constructors and Assignment

Leti,il,i2, .., representint-valued expressions.Let i array represent
an array of int valueswith n elements. Let d, d1, d2, ..., represenitdouble-valued
expressionsLet dar r ay representin array of double valueswith n elements.And let
i p anddp represenpointswith int anddouble coordinatevalues,respectively.

Table A.2.1 Point Constructorsand Assignment

constructa copy IA_Point<int> (i p)
IA_Point<double> (dp)

i)

constructfrom coordinates IA_Point<int>

(
IA_Point<int> (i l,i2)
IA_ Point<int> (il1,i2,i3)
IA Point<int> (i1,i2,i3,i4)

IA_Point<int> (il1,i2,i3,i4,i5)
IA_Point<double> (d)

IA_Point<double> (d1,d2)

IA_Point<double> (d1,d2,d3)

IA_Point<double> (d1,d2,d3,d4)

IA_Point<double> (d1,d2,d3,d4,d5)
constructfrom array of IA_Point<int>(iarray, n)
coordinates IA_Point<double> (darray, n)
assigna point ipl = ip2

dpl = dp2

Binary Operations on Points

Let p1 andp2 representwo expressiondoth of type IA_Point<int> or
IA_Point<double>
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Table A.2.2 Binary Operationson Points

addition pl + p2
subtraction pl - p2
multiplication pl * p2

division pl / p2
supremum sup (pl, p2)
infimum inf (pl, p2)
dot product dot (pl, p2)
crossproduct cross (pl, p2)
concatenation concat (pl, p2)

Unary Operations on Points

Let p represent an expression of type IA_Point<int>
IA_Point<double>.

Table A.2.3 Unary Operationson Points

or

negation -p
ceilingt ceil (p)
floort float (p)
roundingt rint (p)
projection (subscripting) p (i)
plilt
sum sum (p)
product product (p)
maximum max (p)
minimum min (p)
Euclidean norm enorm (p)
L! norm mnorm (p)
L% norm inorm (p)
dimension p.dim()

TThis function appliesonly to points of type IA_Point<double>.

$Subscriptingwith () yields a coordinatevalue, but subscriptingwith []1 yields a
coordinaterefelenceto which one may assigna value, thus changinga point’s value.

Relations on Points

Let p1 andp2 representwo expressiondoth of type IA_Point<int> or
IA_Point<double>. Note that a relationon pointsis said to be strict if it mustbe
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satigied on all of the correspondingoordinatesf two pointsto be satisfiedon the points
themselves.

Table A.2.4 Relationson Points

lessthan (strict) pl < p2
lessthan or equal to (strict) pl <= p2
greaterthan (strict) pl > p2
greaterthan or equal to (strict) pl >= p2
equal to (strict) pl == p2
not equal to (complementof == pl !'= p2
lexicographiccomparison pointcmp (pl, p2)

Examplesof Point Code Fragments
One can declarepoints using constructors.

IA_Point<int> pointl (0,0,0);
// pointl == origin in 3D integral Cartesian space
IA_Point<double> dpoint (1.3,2.7);
// dpoint is a point in 2D real Cartesian space
One may subscriptthe coordinatesf a point. (Note that point coordinatesusezero-based
addressingn keepingwith C vectors.)

pointl[0] = pointl[1l] = 3;
// pointl == IA_Point<int> (3,3,0)

One can manipulatesuch points using arithmetic operations.

pointl = pointl + IA_Point<int> (1,2,3);
// pointl == IA_Point<int> (4,5,3)

And one may apply various functionsto points.

pointl = floor (dpoint);
// pointl == IA_Point<int> (1,2)

Sets

The C++ templateclass IA_Set<T> provides an implementationof sets of
elementsof type T. The following instancesof IA_Set are provided:

(@) IA_Set<IA_Point<int> >
(b) IA_Set<IA_Point<double> >
(c) 1IA_Set<bool>

(d) IA_Set<unsigned char>

(e) IA_Set<int>

() IA_set<float>

(9) IA_Set<IA_complex>

(h) IA_Set<IA_RGB>

IA_Set<IA_Point<int> > and IA_Set<IA_Point<double> >, provide some
capabilitiesbeyondthoseprovided for other sets.
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Setsof Points and Their lterators

The point set classes IA_Set<IA_Point<int> > and
IA_Set<IA_Point<double> > provide the programmer with the ability to
defineand manipulatesetsof point objectsall havingthe sametype and dimension.

Onemust #include "ia/IntPS.h" to haveaccesdo the classof setsof
int points and its associatedoperations. One must #include "ia/DblPS.h" to
haveaccesdo the classof setsof double pointsandits associatedperations.To gain
accesdo point setiterator classesand their associatecperations,one must #include
"ia/PSIter.h".

Point set operationsdescribedin the sectionsthat follow correspondto those
operationspresentedn Section1.2 of this book.

Point Set Constructors and Assignment

In Table A.2.5, leti p, i pl,ip2, ..., representIA_Point<int>-valuedex-
pressions. Let i parray representan array of IA_ Point<int> values, eachof di-
mensiond, with n elements. Let dp, dpl, dp2, ..., representfA_Point<double>-
valuedexpressionsLet dpar r ay representain array of doublevalues,eachof dimension
d, with n elements. And let i ps and dps representsetswith IA_Point<int> and
IA_Point<double> elementsrespectively.

The function IA_boxy_ pset createsthe setcontainingall points boundedby
the infimum and supremumof its two point alguments. The type of setis determinedby
the point typesof the amguments.The IA_universal_ipset andIA_empty ipset
createuniversalor empty setsof type IA Point<int> of dimensionspecifiedby the
agument. Setsof type IA_Point<double> are createdin a correspondingashionby
IA_universal_dpset and IA_empty dpset.
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Table A.2.5 Point Set Constructorsand Assignment

constructa copy IA_Set<IA_Point<int> > (i ps)
IA_Set<IA_Point<double> > (dps)

ip)

ipl,ip2)

i pl,ip2,ip3)
i pl,ip2,ip3,

constructfrom points IA_Set<IA_Point<int>
IA_Set<IA_ Point<int>
IA_Set<IA_Point<int>
IA_Set<IA_Point<int>
i p4)
IA_Set<IA_Point<int> > (i pl,ip2,ip3,
i p4,ip5)
IA_Set<IA_Point<double>
IA_Set<IA_Point<double>
IA_Set<IA_Point<double>
dp3)
IA_Set<IA_Point<double>
dp3,dp4)
IA_Set<IA_Point<double>
dp3,dp4,dp5)

constructfrom array of | IA_Set<IA_ Point<int> > (d,iparray,n)
points IA_Set<IA_Point<double> > (d,dparray
n)

vV V V V

(
(
(
(

\

(dp)
(dpl,dp2)
(dpl,dp2,

vV Vv

\

(dpl,dp2,

\

(dpl,dp2,

assigna point set ipsl = ips2
dpsl = dps2

functions returning IA_boxy_pset (ipl, ip2)
point sets IA_boxy_pset (dpl, dp2)
IA universal_ipset (dim)
IA _universal_dpset (dim)
IA _empty ipset (dim)
IA_empty dpset (dim)

Binary Operations on Point Sets
In Table A.2.6, let ps, psl and ps2 representexpressionsall of type

IA_Set<IA_Point<int> > Or IA_Set<IA_Point<double> >. Let p represent
an expressiorhaving the sametype asthe elementsof ps.
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Table A.2.6 Binary Operationson Point Sets

addition psl + ps2
subtraction psl - ps2
point addition ps + p

p + ps
point subtraction ps - p

p - ps
union psl | ps2
intersection psl & ps2
setdifference psl / ps2
symmetricdifference psl ~ ps2

Unary Operations on Point Sets

Let ps representan expressionof type IA Set<IA Point<int> > ofr
IA_Set<IA_Point<double> >.

Table A.2.7 Unary Operationson Point Sets

negation -ps
complementation “ps
supremum sup (ps)
infimum inf (ps)
choice function ps .choice()
cardinality ps.card()

Relations on Point Sets

Let ps, psl, and ps2 represent expressions all of type
IA_Set<IA Point<int> > o0Or IA_ Set<IA_ Point<double> >. Let p
represenfan expressiorhaving the sametype asthe elementsof ps.

Table A.2.8 Relationson Point Sets

containmenttest ps.contains (p)
proper subset psl < ps2
(improper) subset psl <= ps2
proper superset psl > ps2
(improper) superset psl >= ps2
equality psl == ps2
inequality psl != ps2
emptinesgest ps .empty ()
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Point Set Iterators

The class1a_PSIter<P> supportsiteration over the elementsof setsof type
IA_Set<IA_Point<int> >andIA_Set<IA_Point<double> >. Thisprovidesa
single operation,namelyfunction application(the parenthesesperator) taking a reference
agumentof the associatedhoint type and returninga bool. The first time an iterator
objectis appliedasa function, it attemptsto assignits argumentthe initial pointin the set
(accordingto animplementatiorspecifiedordering). If the setis empty,theiteratorreturns
afalsevalueto indicatethatit failed; otherwiseit returnsa true value. Eachsubsequentall
assigngto the agumentthe value following that which was assignedon the immediately
precedingcall. If it fails (dueto having no more points) the iterator returnsa false value;
otherwiseit returnsa true value.

Examples of Point Set Code Fragments

One candeclarepoint setsusing a variety of constructors.

IA_Set<IA_Point<int> > psl;
// uninitialized point set

IA_Set<IA_Point<int> > ps2 (IA_IntPoint(0,0,0));
// point set with a single point

IA_Set<IA_Point<int> > ps3 (IA_boxy pset (IA_Point<int>(-1,-1),
IA_Point<int>(9,9)));
// contains all points in the rectangle
// with corners (-1,-1) and (9,9)

// Introduce a predicate function
int pred(IA_IntPoint p) { return (p[0] >= 0)? 1 : 0; }

IA_Set<IA_Point<int> > psd (2, &pred);
// the half plane of 2D space having nonnegative 0Oth coord.

IA_Set<IA_Point<int> > ps5(3, &pred);
// the half space of 3D space having nonnegative 0Oth coord.

One can operateupon those sets.

psl = ps3 & ps4;
// intersection of ps3 and ps4 contains all points
// in the rectangle with corners (0,0) and (9,9)

psl = ps3 | ps4;
// union of ps3 and ps4

psl = ps3 + IA_Point<int> (5,5);
// pointset translation

psl = ps3 + ps3;
// Minkowski (pairwise) addition

// relational operations and predicates

if ((ps2 <= ps3) || ps2.empty())
ps2 = “ps2; // complementation

© 2001 by CRC PressLLC



And one can iterate over the elementsin thosesets.

IA_PSIter<IA_Point<int> > iter (ps3);
// iter will be an iterator over the points
// in set ps3

IA_Point<int> p;

// the while loop below iterates over all the points in the
// set ps3 and writes them to the standard output device
while(iter(p)) { cout << p << "\n"; }

Setsof Valuesand Their Iterators

In additionto pointsets theusermayemploythe C++templateclassIa_Set<T>
to constructandmanipulateextensivesetsof valuesof any C++type T for which thereis an
ordering. Instancesf setswith bool, unsigned char, int, float, IA_complex,
and IA_RGB elementsare instantiatedin the iac++ library. The class IA_Set<T>
imposesa total orderingon the elementsof type T in the set,and supportsoperationsnax
andmin. If thevaluetype doesnotprovideunderlyingdefinitions for max andmin (aswith
IA_complex), thenthelibrary choosesomearbitrary(but consistentgefinitionfor them.

Onemust#include "ia/Set.h" to haveaccesdo instancef thevalueset
classand associatedperations.To gain accesdo the iteratorsand associatedperations,
onemust #include "ia/SetIter.h".

Value Set Constructors and Assignment

Let v, v1, v2, ..., represeniT-valued expressions.Let varr ay representan
arrayof T valueswith n elementsandlet vs, vs1, andvs2 represensetswith T-valued
elements.

Table A.2.9 Value Set Constructorsand Assignment

constructa copy IA_Set<T>(VS)

constructfrom values | IA_Set<T> (V)
IA_Set<T> (v1l,v2)
IA_Set<T> (v1l,v2,v3)
IA_Set<T> (vl,v2,v3,v4)
IA_Set<T> (v1,v2,v3,v4,v5)

constructfrom array of | IA_Set<T> (varray,n)
values

assigna value set vsl = vs2

Binary Operations on Value Sets

Letvsl andvs2 representwo expressionsboth of type IA_Set<T>.
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Table A.2.10 Binary Operationson Value Sets

union vsl | vs2
intersection vsl & vs2
setdifference vsl / vs2
symmetricdifference vsl ~ vs2

Unary Operations on Value Sets
Let vs representn expression®f type IA_Set<T>.

Table A.2.11 Unary Operationson Value Sets

maximum max (VS)
Minimum min (VS)
choicefunction VS.choice()
cardinality VS.card()

Relations on Value Sets

Letvs, vsl andvs2 represenexpressionsall of type IA_Set<T>.

Table A.2.12 Relationson Value Sets

containmenttest VS.contains (V)
proper subset vsl < vs2
(improper) subset vsl <= vs2
proper superset vsl > vs2
(improper) superset vsl >= vs2
equality vsl == vs2
inequality vsl != vs2
emptinesgest VS .empty ()

Value Set Iterators

The class TA_SetIter<T> supports iteration over the elementsof an
IA_Set<T>. This providesa single operation,namely function application (the paren-
thesesoperator),taking a referenceargumentof type T and returninga bool. The first
time an iteratorobjectis appliedasa function, it attemptsto assignits argumentthe initial
point in the set (accordingto an implementation-spefied ordering). If the setis empty,
theiteratorreturnsa false valueto indicatethat it failed; otherwiseit returnsa true value.
Eachsubsequentall assigngo the agumentthe value following that which wasassigned
on the immediatelyprecedingcall. If it fails (dueto having no more points) the iterator
returnsa false value; otherwiseit returnsa true value.
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Examples of Value Set Code Fragments
Value setscan be constructedby explicitly listing the containedvalues.

IA_Set<int> v1(1,2,3);
// constructs a set containing three integers.
// sets of up to 5 elements can be
// constructed in this way

float vec[] = {

’ ’ ’

0
.0,
0

’

T
oo o
[SEINIIN
=W w

, Y
IA_Set<float> v2( vec, ) ;
// constructs a set containing the three

// unique values 1.0, 2.0, and 3.0, that

’

.0

.0,

.0
9

// are contained in the 9 element vector vec

One can apply operationsto thosevalue sets

v2 = v2 & IA_Set<float>(2.0, 3.0);
// the intersection of v2 and the
// specified set is assigned to v2
v2 = Vv2 | 6.0;
// the single element 6.0 is united with set v2

cout << v2.card() << "\n";
// writes the cardinality of set

if (IA_Set<int>(1, 2) <= vl) // test for subset
cout << vl << "\n"; // write the set

One can iterate over the valuesin thosesets.

IA_SetIter<int> iter(vl);
int 1i;

// write all the elements of a set
while (iter(i)) { cout << i << "\n"; }

Images, Pixels, and Iterators Over Image Pixels and Values

The image classesdefinedin the iac++ library are instancesof the template
classIA_TImage<P, T>, comprisingthe imagesdefined over sets of points of type P
having valuesof type T. The following instancesof the IA_TImage classare provided
in the library:

(&) IA_Image<IA Point<int>, bool>

(b) IA_Image<IA_Point<int>, unsigned char>
() IA_Image<IA Point<int>, int>

(d) IA_Image<IA_Point<int>, float>

(e) IA_Image<IA_Point<int>, IA_complex>

() IA_Image<IA Point<int>, IA_RGB>

(9) IA_Image<IA Point<double>, float>

(h) IA_Image<IA_Point<double>, IA_complex>

© 2001 by CRC PressLLC



To gainaccesso the classdefinitionsandassociateaperationgor eachof these
imagetypes,onemust # include the associatedheaderfile. The basicunaryandbinary
operationon the supportedmagetypesareincludedin the following files, respectively:

(8) ia/BoolDI.h
(b) ia/UcharDI.h
(¢) ia/IntDI.h
(d) ia/FloatDI.h
(e) ia/CplxDI.h
() ia/RGBDI.h
(9) ia/FloatCI.h
(h) ia/CplxCI.h

In thesefile namesthe DI designation(discreteimage)denotesmagesover sets
of point with int coordinatesand CI (continuousimage) denotesimagesover sets of
points with double coordinates.

A pixel is a point togetherwith a value. Pixels drawn from imagesmapping
points of type P into valuesof type T are supportedwith the classIa_Pixel<P, T>
which canbe instantiatedfor any combinationof P and T. Objectsbelongingto this class
havethe two publicly accessibldields point andvalue. An IA_Pixel object,while
it doesbring togethera point and a value, is not in any way associatedvith a specific
image. Thus, assigningto the value field of an IA_Pixel objectdoesnot changethe
actualvalue associatedvith a point in any image. The definition of the Ia_Pixel class
is containedin the headerfile ia/Pixel.h.

Image Constructors and Assignment

GivenapointtypeP andavaluetypeT, onecancreateandassignmagesmapping
pointsof type P into valuesof type T. In thefollowing tablei ng, i ng1, andi ng2 denote
objectsof type IA_TImage<P, T>, p denotesan objectof type IA_Set<P>, t denotesa
valueof type T, pi xar r ay denotesanarrayof n objectsof type IA_Pixel<P, T>, and
f denotesa function with signatureT f (P) or T f (const P&).

Table A.2.13 Image Constructorsand Assignment

constructan empty IA_Image<P,T> ()

image

constructa copy IA_TImage<P,T> (i ng)
constructa IA_Image<P,T> (ps,t)
constant-valuedmage

constructfrom an IA_Image<P,T> (pixarray,n)
array of pixels

constructfrom a IA_Image<P,T> (ps,f)
point-to-valuefunction

assignan image iml = ing2

assigneachpixel a img =t

constantvalue

assignto i ngl the i mgl.restrict_assign (i ng2)
overlappingparts of

i g2
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Binary Operations on Images

Let imgl and img2 represent two expressions both of type
IA_Image<IA_Point<int>, T>.

Table A.2.14 Binary Operationson Images

addition imgl + img2
pointwise maximum max (imgl, img2)
subtraction imgl - img2
multiplication imgl * img2
division imgl / img2
pseudo-division pseudo_div (imgl, img2)
modulust imgl % img2
binary andf imgl & img2
binary ort imgl | img2
binary exclusiveort imgl " img2
logical and imgl && img2
logical or imgl || img2

left arithmetic shiftt imgl << img2

right arithmetic shiftt | imgl >> img2

pointwise minimum min (imgl, img2)

characteristiclessthan | chi_1t (imgl, img2)

characteristiclessthan | chi_le (imgl, img2)
or equalto

characteristicequal chi_eqg (imgl, img2)

characteristicgreater chi_gt (imgl, img2)
than

characteristicgreater chi_ge (imgl, img2)
than or equal

characteristicvalue set | chi_contains (imgl, vset )
containment

T Availableonly for imagesfor which T is anintegertype (bool, unsigned char,
or int).

Unary Operations on Images

Let img representan expression®f type IA_TImage<IA_Point<int>, T>.
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Table A.2.15 Unary Operationson Images

projection img (p)

img [p1t
negation -img
pointwiseone’s ~img
complement
pointwiselogical not 1img
cardinality img .card ()

domain extraction

img .domain ()

range extraction img . range ()
sum sum (img)
maximum max (img)
minimum min (img)
product prod (img)
absolutevalue abs (img)
ceiling ceil (img)
floor floor (img)
exponential exp (img)
natural logarithm log (img)
cosine cos (img)
sine sin (img)
tangent tan (img)
complexmagnitude abs_f (img)
complexangle arg_f (img)

complexreal part

real_f (img)

compleximaginary part

imag_f (img)

sqareroot sgrt (img)
integer squareroot isgrt (img)
square sgr (img)
TSubscriptingvith () yieldsthe valueassociateavith the point p, but subscript-

ing with [] yields a reference to the value associatedvith p. One may assignsucha
referencea new value, thus changingthe image. This operationis potentially expensive.
This is discussedt greaterlengthin the sectionproviding examplecodefragmentsbelow.

Domain Transformation Operations on Images

Letimg, imgl, andimg2 represenexpression®f type IA_Image<P, T>.
Lettset representinexpressiorof type Ia_Set<T>. Let pset representinexpression
of type 1A_Set<P> andlet p representin elementof sucha point set.
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Table A.2.16 Domain TransformationOperationson Images

translation translate (img, p)

restriction of domainto | restrict (img, pset )
a point set

restriction of domain restrict (img, tset )
by a value set

extensionof oneimage | extend (imgl, img2)
by another

Relations on Images

Letimgl andimg2 representwo expressiondothof type IA_ Image<P, T>.

Table A.2.17 Relationson Images

lessthan imgl < img2
lessthan or equal to imgl <= img2
equalto imgl == img2
greaterthan imgl > img2

greaterthan or equalto | imgl >= img2

not equal to imgl != img2
(complementof equal

to)

strictly not equalto strict_ne (imgl, img2)

Input/Output Operations on Images

The iac++ library supportsthe reading and writing of imagesin extended
portablebitmap format (EPBM) [3]. This format supportsthe commonlyusedpbm, pgm,
andppm formats. The EPBM supportsonly two-dimensionarectangulaimagesand does
not representin image’spoint set, thus not all imagesrepresentablé the iac++ library
can be directly read or written. When an EPBM imageis read, it is assignedan int
coordinatepoint set spanningfrom the origin to the point whosecoordinatesare one less
than the numberof rows and numberof columnsin the image. To insurethat we write
only rectangularimages,any image to be written is extendedto the smallestenclosing
rectanguladomainwith the value 0 usedwhereverthe imagewas undefined.

Letistr represenanistream andletin_file _name represent character
string containingan input file name. Let max_ptr be a pointerto an int variablethat
will receiveasits value the maximumvalue in the imageread.
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Table A.2.18 Input Operationson Images

read a bit image read_PBM (in_file_name )
read_PBM (istr )

read an unsignedchar | read_uchar_pGM (in_file_name )

image read_uchar_PGM (in_file_name , max_ptr )
read_uchar PGM (istr )
read_uchar_PGM (istr , max_ptr )

read an integerimage | read_int_PGM (in _file_name )

(
read_int_PGM (in_file_name , max_ptr )
read_int_PGM (istr )
read_int_PGM (istr , max_ptr )
read an RGB image read_PPM (in_file _name)
read_PPM (in _file_name , max_ptr )
read_PPM (istr )
read_PPM (istr , max_ptr )

One may write eitherto a namedfile or to an ostream. If writing to a named
file, the imageoutputfunction returnsno value. If writing to an ostreamtheimageoutput
function returnsthe ostream. The display function displaysan imageto the currently
selecteddisplay. The IMAGE_DISPLAY environmentvariable shouldmap to a program
that will display the pgm file which is the program’samgument. The default value for
IMAGE_DISPLAY iS xv.

Letostr represenanostream andletout_file_name represené character
string containingan outputfile name. Let bit _img denoteanimagewith bool values,
uchar _img denoteanimagewith unsigned char values,int _img denoteanimage
with int values,andrgb _img denoteanimagewith IA_RGB values. Let maxval be
anunsigned int representinghe maximumvaluein animage.

Image Iterators

TheclassIA_Pixel<P, T> supportsstoringof a point andvalueasa unit and
providesthe two field selectorgpoint andvalue. Instancef the IA_Pixel classare
providedfor thesamecombinationsf P andT onwhich I2_Image instancesreprovided.

Iterators over either the values or the pixels of an image can be constructed
and used. The class I2a_IViter<P, T> supportsimage value iteration and class
IA_TIpPIter<P, T> supportspixel iteration. The valueiterator providesan overloading
of function call with a referenceargumentof the image’srangetype. The pixel iterator
function call overloadingtakesa referenceargumentof type Ia_Pixel<P, T>. To use
imageiterators,onemust #include "ia/ImagelIter.h".

The first time an image value (pixel) iterator objectis appliedas a function, it
attemptgo assignits argumentthe value (pixel) thatis associatedvith thefirst pointin the
image’sdomainpoint set. If the imageis empty,a falsevalueis returnedto indicatethatit
failed, otherwisea true valueis returned.Eachsubsequentall assigngo the agumentthe
value (pixel) associatedvith the next point in the image’sdomain. If the iterator fails to
find suchavalue(pixel) becausét hasexhaustedheimage’sdomainpoint set,theiterator
returnsa false value, otherwiseit returnsa true value.
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Table A.2.19 Output Operationson Images

write a bit image write_PBM (bit_img , out file_name )
write_PBM (bit_img , ostr )

write an unsignedchar | write_PGM (uchar_img , out file_name )

image write_PGM (uchar_img , out file_name ,
maxval )

write_PGM (uchar_img , ostr )
write_PGM (uchar_img , ostr , maxval )

display an unsigned display (uchar _img)

char image

write an integerimage | write_PGM (int_img , out file_name )
write_PGM (int_img , out _file_name ,
maxval )

write PGM (int_img , ostr )
write PGM (int _img, ostr , maxval )

write an RGB image write_PPM (rgb_img , out _file_name )
write_PPM (rgb_img , out file_name ,
maxval )

write PPM (rgb_img , ostr )

write PPM (rgb_img , ostr , maxval )

Image Composition Operations

Two kinds of compositionoperationsare supportedfor images. Sincean image
maps points to values, one may generatea new image by composinga value-to-value
mappingwith an imageor by composingan image with a spatialtransform(or point-to-
point mapping). To usecompositionof a value-to-valuefunction with animage,one must
#include "ia/ImgComp.h".

Letimg beanimageof type IA_Image<P, T>,letvalue_map beafunction
with signatureT value_map (T), let point _map be a function pointerwith signature
P point_map (const P&), andlet result_pset be the set of type IA_Set<P>
over which the result of the compositionis to be defined. The result of composingthe
point-to-pointmappingfunction with the imageat any point p in theresult _pset is
equalto img (point_map (p)). The result of composingthe value-to-valuemapping
function with the imageis value_map (img (p)).

Table A.2.20 Image CompositionOperations

composean imagewith | compose (img, point_ map , result pset )
a point-to-point
function

composea compose (value_map , img)
value-to-valuefunction
with an image

Note that the compositionof an image with a point-to-point mappingfunction
takesa third agument,namelythe point setover which the resultis to be defined. This is
necessarpecausaleterminingthe setof pointsover which the resultimagedefinesvalues
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would requireusto solvethe generallyunsolvableproblemof computingthe inverseof the
point_map function. Thus,we requirethe userto specifythe domainof the result.

Examples of Image Code Fragments

One may constructimages.

IA_Image <IA_Point<int>, int> il;
// uninitialized image
IA_TImage<IA_Point<int>, int> i2(ps3, 5);
// a constant image over point set ps3
// having value 5 at each point

// we may use a function such as p0 below to create an

// image with value at each point specified by a function
int pO0(IA_Point<int> p) { return pl[0]; }
IA_TImage<IA_Point<int>, int> 12 (ps3, &p0);

It is importantto note the significant differencein applicationof animageasa
function (asin 12 (.. .)) versussubscriptingof animage(asin i2[...1). In thefirst
case,the value of the image at a point is returned. In the secondcase,a referenceto a
pixel, the specificvalue mappingof a point within animage,is returned.An imagepixel
canhaveits value assignedhroughsucha referencethusmodifying theimage. Assigning
an imageto a variable can be quite time consuming. The iac++ library tries to avoid
suchcopying whereverpossible. Assigningan imageto a variable usually doesnot copy
storage. Instead,it usesa referencecountingtechniqueto keeptrack of multiple usesof
a single image representation.If an image having multiple readersis subscripted(with
operation[ ]), a uniqueversionof theimageis createdso that the subscripter(writer) will
get a unique copy of the potentially modified image. While this insulatesother readers
of that image from future changesijt alsoimposesa significantpenaltyin both time and
space. Thus, it is preferableto usefunction applicationnotationratherthan subscripting
whereverpossible.

il = i2; // 11 and i2 now share the same value map

// write a point of image i2 (same as il)
cout << 12 (IA_Point<int>(3,5));

11[IA_Point<int>(2,4)] = 10;
// Subscripting a pixel of il causes new
// storage for its value mapping to be allocated
// whether or not an assignment is actually made
The iac++ library also supportsassignmento a subregionof an image with the re-
strict_assign memberfunction.

i2.restrict_assign (il);
// For each point p in both il and i2’'s domains
// This performs assignment
// i2[pl = il(p);
One may restrictthe value of animageto a specifiedsetof pointsor to the setof points
containingvaluesin a specifiedset,andone may extendanimageto the domainof another
image.

© 2001 by CRC PressLLC



il = restrict(i2, ps4);
// 11’s domain will be the intersection of
// ps4 and i2.domain ()

il = restrict(i2, IA_Set<int>(1, 2, 3));
// 11’s domain will be all those
// points in i2’'s domain associated with value
// 1, 2, or 3 by i2.

il = extend(i2, IA_Image<IA_Point<int>, int>(ps4, 1));
// 11’'s domain will be the union of i2.domain() and ps4
// and value 1 will be associated with those
// points of ps4 not in i2.domain() .

One may reducean imageto a single value with a binary operationson the rangetype if
the image has an extensivedomain.

// binary operation defined by a function
int add(int i, int j) { return i + j; }

cout << il.reduce(&add, 0) << "\n";
// writes the result of adding
// all the pixel values of il

One can composea C++ function of one parametemwith an image having elementsof
the sametype as the function’s parameter. This lets one efficiently apply a user-defined
function to eachelementof an image.

int my_function(int i) { ... }

il = compose (my_function, 12);
// This is equivalent to assigning il = i2
// and for each point p in il.domain() executing
// 11l[p] = my_function (il (p))

Likewise,sinceanimageis conceptuallya functioncompositionof animagewith afunction
mappingpointsto pointswill yield a new image. The point setof suchan imagecannot
be effectively computedthus one must specify the set of pointsin the resultingimage.

IA_Point<int>
reflect_through_origin(const IA_Point<int> &p)
{

return -p;

il = compose (i2,
reflect_through_ origin,
IA_boxy pset (-max(i2.domain()),
-min(i2.domain())) ;
// After executing this,
// 11 (p) == i2(reflect_through_ origin(p)) = 12(-p).

Input/output, arithmetic, bitwise, relational, and type conversionoperationsare provided
on the image classes.
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IA_Image<IA_Point<int>, int> i3, i4;
IA_Image<IA_Point<int>, float> f1, £2;

// image I/O is supported for pbm, pgm, and ppm image formats
i3 = read_int_PGM ("imagel.pgm") ;
i4 = read_int_PGM ("image3.pgm") ;

// conversions mimic the behavior of C++ casts
fl = to_float (i3*13 + 1i4*i4);
f2 = sqgrt (fl);

// All relational operations between images, with the
// exception of !=, return a true boolean value
// if the relation holds at every pixel.
// '= is the complement of the == relation.
if (i3 < 1i4)
write_PGM (max(i3) - 13);

Iteration over the valuesor pixelsin animageis supportedby the library.

IA_IVIter<IA_Point<int>, int> v_iter(il);
// declares v_iter to be an iterator over the
// values of image il

IA_IPIter<IA_Point<int>, int> p_iter(il);
// declares p_iter to be an iterator over the
// pixels of image il

int i, sum = 0;

// iterate over values in il and collect sum
while (v_iter(i)){ sum += 1i; }
cout << sum << "\n";

// prints the sum

IA_Pixel<IA_Point<int>, int> pix;
IA_Point<int> psum = extend_to_point (0, il.domain().dim());

// sum together the value-weighted pixel locations in il
while (p_iter (pix))
psum += pix.point * pix.value;

cout << (psum / il.card()) << "\n";
// prints il’s centroid.

Neighborhoodsand Image-Neighborhood Operations

A neighborhood is a mappingfrom a point to a set of points. The iac++ li-
brary templateclass IA_Neighborhood<P, Q> providesthe functionality of image
algebraneighborhoods.To specify an instanceof this class,one gives the type of point
in the neighborhood’sdomain and the type of point which is an elementof the range.
The library containsthe single instance IA_Neighborhood <IA_Point<int>,
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IA_Point<int> >, mappingfrom points with integral coordinatesto setsof points
with integral coordinates.The library providesthe following kinds of operations:

(a) constructorsand assignment,

(b) function applicationof the neighborhoodo a point,
(c) domain extraction,and

(d) image-neighborhoodeductionoperations.

Neighborhood Constructors and Assignment

Let Q be the agument point type of a neighborhoodand P be the type of
elementsin the result point set. Let nbh, nbhl, and nbh2 denote objects of type
IA Neighborhood<P, Q. Letresult_set beasetof typeIA_Set<P> containing
points with dimensionalitydim that is to be associatedwvith the origin of a translation
invariant neighborhood. Let domain _set be a setof type IA_Set<Q> over which a
neighborhoodshall be defined. Let point _to_set map be a function pointer with
prototype IA_Set<P> point_ to_set _map (Q) or with prototype IA_Set<P>
point_to_set_map (const Q).

Table A.2.21 NeighborhoodConstructorsand Assignment

constructan IA_Neighborhood<P, Q@ ()
uninitialized
neighborhood

constructa copyof a IA_Neighborhood<P, @ (nbh)
neighborhood

constructa translation | IA_Neighborhood<P, Q> (dim,
invariant neighborhood | result_set )

constructa translation | IA_Neighborhood<P, Q> (domain _set ,
variant neighborhood point_to_set map )
from a function

assigna neighborhood | nbhl = nbh2
value

Neighborhoodoperationspresentedn the sectionsthat follow are introducedin
Section1.7.

Image-NeighborhoodReduction Operations

The definitions for the neighborhoodreductionoperationsare provided in the
following headerfiles:

(@) ia/BoolNOps.h for imagesof type IA_Image<P, bool>

(b) ia/UcharNOps.h for images of type IA_Image<P, unsigned
char>

() ia/IntNOps.h for imageof type IA Image<P, int>

(d) ia/FloatNOps.h for imagesof type IA_Image<P, float>

(e) ia/CplxNOps.h for imageof type IA_Image<P, IA_Complex>
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In thetablefollowing, img denotesinimageobject,nbh denotesaneighborhood,
andresult _pset denotedhepointsetoverwhichtheresultimageis to bedefined.If no
resultpointsetis specified theresultingimagehasthe samedomainasimg . Forthegeneric

neighborhoodeductionoperation the function with prototypeT binary_reduce (T,
T) is a commutativefunction with identity zero usedto reduceall the elementsof a
neighborhood.Alternatively, the function T n_ary_reduce (T*, unsigned n),

which takesan arrayof n valuesof type T andreduceghemto a singlevalue,canbe used
to specify a neighborhoodreduction.

Table A.2.22 Image-NeighborhoodrReductionOperations

calculate the right sum (img, nbhd, result_pset )
image-neighborhoodsum | sum (img, nbhd)

calculate the right prod (img, nbhd, result pset )
image-neighborhood prod (img, nbhd)

product

calculate the right max (img, nbhd, result pset )
image-neighborhood max (img, nbhd)

maximum

calculate the right min (img, nbhd, result pset )
image-neighborhood min (img, nbhd)

minimum

calculate a right neighborhood_reduction (img, nbhd,
image-neighborhood result_pset , binary _reduce , zero )
product with a neighborhood_reduction (img, nbhd,
programmer-specified result_pset , h_ary _reduce )
reduction function

Examples of Neighborhood Code Fragments

The neighborhoodconstructorsprovided in the library supportboth translation
invariantand variant neighborhoods A translationinvariant neighborhoods specifiedby
giving the setthe neighborhoodassociatesvith the origin of its domain.

IA_Neighborhood<IA_Point<int>, IA_Point<int> >
nl (2,
IA_boxy pset (IA_Point<int>(-1,-1),
IA_ Point<int>( 1, 1)));
// nl is a neighborhood defined for all
// 2 dimensional points,
// associating a 3x3 neighborhood with each point.

// A neighborhood mapping function.
IA_Set<IA_Point<int> > nfunc (IA_Point<int> p) { ... }

// A neighborhood constructed from a mapping function.
IA_Neighborhood<IA_ Point<int>, IA_Point<int> >
n2 (IA_boxy pset(IA_Point<int>(0,0) IA_Point<int>(511, 511),
nfunc)
Neighborhoodreduction functions map an image and a neighborhoodto an image by
reducingthe neighborsof a pixel to a single value. The built-in neighborhoodeduction
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functionsmax, min, product, andsum areprovided,togethemith a functionssupporting
a user-spedied reductionfunction.

IA_Image<IA_Point<int>, int> il, i2;

il = max (i2, nl);
// Finds the maximum value in the neighbors of each pixel
// in image il and assigns the resultant image to i2.

// Specify a reduction function.
int or (int x, int y) { return (x | y); }

// Reduce an image by giving the image, neighborhood,
// reduction function, and the identity of the reduction
// functions as arguments to the generic reduction functional.

il = neighborhood_reduction (i2, nl, il.domain(), or, 0);

Templatesand Image-Template Product Operations

An imagealgebratemplatecanbethoughtof asanimagewhich hasimagevalues.
Thus,imagealgebratemplatesoncernthemselvesvith two differentpoint sets,thedomain
of the templateitself, and the domainof the imagesin the template’srange. The iac++
library currently supportsthe creationof templates— in which both of thesepoint sets
arediscrete— with the C++ templateclassIA_DDTemplate<I> which takesasa class
parameteran imagetype. The iac++ classlibrary providesthe following instancesof
IA_DDTemplate:

(&) IA _DDTemplate<IA Image<IA Point<int>,bool> >

(b) IA_DDTemplate<IA_Image<IA_Point<int>,unsigned char> >
() IA DDTemplate<IA Image<IA Point<int>,int> >

(d) IA DDTemplate<IA Image<IA Point<int>,float> >

(e) IA_DDTemplate<IA_Image<IA_Point<int>, IA_Complex> >

The operationsdefinedupon theseIA DDTemplate instancesare definedin
the following include files:

(8) ia/BoolProd.h
(b) ia/UcharProd.h
(¢) ia/IntProd.h
(d) ia/FloatProd.h
(e) ia/CplxProd.h

Template Constructors

Let the amgument image type | in the IA DDTemplate class be
IA_Tmage<P,T>. Let templ , templl , and templ2 denote objects of type
IA_DDTemplate<l| >. Let img denotethe imageto be associatedwvith the origin by
an image algebratemplate. Let dim denotethe dimensionalityof the domain of img .
Let domain _pset denotethe point setover which an image algebratemplateis to be
defined. Let the function T templ_func (IA_Point<int >) be the point-to-image
mappingfunction of a translationvariant template.
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Table A.2.23 TemplateConstructorsand Assignment

constructan IA_DDTemplate<|> ()
uninitialized template

constructa copyof a IA_DDTemplate<l| > (templ )
template

constructa translation | IA_DDTemplate<|l > (dim, img)
invariant template IA_DDTemplate<l| > (domain_pset , img)

constructa translation | IA DDTemplate<| > (domain_pset |,
variant templatefrom a | templ_func )
function

assigna templatevalue | templl = templ2

Templateoperationgresentedn the sectionghatfollow areintroducedn Section
1.5.

Image-Template Product Operations

In Table A.2.24, let img denotesan image object of type | which is
IA_TImage<P,T>. Let templ denotean objectof type IA_DDTempl<l >, and re-
sult _pset denoteghe pointsetoverwhich theresultimageis to be defined.If noresult
point setis specified,the resultingimage hasthe samedomainasimg. For the generic
templatereductionoperation,the function with prototypeT pwise_ op (T, T) isa
commutativefunction with identity pwise_zero usedas a pointwise operationon the
sourceimage and templateimage and the function with prototypeT binary _reduce
(T, T) isacommutativefunctionwith identity reduce_zero usedto reducetheimage
resultingfrom the pointwise combining. Alternatively, the function T n_ary reduce
(T*, unsigned n) which takesan array of n valuesof type T andreducesthemto
a single value, can be usedto specify a templatereduction.

In the productoperationsthe following correspondencemay be drawnbetween
iac++ library function namesandthe imagealgebrasymbolsusedto denotethem:

(@) linear_product correspondgo @),

(b) additive_maximum correspondso M,

(¢) additive_minimum correspondso A,

(d) multiplicative_maximum correspondso &),

(e) multiplicative_minimum correspondso @, and

() generic_product correspondgo &) with pwise_op corresponding
to O, binary_reduce  correspondingo v, andn_ary reduce corre-
spondingto I'.

Examples of Template Code Fragments

Constructordor IA_DDTemplate supportbothtranslationinvariantandvariant
templates. The translationinvariant templatesare specifiedby giving the imageresult of
applying the templatefunction at the origin.
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Table A.2.24 Image-NeighborhoodrReductionOperations

calculatethe right linear_product (img, templ , result_pset )
image-templatdinear linear_product (img, templ )

product

calculate the right addmax_product (img, templ , result _pset )
image-neighborhood addmax_product (img, templ )

additive maximum

calculate the right addmin_product (img, templ , result _pset )
image-neighborhood addmin_product (img, templ )

additive minimum

calculate the right multmax_product (img, templ ,
image-neighborhood result_pset )

multiplicative maximum | multmax_product (img, templ )

calculatethe right multmin_ product (img, templ ,
image-neighborhood result_pset )

multiplicative minimum | multmin_product (img, templ )

calculate a right generic_product (img, templ ,
image-neighborhood result_pset , pwise_op , binary_reduce ,
product with a reduce_zero , pwise_zero )

programmer-spedied
reduction function

generic_product (img, templ ,
result_pset , pwise_op , n_ary reduce ,
pwise_zero )

calculate the left

linear_product (templ , img, result_pset )

image-templatdinear linear_product (templ , img)

product

calculatethe left addmax_product (templ , img, result _pset )
image-neighborhood addmax_product (templ , img)

additive maximum

calculatethe left addmin_product (templ , img, result _pset )

image-neighborhood
additive minimum

addmin_product templ , img)

calculatethe left multmax_product (templ , img,

image-neighborhood result_pset )

multiplicative maximum | multmax_product (img, templ , img)

calculatethe left multmin product (templ , img,

image-neighborhood result _pset )

multiplicative minimum [ multmin_product (templ , img)

calculate a left generic_product (templ , img,

image-neighborhood result_pset , pwise _op, binary_reduce ,

product with a reduce_zero , pwise_zero )

programmer-specified generic_product (templ , img,

reduction function result_pset , pwise_op , n_ary_reduce ,
pwise_zero )

© 2001 by CRC PressLLC




IA_Image<IA_Point<int>, int> il, i2;
IA_DDTemplate<IA_Image<IA_ Point<int>, int> > tl, t2;

il = read_int_PGM ("temp-file.pgm") ;
// read the template image

i2 = read_int_PGM ("image.pgm") ;
// read an image to process

tl = IA_ DTemplate<IA_Image<IA_Point<int>,int> > (i2.domain(),
il);
// Define template tl over the same domain as image i2.

t2 = IA_DDTemplate<IA Image<IA_Point<int>, int> (2, il);
// Define template t2to apply anywhere
// in 2D integer Cartesian space.

Templatescanbe definedby giving a function mappingpointsinto their imagevalues.

IA_DDTemplate<IA_ Image<IA_ Point<int>, int> > tv;
const IA_Set<IA_ Point<int> >
ps (IA_boxy_pset (IA_Point<int>(0,0),
IA_Point<int>(511,511)));

// function from point to image
IA_Image<IA_Point<int>, int> f(const IA_IntPoint &p)
{ return IA_Image<IA_Point<int>, int>(ps, pl[0]); }

tv = IA DDTemplate<IA_Image<IA_Point<int>, int> >(ps, &f);
// tv applied to any point p, yields the image
// f£(p) as its value.

Finally, any of thesetypes of templatesmay be used with image-template
product operations. The operationslinear product, addmax_product, ad-
dmin_product, multmax_product, andmultmin_ product are providedby the
iac++ library togetherwith a genericimage-templatgroduct operationsupportingany
user specifiableimage-templatgoroduct operations.

IA_DDTemplate<IA_Image<IA_Point<int>, int> > templ;
IA_Image<IA_Point<int>, int> source, result;
IA_Set<IA_Point<int> > ps;

// ... code to initialize source and templ

result = linear_product (source, templ, ps);
// result will be the linear product of source and
// templ defined over point set ps.

result = addmax_product (source, templ) ;
// result will be the add_max product of source and
// templ defined over default point

// set source.domain ()

result = multmin_product (source, templ) ;
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A.3. Examples of Programs Using i ac++

The examplegthat follow presentbrief programsemployingthe iac++ library.

The first exampleshowshow to perform averagingof multiple images. This example
involvesthe useof imageinput and outputoperationsandbinary operationsuponimages.
The secondexampleshowshow to composean imageto a point-to-pointfunctionto yield

a spatial/geometrianodification of the original image. The third examplepresentdocal

averagingusing a neighborhoodperationin two ways: usingthe sumreductionoperation
(andincurring an edgeeffect) andusingan n-ary reductionoperation. The fourth andfinal

examplepresentsthe Hough transform.

//
//
//
//
//
//
//
//
//
//

Example 1. Averaging of Multiple Images

examplel.c -- Averaging Multiple Images
usage: examplel file-1l.pgm [file-2.pgm ... file-n.pgm]
Read a sequence of images from files and average them.

Display the result.
Assumes input files are pgm images all having the same pointset
and containing unsigned char values.

#include "ia/UcharDI.h"
#include "ia/FloatDI.h"

int main(int argc, char **argv)

{

IA_Image<IA_Point<int>, float> accumulator;
IA_Image<IA_Point<int>, u_char> result;

if (argc < 2) {
cerr << "usage: "
<< argv[0]

<< " file-l.pgm [file-2.pgm ... file-n.pgm]"
<< endl;
abort () ;

// Get the first image
accumulator = to_float (read_uchar_PGM (argv([1l]));

// Sum the first image together with the rest
for (int 1 = 1; i < argc - 1; 1i++) {
cout << "Reading " << argv[i+l] << endl;
accumulator += to_float (read_uchar_PGM (argv([i+l1l]));

result = to_uchar (accumulator / float (i));
display (result);
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Example 2. Composingan Image with a Point-to-Point Function

//
// example2.c -- Composition of an Image with a Function

//

#include <iostream.h>
#include "ia/UcharDI.h"

//
// point-to-point mapping function
//

IA_Point<int>
reflect_through_origin (const IA_Point<int> &p)
{

return -p;

}
int
main ()
{

// read in image from cin

IA_TImage<IA_Point<int>, u_char> img = read_uchar_PGM (cin) ;

IA_Image<IA_Point<int>, u_char> result;

result = compose (img,

reflect_through_origin,
IA_boxy_pset (-max (img.domain()),
-min (img.domain())));

display (result);

return 0;
}

Example 3. Using Neighborhood Reductionsfor Local Averaging

//
// example3.c -- Local Averaging
//
// usage: examplel3 < file.pgm
//

// Read an image from cin and average it locally
// with a 3x3 neighborhood.
//

#include "math.h"
#include "ia/UcharDI.h"
#include "ia/IntDI.h"
#include "ia/Nbh.h"
#include "ia/UcharNOps.h"
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u_char
average (u_char *uchar_vector, unsigned num)

{

if (0 == num) {
return 0;
} else {
int sum = 0;
for (int i = 0; 1 < num; i++) {

sum += uchar_vector[i];

}

return u_char (irint (float (sum) / num));

int main(int argc, char **argv)
{
IA_Image<IA_Point<int>, u_char>
source_image = read_uchar_ PGM (cin);

IA_Neighborhood <IA_Point<int>, IA_Point<int> >
box (2, IA_boxy pset (IA_Point<int> (-1, -1),
IA_Point<int> ( 1, 1)));

//

// Reduction with sum and division by nine yields a boundary
// effect at the limits of the image point set due to the

// lack of nine neighbors.

//

display (to_uchar (sum (source_image, box) / 9));

/7
// Reduction with the n-ary average function correctly
// generates average values even at the boundary.

//
display (neighborhood_reduction (source_image,
box,
source_image.domain (),
average) ) ;
}
Example 4. Hough Transform
main.c
//
// exampled.c -- Averaging Multiple Images
//
// usage: exampled4 file-1l.pgm [file-2.pgm ... file-n.pgm]
//

// Read a sequence of images from files and average them.
// Display the result.
// Assumes input files are pgm images all having the same pointset
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// and containing unsigned char values.

//

#include "ia/IntDI.h" // integer valued images
#include "ia/UcharDI.h" // unsigned character images
#include "ia/IntNOps.h" // neighborhood operations

#include "hough.h" // Hough transform functions

int main(int argc, char **argv)

{

IA_Image<IA_Point<int>, int>
source = read_int_PGM (argv[1l]);

IA_Image<IA_Point<int>, int>
result;

IA_Set<IA_Point<int> >
accumulator_domain = source.domain() ;

//
// Initialize parameters for the Hough Neighborhood

//
hough_initialize (source.domain(), accumulator_domain) ;

IA_Neighborhood<IA_Point<int>, IA_Point<int> >
hough_nbh (accumulator_domain, hough_function) ;

IA_Image<IA_Point<int>, int> accumulator;
display (to_uchar (source * 255 / max(source)));

//

// Map feature points to corresponding locations
// in the accumulator array.

//

accumulator = sum (source, hough_nbh, accumulator_domain) ;

display (to_uchar (accumulator * 255 / max(accumulator)));

//
// Threshold the accumulator
//

accumulator = to_int(chi_eq (accumulator, max(accumulator)));
display (to_uchar (accumulator*255));

restrict (accumulator, IA_Set<int>(1));

/7

// Map back to see the corresponding lines in the

// source domain.

//
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result = sum (hough_nbh, accumulator, source.domain()) ;

display (to_uchar(result * 255 / max(result)));

hough.h

// hough.h

//

// Copyright 1995, Center for Computer Vision and Visualization,
// University of Florida. All rights reserved.

#ifndef _hough_h_
#define _hough_h_

#include "ia/Nbh.h"
#include "ia/IntPS.h"

void
hough_initialize (IA_Set<IA_Point<int> > image_domain,
IA_Set<IA_Point<int> > accumulator_domain) ;

IA_Set<IA_Point<int> >
hough_function (const IA_Point<int> &r_t);

// Accomplish the Hough Transform as follows:

//

// Given a binary image ‘'Source’ containing linear features
//

// Call hough_initialize with first argument Source.domain/()

// and with second argument being the accumulator domain
// (an r by t set of points with r equal to the number of
// accumulator cells for rho and t equal to the number of
// accumulator sells for theta).

//

// Create an IA_Neighborhood as follows:

// IA_Neighborhood<IA_Point<int>, IA_Point<int> >

// HoughNbh (AccumulatorDomain, hough_function) ;

//

// Then calculate the Hough Transform of a (binary) image
// as follows:

//

// Accumulator = sum (Source, HoughNbh) ;

#endif

hough.c

// hough.c

//

// Copyright 1995, Center for Computer Vision and Visualization,
// University of Florida. All rights reserved.
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#include "hough.h"
#include "math.h"
#include <iostream.h>

static const double HoughPi = atan(1.0)*4.0;
static double *HoughCos;
static double *HoughSin;

static int RhoCells;

static int ThetaCells;

static IA_Point<int> IterationMin;
static IA_Point<int> IterationMax;
static IA_Point<int> ImageSize;
static IA_Point<int> Delta;

//

// hough_initialize:

//

// Initializes parameters for HoughFunction to allow a neighborhood
// to be created for given image and accumulator image point sets.
//

void
hough_initialize (IA_Set<IA_Point<int> > image_domain,
IA_Set<IA_Point<int> > accumulator_domain)

//
// Check to make sure the image domain and accumulator domain
// are both 2 dimensional rectangular point sets.

//
if (!image_domain.boxy () ||

laccumulator_domain.boxy () ||

image_domain.dim() != 2 ||

accumulator_domain.dim() != 2) {

cerr << "Hough transform needs 2-D rectangular domains."
<< endl;

}
//

// Record data necessary to carry out rho, theta to
// source pointset transformation.
//

ImageSize = image_domain.sup() - image_domain.inf () + 1;
Delta = ImageSize / 2;

IterationMin = image_domain.inf () - Delta;

IterationMax = image_domain.sup() - Delta;

RhoCells = accumulator_domain.sup() (0) -
accumulator_domain.inf () (0) + 1;

ThetaCells = accumulator_domain.sup() (1) -
accumulator_domain.inf () (1) + 1;
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//

// Create sine and cosine lookup tables for specified

// accumulator image domain.

//

HoughSin = new double [ThetaCells];
HoughCos = new double [ThetaCells];

double t = HoughPi / ThetaCells;
for (int i = accumulator_domain.inf () (1);
1 <= accumulator_domain.sup () (1) ;

i++ ) {
HoughSin[i]
HoughCos[1i]

//
// hough_function
//

sin (t *

i);

cos (t * 1);

// This function is used to construct a Hough transform
// neighborhood. It maps a single accumulator cell location

// into a corresponding set of

// source image.
//

IA_Set<IA_Point<int> >
hough_function (const IA_Point<int> &r_t)

{

double theta, rho;

//

(x,y) coordinates in the

// Convert accumulator image pixel location to
theta) location.

// correct (rho,
//

rho = double (r_t(0)

- RhoCells/2) *

enorm (ImageSize) /RhoCells;
theta = r_t(1)* HoughPi / ThetaCells;

IA_Point<int> *p_ptr, *pp;

int coord, 1i;
int num_points;

//

// Construct vector of (x,vy)
// We check theta to determine whether we should make
// x a function of y or vice versa.

//

points associated with

if (theta > HoughPi/4.0 && theta < 3.0*HoughPi/4.0)

//

// Scan across all 0th coordinate indices
// assigning corresponding lst coordinate indices.
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//
num_points = ImageSize(0);
p_ptr = new IA_Point<int> [num_points];

for (coord = IterationMin(0), pp = p_ptr;
coord <= IterationMax(0);
coord++, pp++) {

*pp = Delta +
IA_Point<int> (coord,
nint (rho -
(coord * HoughCos [r_t(1)]
/ HoughSin [r_t(1)])));

}
} else {

//
// Scan across all 1lst coordinate indices

// assigning corresponding Oth coordinate indices.
//

num_points = ImageSize(l);

p_ptr = new IA_Point<int> [num_points];

for (coord = IterationMin(l), pp = p_ptr;
coord <= IterationMax(1l);
coord++, pp++) {

*pp = Delta +
IA_Point<int> (nint (rho -
(coord * HoughSin [r_t(1)] /

HoughCos [r_t(1)1)),

coord) ;
}
}
//
// Turn vector of points into a point set
//

IA_Set<IA_Point<int> > result (2, p_ptr, num points);

delete [] p_ptr;
return result;

Figure A.3.1. Sourceimage (left) and associatecdiccumulatorarray image (right).
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Figure A.3.2. Binarized accumulatorimage (left) and
the line associatedvith the identified cell (right).

Example 5. Canny Edge Detection

canny_edge.c

#include

#include
#include
#include
#include
#include
#include
#include
#include

#include
#include
#include
#include

#include
#include
#include
#include

"canny_params.h"

"ia/FloatDI.h"
"ia/FloatCI.h"
"ia/UcharDI.h"
"ia/BitDI.h"
"ia/Pixel.h"
"ia/DDTempl.h"
"ia/FloatProd.h"
"ia/Nbh.h"

"ia/chistogram.h"
"ia/gauss_templates.h"
"ia/BNops.h"
"ia/scale_to_uchar.h"

"edge_templates.h"
"local_maximum_templates
"connector_neighborhoods
"iostream.h"

float SIGMA = 1.0;

main(int argc, char **argv) {

IA_Image<IA_Point<int>, float>
source_image = to_float (read_int_PGM(argv[1l]));

if (argc > 2) {

SIGMA

//

= atof (argv(2]);

.h"
h

// Perform Gaussian smoothing on the source image.

//
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IA_DDTemplate<IA_ Image<IA_Point<int>, float> > tgx=gauss_x(SIGMA) ;
IA_DDTemplate<IA_Image<IA_Point<int>, float> > tgy=gauss_y (SIGMA) ;

IA_TImage<IA_Point<int>, float>
smoothed_image =
linear_product (linear_product (source_image, tgx),
toy);

IA_TImage<IA_Point<int>, float>

edge_magnitude (smoothed_image.domain(), 0.0);
IA_Image<IA_Point<int>, int>

direction_image (smoothed_image.domain (), -1);
//

// Calculate edge magnitude in each of the chosen directions and
// maintain a map of the edge direction associated with each pixel.
//

for (int i = 0; i < NUM_DIRECTIONS; i++) {

IA_TImage<IA_Point<int>, float>
dir_i_edge(abs(linear_product (smoothed_image,
edge_templates[i])));

//
// Note where the current edge point dominates in the edge image
//
direction_image =

max (i*to_int(chi_gt(dir_i_edge, edge_magnitude)),
direction_image) ;

//
// Store edge magnitude of dominators in edge_magnitude
//
edge_magnitude = max(edge_magnitude, dir_i_edge) ;
}
//
// Apply local-maximum finding
//

IA_Image<IA_Point<int>, bool>
edges (edge_magnitude.domain (), false);

for (int i=0; i < NUM_DIRECTIONS; i++) {

edges |=
chi_eqg(i,direction_image)
&chi_ge (edge_magnitude,
linear_product (edge_magnitude,
local_maximum_templates[i]))
&chi_ge (edge_magnitude,
linear_product (edge_magnitude,
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local _maximum_templates[i+
NUM_DIRECTIONS])) ;

//
// Get rid of pixels displaying boundary effect
//
IA_Set<IA_Point<int> >
interior = IA_boxy_pset (source_image.domain().inf () +
IA_Point<int>(1,1),
source_image.domain() .sup() -
IA_Point<int>(1,1));

edge_magnitude = restrict(edge_magnitude, interior);

edges = restrict(edges, interior);

display(scale_to_uchar (edge_magnitude)) ;
display (to_uchar (edges)) ;

//

// Normalize edge values to range 0 .. 255 for creation of
// cumulative histogram.

//

float edge_max = max(edge_magnitude) ;

IA_Image<IA_Point<int>, u_char>
histogrammable_edge = to_uchar (255 / edge_max *
edge_magnitude) ;

CumulativeHistogram<u_char>
edge_cumulative_histo (histogrammable_edge) ;

//

// Canny recommends using the 80% percentile edge value as
// a good threshold to keep noise out of the edge map.

//

int t_low;

int t_high;

for (t_low=0;
t_low < 256 && edge_cumulative_histo(t_low) <= 0.4;
t_low++) ;

for (t_high=t_low++;
t_high < 256 && edge_cumulative_histo(t_high) <= 0.8;

t_high++);
//
// Restore edge threshold to correct range (from 0 .. 255)
//

t_low = int(t_low * edge_max / 255.0);
t_high = int(t_high * edge_max / 255.0);

//
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// Start by identifying edges_high points as edge points.
//
IA_TImage<IA_Point<int>, bool>
new_edges = edges &&
chi_gt (edge_magnitude, t_high );

//
// Also find points in edge image satisfying a low threshold
//
IA_TImage<IA_Point<int>, bool>
edges_low = edges &&
chi_gt (edge_magnitude, t_low );

display (to_uchar (new_edges)) ;
display (to_uchar (edges_low)) ;

IA_TImage<IA_Point<int>, bool>
initial_edges = new_edges;

//

// Repeatedly search to see if a point is

// 1. in the edges_low image,

// 2. has a neighboring point that is a previously identified
// edge point, and

// 3. lies in that neighboring point’s edge direction

// If a point satisfies these criteria, identify it as an edge
// point.

//

direction_image = restrict(direction_image, interior);

do {

// Include previously identified points
edges = new_edges;

//
// Check each edge direction
//
for (int 1 = 0; i < NUM_DIRECTIONS; i++) {
new_edges |=
edges_low
& max (edges & chi_eq (i, direction_image),
connector_neighborhood[i]) ;

}
//
// Continue until no new edge points are added
//
} while (new_edges != edges);

display (to_uchar (edges initial_edges)) ;

display (to_uchar (edges));
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canny_params.h

#ifndef canny params_h_
#define canny params_h_

#define NUM_DIRECTIONS 6

#endif

edge_templates.h

#ifndef edge_templates_h_
#define edge_templates_h_
#include "ia/Pixel.h"
#include "ia/DDTempl.h"
#include "ia/FloatDI.h"

#include "canny params.h"
extern
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

edge_templates [NUM_DIRECTIONS] ;

#endif;

edge templates.c

#include "edge_templates.h"

static
IA_Pixel<IA_Point<int>, float>
e0[] = { IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),
-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),
-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),
1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
-1),
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
1)}

static const int eOn = 6;
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static
IA_Pixel<IA_Point<int>, float>
el[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),
0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),
-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),
0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),
-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
0.366025)};

static const int eln = §;

static
IA_Pixel<IA_Point<int>, float>
e2[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),
0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),
-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),
0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),
-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
-0.366025) };

static const int e2n = §;

static
IA_Pixel<IA_Point<int>, float>
e3[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),
1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),
-1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
-1)};

static const int e3n = 6;
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static
IA_Pixel<IA_Point<int>, float>
ed[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),
0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),
0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),
-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),
-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
-1)};

static const int e4n = §;

static
IA_Pixel<IA_Point<int>, float>
e5[] = {IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,-1),

1),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,0),
0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(-1,1),
-0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,-1),
0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0,1),
-0.866025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,-1),
0.366025),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,0),
-0.5),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,1),
-1)};

static const int eb5n = 8;

IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
edge_templates [NUM_DIRECTIONS] = {
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( e0, eOn)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( el, eln)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( e2, e2n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( e3, e3n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( e4, e4n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
(2, IA_Image<IA_Point<int>, float>( e5, eb5n))};
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local_maximum_templates.h

#ifndef local_maximum_templates_h_
#define local_maximum_templates_h_
#include "ia/Pixel.h"

#include "ia/DDTempl.h"

#include "ia/FloatDI.h"

#include "canny_params.h"
extern
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

local_maximum_templates[2*NUM_DIRECTIONS] ;

#endif;

local_maximum_templates.c

#include "local_maximum_templates.h"

static
IA_Pixel<IA_Point<int>, float>
nm0 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),1)};
static const int nmOn = 1;

static
IA_Pixel<IA_Point<int>, float>
nml [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.381854),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (1, 0),0.059073)};
static const int nmln = 3;

static
IA_Pixel<IA_Point<int>, float>
nm2 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(0, -1),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (1, 0),0.381854)};
static const int nm2n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm3 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1, 0),1)};
static const int nm3n = 1;
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static
IA_Pixel<IA_Point<int>, float>
nm4d [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,

static const int nmé4n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm5 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int>(1,

static const int nmbn = 3;

static
IA_Pixel<IA_Point<int>, float>
nmé6 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,

static const int nmén = 1;

static
IA_Pixel<IA_Point<int>, float>
nm7 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,

static const int nm7n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm8 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,

static const int nm8n = 3;

static
IA_Pixel<IA_Point<int>, float>
nm9 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,

static const int nm9n = 1;

static
IA_Pixel<IA_Point<int>, float>
nml0 [] = {

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1,
IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0,

static const int nmlOn = 3;
static

IA_Pixel<IA_Point<int>, float>
nmll [] = {
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1),0.559073),

1),0.381854) };

0),0.381854),
1),0.559073),
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IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1, -1),0.559073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (-1, 0),0.059073),

IA_Pixel<IA_Point<int>, float>(IA_Point<int> (0, -1),0.381854)};
static const int nmlln = 3;

IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >
local_maximum_templates [2*NUM_DIRECTIONS] = {

IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nmO, nmOn)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nml, nmln)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm2, nm2n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm3, nm3n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm4, nmén)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm5, nmbn)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm6, nmén)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm7, nm7n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm8, nm8n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nm9, nm9n)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nml0, nmlOn)),
IA_DDTemplate<IA_ Image<IA_ Point<int>, float> >

(2, IA_Image<IA_Point<int>, float>( nmll, nmlln))};

connector_neighborhoods.h

#ifndef connector_templates_h_
#define connector_templates_h_

#include "ia/Nbh.h"
#include "canny params.h"

extern
IA_Neighborhood<IA_Point<int>, IA_Point<int> >
connector_neighborhood [NUM_DIRECTIONS] ;

#endif

connector_neighborhoods.c

#include "connector_neighborhoods.h"
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static

IA_Set<IA_Point<int> >

s0 = IA_Set<IA_Point<int>
IA_Point<int> (-1,
IA_Point<int>( 0,
IA_Point<int>( 1,

static

IA_Set<IA_Point<int> >

sl = IA_Set<IA_Point<int>
IA_Point<int> (-1,
IA_Point<int>( 0,
IA_Point<int>( 1,

static
IA_Set<IA_Point<int> >

>
0
0
0

>
-1
0
1

(
)
)
)

(
)
)
)

s2 = IA_Set<IA_Point<int> >(

static
IA_Set<IA_Point<int> >

s3 = IA_Set<IA_Point<int> >(

static
IA_Set<IA_Point<int> >

s4 = IA_Set<IA_Point<int> >(

static
IA_Set<IA_Point<int> >

s5 = IA_Set<IA_Point<int> >(

static int numpoints = 3;

’

)i

’

)i

IA_Point<int> (-1,
IA_Point<int>( O,
IA_Point<int>( 1,

IA_Point<int> (0, -
IA_Point<int> (0,
IA_Point<int> (0,

IA_Point<int> (-1,
IA_Point<int>( O,
IA_Point<int>( 1,

IA_Point<int> (-1,
IA_Point<int>( O,
IA_Point<int>( 1,

IA_Neighborhood<IA_Point<int>, IA_Point<int> >

connector_neighborhood [NUM_DIRECTIONS] = {
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
IA_Neighborhood<IA_Point<int>, IA_ Point<int>
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